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Charge and Particle Conservation in Black-Hole Decay
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The qualitative consequences of Hawking's prediction of thermal emission from black
holes are considered. Whereas mass and angular momentum loss proceeds on cosmo-
logically long time scales, on the other hand electric discharge will take place extreme-
ly rapidly. Hypothetical mechanisms for baryon and lepton conservation are discussed.

In classical (i.e., unquantized) general rela-
tivity theory any black hole in equilibrium has an
angular velocity 0 and an electromagnetic poten-
tial 4, which are necessarily constant over the
horizon. ' ' When an incoming wave correspond-
ing to a boson state with energy E, axial angular
momentum n&i; and electric charge e is scattered
by the black hole, the absorption probability I'
will be negative" (amplification), whenever E
—nSQ —p, is negative, where the chemical Poten-
tial p, is given by

p, =eC.

This "superradiance" effect led Zel'dovich' to
predict sPontaneous emission, which will occur
in the corresponding (time and axial angle re-
versed) outgoing states. Hawking' has recently
predicted that spontaneous emission will occur
much more generally at just the rate required to
maintain thermal equilibrium with angular velo-
city 0 and chemical potential p, at a temperature
8 given by

should be thought of as having an entropy $ given
by

S = (k c'/kG) o, (4)

(in striking confirmation of an order-of-magni-
tude prediction by Bekenstein') where ao is the
"irreducible cross section" of the hole which is
given in terms of the surface area A of the hori-
zon by

e = 1 —2QZ/Mc' —QC/Mc', (7)

the irreducible Schwarzschild radius yp being re-
lated to the irreducible mass M„as introduced
by Christodoulou, ' by

ro = 2GMO/c —GM/c,

where &4 is the mass of the black hole.
By introducing the dimensionless form param-

eter

0 = (Fi/2~k)~,

where z, which is also necessarily" constant
over the surface of the black hole, determines
the asymptotic exponential relation

(2)

CM CA E

2S
'

kGM (8)

where J and Q are, respectively, the angular
momentum and electric charge, and by using the
generalized Smarr formula, '""one obtains the
estimate

between the proper time v along the world line of
a particle crossing the horizon at 7 p and the ig-
norable outgoing null-time coordinate that would
most conveniently be used by a distant observer.
(This decay constant also represents the limit-
ing "gravitational acceleration" of a co-rotating
particle, meaning a certain "red-shifted" acce-
leration, not the locally measured acceleration
which would tend to infinity on the horizon; the
inverse g ' represents the characteristic time
scale for exponential decay of normal modes,
and hence also for formation of the black hole. )

By the "first law" of black hole mechanics, "
the prediction (2) also implies that a black hole

Using the much more obvious order-of-magni-
tude estimates

0 —Z/M~, ' - c'Z/GM',

C - Q/y, - c2Q/G@ (10)

(cV/GM)' - (GMa/c')' =- 1.,

Q'/GM —GC'/c~ —G p, '/c~e2 = 1.
(11)

(12)

It is clear from (7) that the same order-of-mag-

one is led (by considering the limits to accretion
that would arise, respectively, from centrifugal
and electrostatic repulsion) to guess that 0 and
4 should be limited by conditions of the form
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nitude limits are necessary for & to remain posi-
tive, and that for fixed M the temperature 6 will
tend to zero as these limits are approached.

[The "no-bifurcation theorems" "'" to the ef-
fect that continuous secular changes in an iso-
lated black hole equilibrium state can only de-
pend on the changes in M, J, and Q, in conjunc-
tion with the conclusion' ' that the only possible
nonrotating limits are spherical, make it vir-
tually certain that the only isolated stable equili-
brium states are described by the Kerr solution"
and its charged generalization, "for which one
has the explicit precise formula c = (1 —c'J'/O'M'
—Q'/GM')'~'. However in order to obtain gener-
alizable conclusions we wish to avoid relying on
special properties of the Kerr solutions. j

Although the special Kerr separability proper-
ties of the scalar" and higher-spin" wave equa-
tions simplify Hawking's discussion, ' they are
not essential for the outcome which can be ex-
pressed as a prediction that there will be parti-
cle emission within the energy range dE in any
outgoing state with well-defined axial quantum
number n and (asymptotic) total quantum number

j at a rate given by

~ I'dE E —nAQ —p.-dN= exp

where the sign is positive for fermions and nega-
tive for bosons. By the usual principles of scat-
tering theory we can expect for uncharged parti-
cles that 1" will be, very small compared with uni-
ty unless

jhspr, (14)

where P is defined in terms of the particle rest
mass m by E' =p'c'+m'c'. If we can ignore the
electric charge on the black hole (which, as
shown below, will always be justifiable in prac-
tice except perhaps for supermassive black holes),
we are led to predict mass and angular momen-
tum loss rates

—M- hc'/O'M', —J - hQ,

provided that x, is not less than the proton Comp-
ton wavelength; i.e., provided that

M~ hc/Gm~,

M drops below the limit (16) since an unknown
number of meson and baryon states come into
operation, possibly" so many that the mass loss
would become explosive, but above this limit
(about 10' tons) the characteristic mass-decay
time scale ~,„will be given by

1 M J hc4

M g g'M" (17)

so that it will always be at least as long as the
present age of the universe which is given"" by
the characteristic stellar evolution lifetime

2

c
—

3 p. —S7 ro (19)

since there is no charged particle lighter than
the electron. Hence, using (13) to estimate the
discharge rate —N, , we find that there are three
essentially distinct regimes: (a) If

( p.
(
~ (Gc/h)m, 'M, 1 s GMm, /Nc,

there will be essentially no discharge at all;
(b) in the thermal discharge regime, with

GM p, /kc' s 1, GMm, /hc 6 1,

we shall have

—N, —Sp, ;

(20)

(21)

(22)

(c) and finally, in the suPerradi ant discharge re
gime, i.e., when

~ —h~/cGmp'.

It is to be noted that for given 1VJ,
' the loss rate

—M is roughly independent of 0. If e is very
small the dominant superradiant contribution
will ensure that it increases so that the black
hole will tend asymptotically towards a state of
conformal contraction with a fixed limiting form
parameter c,& O.

Let us now consider what will happen when
there is a nonzero electric charge quantum num-
ber N, = Q/e. Wherever E —mc' z p the centri-
fugal barrier-penetration condition (14) must be
supplemented by the electrostatic barrier-tunnel-
ling condition Ep ~ (eQ/Pic)m'c' so that, as Gib-
bons" has pointed out, superradiant discharge
modes, i.e., those with E ~ p, , can be effective
only if

so that only a limited number of kinds of parti-
cles [those with zero rest mass, and also when
the limit (16) is approachedelec, trons with mass
m, ] can contribute. The present theory is inca-
pable of dealing reliably with the situation when

(Oc/Pi)m, M6 (p, (, 1 ~ GMp. /Pic,

we shall have

—N, —(G2/iPc6)M' p. '. (24)
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It follows (since Gm, '- 10 4'«e'/iic- I/137& 1)
that unless conditions (20) are satisfied, the
characteristic discharge time i~ = —N, /N, will
always be extremely short in comparison with

T~; in fact 7@ will actually be shorter than the
characteristic time v '~ ro/c for formation of
the black hole —which means that the charge
could never have been there at all—unless M is
within a factor (Ec)' 'm~/em, (which works out
to be —10, using hc/ e' —137, m~/m, —1800) of
the mass limit (16). Hence for all practical pur-
poses we may take it that

Q Gm ' (GI,M ) (26)

which is small compared with the limit (12) un-
less JI/I is greater than the typical stellar mass
M- (Ac/G)'~'M~ by a factor (m~/m, )'(e'/hc)'~~
-10'. For black holes below this mass, the elec-
tromagnetic field will never have a perceptible
effect on the space-time geometry. [For black
holes above this mass, it is conceivable that the
charge could be great enough to invalidate (15);
it would be possible for the factor e to tend to
zero, bringing the decay asymptotically to a
halt. ]

In any case, whenever a black hole decays be-
low the mass limit M-hc/Gm„and hence before
reaching the critical mass (16), it will neutralize
itself comP Ieie ly.

Even if it does not explode immediately (i.e.,
even if there is not an absolute upper limit, "
he ~ m~c, to physically attainable temperatures),
a black hole which falls below the critical mass
(16) will certainly dissipate all its remaining
mass on a time scale shorter than the present
age (18) of the universe (the last stage being in-
evitably explosive as Hawking has pointed out').
According to previous ideas, the fact that bary-
ons, leptons, etc. could be hidden in a black
hole was interpreted as "transcending" the cor-
responding conservation laws, but if the black
holes themselves can disappear without trace it
must be recognized frankly that for practical pur-
poses these conservation laws are violated. In
order to avoid this conclusion Wheeler" has sug-
gested, though without discussing the possible
mechanism, that the chemical potential p, in the
emission formula (13) should contain additional
contributions due to baryons, etc., in addition to
the electric contribution (1). It is difficult'~" to
see how this could come about except by the ac-
tion of repulsive classical force fields extending
outside the horizon and proportional to the num-

bers of particles inside (such fields being gener-
ated by aero-rest-mass, odd-integer-spin bo-
sons).

Let us consider the case of baryons, for which,
as Dicke has pointed out, "the corresponding
coupling constant e~'/Pic (the analog of the elec-
tric "fine structure" coupling constant) must be
extremely small, e~ /Gm~ ~ 10 7, in order to
have escaped detection by the Eotvos experiment.
Assuming that the preceding order-of-magnitude
formulas apply also to baryon discharge, with

e~, m~, and baryon number N~ in place of e, m„
and N„we see there is a striking difference
from the electric case, for which the analogous
ratio is e'/Gm, '»1. This means that superra-
diant discharge can never become effective and
that a decaying black hole will retain an effective-
ly constant baryon number N~, and so will charge
right up to the limit corresponding to (12) at
which stage B wouM tend to zero so that further
decay would be prevented. The black hole would
settle down at a finite ground state with residu-
al mass M+ given by

Mg-G '~ e N~. (26)

It is conceivable that e~ could be sufficiently
large that an "ordinary" black hole"" formed
by the collapse of a star with N~ —(hc/G)' 'm~ '
could leave a residual black hole above the limit
(16).

The Dicke-Eotvos experiment also places an
upper limit on any hypothetical electron-leptonic
charge (though not on a muon-leptonic charge).
However since there are no known lower limits
on neutrino masses, the corresponding charge/
mass ratios might be either large (leading to rel-
atively rapid leptonic discharge) or small (lead-
ing to leptonic contributions to the residual mass),
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The quantity B=crl/o& is extracted for the proton, deuteron, and neutron from deep in-
elastic e-p and e-d scattering cross sections measured in recent experiments at Stanford
Linear Accelerator Center. For u ~ 5 the kinematic behavior of vR& is consistent with
scaling, indicative of spin-~ constituents in a parton model of the proton. We also find
that within large statistical errors, Re and R„are consistent with being equal to R&.

%e have extracted longitudinal and transverse
virtual photoabsorption cross sections o~ and cr~
from deep inelastic electron-proton (e-p) and
electron-deuteron (e-d) scattering cross sections
that were measured in two experiments" at the
Stanford Linear Accelerator Center (SLAC). Val-
ues of R= v /or for the proton (R&) are presented
and compared with current theoretical predic-
tions. In an earlier experiment, '

A~ was found
to be consistent with the constant value 0.18
+0.10. This small value of A~ suggested spin-&
constituents4 of the proton, but full verification
of this hypothesis requires a detailed knowledge
of its kinematic variation. ' In the present work
R~ is determined over a larger kinematic range

and its accuracy is sufficiently improved to allow
examination of its kinematic variation. The first
determinations of R for the deuteron and neutron,
A„and 8,„, are also reported.

The inelastic scattering of an electron of inci-
dent energy E to final energy E' through an angle
0 is described in the first Born approximation by
the exchange of a virtual photon of energy v =E
-E' and inva. riant mass squared q' = —4EE'sin'(6/
2) = —Q'. The differential cross section is re-
lated to a~ and cr~ as follows':

Q2 o
, (E, E', 6) = I'[(xr(v, Q')+ ea~(v, Q )l,

where I" is the flux of transverse virtual photons


