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Semiempirical model-independent formulas for single-particle energies of neutrons
and protons in bound nuclei have been obtained as functions of nuclear parameters A
and Z for given states specified by nl j. These formulas are almost as convenient as the
harmonic oscillator energy formulas to use. The single-particle energies computed
from these formulas have been compared with the experimental data and found in good
agreement for occupied states.

In several recent works, various models have
been used to obtain the energy levels of nuclei
along the line of P stability and have yielded ex-
tensive information on the energies of single-
particle states. ' ' These energies seem to fol-
low some regular patterns from nucleus to nucle-
us. Recently, Millener and Hodgson' have shown
that the energies of 2s single-particle states
vary in a, regular and systematic way from nucle-
us to nucleus in the range 35~A~ 65.' One would
naturally think as a next step that a simple for-
mula for the single-particle energies would be
more convenient to use, for example, as an initial
energy guess for an energy-dependent potential.
The purpose of this study is to develop model-
independent, semiempirical formulas for the sin-
gle-particle energies of states for the entire
range of nuclei.

The semiempirical formulas for these single-
particle energies are in terms of the nuclear pa-
rameters (A, Z; n, l, j ). Various combinations of

!
these parameters have been tested for their eor-

relations with the single-particle energies. After
a reasonably complete set of variables has been
generated, the problem is to find the coefficients
of the significant variables. This is accomplished
by using a stepwise multiple linear regression
analysis. ' Only linear combinations of the vari-
ables in the given set are used in the analysis.
Coefficients for the most significant terms are
computed first, followed by the next most signifi-
cant terms in the descending order of signifi-
cance. The constants are reevaluated on the ad-
dition of each term until there are no more vari-
ables left or until the significance of the remain-
ing variables is below some specified value. Sin-
gle-particle neutron and proton energies for nu-
clei along the P-stable line have been used as the
input data' in the regression analysis. The sin-
gle-particle energy states up to the Fermi level
have been used in this analysis including 352
states for neutrons and 250 states for protons.
The resulting model-independent, semiempirical
energy formulas for neutron and proton states,
given by

and

E„(MeV) = —94.902+ 70.838l/A'ts+ 17.95ln+ 90.000n/A'fs —18.038 j(j+ 1)/Amts

—2.572n2+ 43.285l(l + 1)/A,

8 (Me V) = —95.020+ 82.382l/A' 3+ 24.020n+ 76.284n/A'ts —17.540 j(j + 1)/A~ I —2.954n',

have multiple correlation eoeffieients 0.9938 and

0.9956, respectively. The first six terms of F.„
and E~ are the same, the neutron-proton differ-
ences being reflected in the values of the coeffi-
cients. The first two variables of Eqs. (1) and
(2) involving the terms l/A'Is and n as the pre
dominant terms are about equally significant and
they aeeount for the major effects, with their
multiple correlation coefficient ~ 0.92.

The constant terms of Eqs. (1) and (2) place the
energies at a, very negative value. The next three

! terms (+l/A'I', +n, and+n/A'ts) can be attribut-
ed to harmonic oscillator effects and give the re-
quired increase (decrease in magnitude) in ener-
gy as n and/or l increases. The term —j(j+1)/
A2~~ gives the spin-orbit splitting proportional to
2l+1, exhibiting the proper doublet sequence,
and also shows the reduced spin-orbit effect as
A. increases, The n' term illustrates a slight non-
linearity in the principal quantum number. The
l(l+1)/A term in Eq. (1) accounts for a residual
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TABLE I. Single-particle energies (MeV) of protons.
Question marks indicate level assignment is uncertain.

TABLE II. Single-particle energies (MeV) of neu-
trons. The experimental values are taken from Ref. 12.

State Cal. Exp. State Cal. E xp. State Calc Expt

160

1sl/2
»3/2

32S

1s

1P3/2

'Pl/2

5/2
ld3/2
2s

40

45. 75

21.35

13.06

4 4+7

19.1+1.4
12.7+1.4

51.23

30.50

2 2 (P) 29. 7+6. 1?

13.26

4. 55

12.05

16.2+1.6

13.3+1.6
9.5+1.4

120S

1/2
lp3/2

'Pl/2
ld5/2
ld

2/2
2s

2p
3/2

7/2

5/2

7/2

208pb

59.03 54.0+8.1?
44. 49 (lp)40. 2+7. 2?

42. 33

31.39 (d) 30.0+6.9

27. 79

28. 41

13.87

ll. 70

19.74

29, 0+6. 8

1616.3

14.69 (1f+lg) 16+6.8
9 ' 52

1/2

1P3/2

lp1/2

5/2

ld3/2

1/2

58

52. 77

33.18

28. 68

16.59

9.09

15.31

49, 1+12

77+14

33.3+6.5

32+4c

14.9+2. 5

13.8+7. 5

8.4+0. 5

7. 7+2.6

10.6+1.la
12.1+5.4

'g7/2

5/2

11/2
2d 3/2

1/2

lh9 /2
2f

7/2

13/2
2f5/2

3P3/2

13.33

9.61

9.42

7.11
11.' 30

3.92

+0 ~ 80

2.01

+4.29

+1.11

11.45

9.65

9.30

8. 30

7.95

9 pb

3.8

2.9

2. 2

p 8h

p 5h

1/2
lp3/2

5/2
ld 3/2
2s 1/

55. 12 57 ~ 3+7. 5?

37.35 (p) 37 ~ 6+7.9

33.84

21.92

16.07

20.26

(d) 20.2+9. 8

11.72

12.6-3:7

11.19

lf 7/2 8.84 10.1+5.6

~Quoted in Ref. 7.
Ref. 8.

'Ref. 9.
Quoted in Bef. 10.

'Quoted in Ref. 11.
Ref. 11.

~Quoted in Ref. 12.
Quoted in Ref. 13.

effect in the orbital angular momentum not taken
ca.re of by the f/A'~a term

The nuclear systematics obtained from Eqs. (1)
and (2) show the distinctiveness of the single-
particle states, the increase in binding energies
as A increases, and the tendency to level off for
deeply bound states in heavy nuclei, thus exhibit-
ing the saturation property of nuclear forces.
Both the neutron and proton systematics show

gaps in the shell structure at all the observed
magic numbers. Gaps are also exhibited for all
the semimagic numbers in the appropriate re-
gion.

Calculated and experimental single-particle en-
ergies are listed in Tables I and II. There is
generally a reasonable agreement with the exper-

1s&

1p3/2

1p&/

ldll/2
2s&/

1d3/2

1h)/2
2f 7i~

14(3/p

3&3/2

3Pi/2
4s&/2

|60
45.94
20.94
12.41

4'Ca
18.78
17.81
11.07

Pb
11.03
8.64
8.91
8.18
5.04
6.64
3.88

47.00
22.00
15.70

21.30
18.20
15.80

10.70
9.50
8.90
8.20
7.80
7.30
1.91

imental data. ' " Nevertheless, it seems appro-
priate to make a few remarks in general on the
discrepancies that one may observe between the
results of this work and the experimental data
compared with them. They are partly due to the
errors associated with the experimental data,
themselves. The calculated levels are genera. lly
too low for unoccupied or partially occupied lev-
els. This effect may be attributed to the input
data which were used for the occupied state pri-
marily. Nevertheless, the semiempirical for-
mulas for single-particle energies given by Eqs.
(I) and (2) give an overall good description of the
bound-state spectrum for occupied states in nu-
clei and these formulas are almost as convenient
to use as ones belonging to the harmonic oscil-
lator potential.

D. J. Millener and P. E. Hodgson, Phys. Lett. 35B,
495 (1971).

H. Meldner, Ark. Fys. 36, 593 (1967); H. Meldner,
Phys. Rev. 178, 1815 (1969); K. T. R. Davies and R. J.
McCarthy, Phys. Rev. C 4, 81 (1971).

3M. A. K. Lodhi, Phys. Rev. 182, 1061 (1969), and
Phys. Rev. C 1, 365, 1895 (1970).

R. Y. Cusson, H. Trivedi, and D. Kolb, Phys. Rev.
C 5, 2120 (1970); L. R. Miller and A. E. S. Green,
Phys. Rev. 184, 1012 (1969); A. E. S. Green, G. Dare-
wych, and B. Berezdivin, Phys. Rev. 157, 929 {1967).

M. A. K. Lodhi and B. T. %aak, Phys. Rev. Lett. 29,
301 (1972); B.T. %aak, Ph.D. dissertation, Texas
Tech University, 1972 {unpublished) .

432



VOLUME 33, NUMBER 7 PHYSICAL REVIEW LETTERS 12 AUGUsr 1974

8Program No. BMDO2R, Health Sciences Computing
Facility, University of California at Los Angeles.

VG. Jacob and Th. A. J. Maris, Rev. Mod. Phys. 38,
121 (1966).

A. N. James, P. T. Andrews, P. Kirbly, and B.G.
Lowe, Nucl. Phys. A138, 145 (1969}.

U. Amaldi Zr. , Phys. Lett. 22, 593 (1966).
~~M. Riou, Rev. Mod. Phys. 37, 375 (1965).

G. Mairle et at. , Nucl. Phys. A134, 180 (1969).
A. Bohr and B. R. Mottelson, BNcleaz St~cture

(Benjamin, New York, 1969), pp. 325, 328.
3E. Rost, Phys. Lett. 26B, 184 (1968).

Multinucleon Removal in the Absorption of 7r at Rest and at 6() Mey'+

H. Ullrich, j' E. T. Boschitz, j' H. D. Engelhardt, j' and C. W. Lewis''
Institut f'ur Euperimentelte Kernphysih der Universitiit und des Kernforsohungszentrums

Xarlsmhe, Xaxlsmhe, Germany
(Received 29 April 1974)

The intensities of y rays from m absorption at rest on 0, F, Mg, P, Ca, and Nb have
been measured. The results are compared with those at 220 MeV, previously published.
The n removal processes which have been reported to dominate at higher energies are
not as pronounced in the present work.

Recent studies on the interaction of 220-' and
380-MeV' negative pions with nuclei have shown
unexpectedly large cross sections for integral
"a-particle" (i.e. , multiples of two neutrons
+two protons) removal. This is surprising, eith-
er as an intrinsic property of pion interaction,
or from the point of view of nuclear structure.
The measurements have been made via the ob-
servation of de-excitation y rays in the final nu-
cleus, so that it is not possible to distinguish
the course of the preceding sequence of particle
emissions, or even their identities (single nucle-
ons or heavier particles). From. the design of
these experiments there has also been no distinc-
tion made between absorption and nonabsorption
processes.

The purpose of this Letter is to present results
of a similar study with m' at rest for a range of
nuclei and a case of w interaction at 60 MeV ki-
netic energy. In this study the pion interaction
is clearly an absorption process for m at rest.
Because of the experimental conditions, the re-
sults for m at 60 MeV are also due predominant-
ly to absorption.

The measurements were done with a negative
pion beam from the CERN synchrocyclotron. Tar-
gets with 5 g/cm2 nominal thickness of natural
H, O, LiF, Mg, P, Ca, and Nb were used in a
standard stopped-pion experimental arrangement
as described earlier. '

y rays were detected by
a 40-cm' Ge(Li) detector (at 90' to the beam di-
rection) in coincidence with stopped-pion logic
(1, 2, 3, 4) from the beam telescope. The absolute
yields per stopped pion were determined by corn-

parison with muonic x rays. ' In Fig. 1 (upper
curve), as an example, the prompt y-ray spec-
trum from pions absorbed at rest on 'P is shown,
with an energy resolution of 3 keV (full width at
half-maximum) at 1 MeV. Background lines de-
termined in a separate measurement are indicat-
ed by arrows below the spectrum.

For the measurement with pions in flight the
same arrangement has been used. Since counter
4 was close behind the target, and both were tilt-
ed by 45' with respect to the beam direction, a
(1, 2, 3, +4) trigger condition covers all process-
es where the pion is scattered in the forward di-
rection, and to some extent also pions with larg-
er scattering angles. In a phosphorus target mea-
surement made under this trigger condition, none
of the y-ray lines from residual nuclei present
in the upper curve of Fig. 1 were observed. The
y spectrum taken under the complementary con-
dition (1,2, 3, 2(), however, shows a striking sim-
ilarity to the spectrum obtained with m at rest
from the same target (Fig. 1). The drastic re-
duction of the pionic x-ray yield from phosphorus
in the lower curve proves that the contribution
from pions at rest is negligible in this spectrum.
In Table I the ratios of intensities of correspond-
ing lines in the two spectra are listed, and are
seen to be similar within about a factor of 2.
This indicates that absorption at rest and at 60
MeV are similar processes. Also, since the or-
der of magnitude of the 60-MeV absorption cross
sections is 10 mb, considerations~ which neglect
absorption at nonzero pion energies are question-
able.


