
VOLUME 33, INCUMBER 7 PHYSICAL RKVIKW LKTTKRS 12 AUGUST 19T4

but are interrupted by the spatial disorder of the
lattice and are "frozen in" at the ordering tem-
perature with some finite mean correlation
length, thus preventing the wavelength-dependent
susceptibility from diverging. ' These frozen-in
fluctuations must in some manner be stabilized
by the rare-earth-iron interaction, since in the
absence of a magnetic rare earth the fluctuations
are of much shorter range and never spontane-
ously order. We are undertaking experiments on
other rare-earth-iron compositions to corrobo-
rate this model for the amorphous magnetic tran-
sition and determine whether the exchange or
crystal field interactions are predominantly re-
sponsible for the anomalous behavior.
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The critical behavior occurring at displacive phase transitions in anisotropically
stressed perovskite crystals is examined. It is shown that, under various conditions,
the asymptotic critical behavior may be of Ising, ~Y-model, or Heisenberg type. The
existence of a "spin-flop"-like transition (at zero stress) between two differently or-
dered phases is predicted. An explanation of the discrepancy between the measured
exponents and those predicted theoretically is proposed, and several new experiments
are suggested.

It is well known that stressed crystals undergoing displacive phase transitions exhibit phase diagrams
with interesting complexities. ' In this Letter we show that, under different stress conditions, perov-
skite crystals may display a variety of types of critical behavior, including txicxitical and bicxitical
points, crossover Phenomena, and floplihe transitions of the type proposed recently for anisotropic an-
tiferromagnets. " The analysis raises the interesting possibility that the discrepancy between recent
theoretical predictions' ' and measurements of the critical exponents characterizing the structural
transitions in the perovskites SrTiO, and LaA10, arises through the existence of systematic residual
strains in the crystals studied. We show that these (conjectured) strains precipitate a crossover from
the Heisenberg-like (or cubiclike) behavior, previously predicted, ' 7 to an Ising-like behavior. We
use scaling theory to study this crossover, and propose several experiments which should elucidate
the situation.

Our conclusions are based on an analysis of an effective Hamiltonian that is a natural extension of
the Landau-type potential used in previous mean-field investigations of the 105'K phase transition in
SrTiO~." The Hamiltonian embodies a coupling between the local rotational coordinates of the charac-
teristic perovskite oetahedra, Q (x) (a=1, 2, 3), in which the primary ordering occurs, and the elastic
strain coordinates e,.(x) (i = 1, . . . , 6 in the Voigt notation). Allowing for an applied stress T, (i =1, . . . ,
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6), we have"
S S 6 6
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S-~, Z e.Q.'-&.[e,(Q.'+ Q.')+ e.(Q,'+ Q.')+e, (Q,'+ Q,')]

—&,(e,Q,Q, + e,Q,Q, + e,Q,Q,)1,

(3)

where z, is proportional to T —T„"while the remaining coupling constants are assumed to depend only
weakly upon temperature and pressure. The C, , are to be regarded as "bare" elastic constants, ap-
propriate in the absence of any coupling to the fluctuations in the Q . The effects of such fluctuations
are represented by the term [V Q(x)]'; terms of the form [Ve,. (x)]' have not been included in (1), how-
ever, since it is believed that they are irrelevant (in the renormalization-group sense), " so that the
only source of divergent fluctuations in the strains lies in their coupling to the coordinates Q . In the
absence of such terms the strain coordinates may be integrated out of the partition function defined by
the Hamiltonian (1), yielding a reduced Hamiltonian of the form"

~= fd' {-:[..~"(V ~)']"-A".—.E Q.'
G, =J,

—Q T„[(L,—L2)Q„2+ L2Q ] —L3(Q,Q2TB+ Q2QST4+ Q~Q, T5)j, (2)

where the new parameters are completely defined in terms of the parameters of the original Hamilto-
nian.

The primary effect of an isotropi c stress (T, = -P; i = 1, 2, 3) is merely to renormalize the parame-
ter r„and hence the transition temperature. In addition, however, although the symmetry of the
Hamiltonian (2) remains the same as that of the stress-free crystal, an isotropic stress may lead to
a change in the critical behavior, through the pressure dependence of the elastic constants which
leads, in turn, to a pressure dependence of io and v, in (2). A renormalization-group analysis shows

for po greater than some critical value v„' a second-order Heisenberg-like transition is to be
expected; for vp= v, one finds a cubiclike tricritical behavior; while for v, ( v, a divergence of the
renormalization-group equations is indicative of a first-order transition. Note that the crossover ex-
ponent p, from the cubic tricritical behavior to the Heisenberg-like critical behavior is very small;
thus, cubic corrections to the Heisenberg scaling behavior may persist very close to the critical
point. "

The application of an anisotxopic stress leads, through Eq. (2), to a Hamiltonian with a different
symmetry from that of the stress-free crystal; the changes in the critical behavior are striking. For
a stress along the [100]axis, T, = -P5,„ the Hamiltonian (2) becomes

S'""=J ' (-'[ Q" (Q "Q') ( ~)']"-0"-ZQ')
with r, =r, +2PL, and r, =r, +2PL, Thus, the ef-
fects of such a stress are similar to those of an
anisotropic exchange in magnetic systems. The
latter have recently been extensively investi-
gated, using renormalization-group and series-
expansion techniques'6; we thus use the results of
these investigations in what follows.

Certain aspects of the P Tphase diagram-for
the Hamiltonian (3) depend upon the para. meters
in (3). We discuss first the case of SrTiO, (see
Fig. 1), where studies of anharmonic properties
have shown" that L,, is positive, I, is negative,
and vo is small and negative (but v, a v„since
the transition seems to be of second order" ).
Thus, for P &0 we have r, & ~„so that the asym-
totic critical behavior is dominated by the terms

1

I

in (3) involving only Q, . The transition is there-
fore Ising like, into a tetragonal phase with an
ordering along [100]. For P )0 the critical be-
havior is XY-like, with an ordering perpendicu-
lar to the [100]direction. The ordered state
asymptotically close to T, (P) has rotational in-
variance in the (100) plane; for finite T,(p) —T,
however, cubic corrections to scaling, asso-
ciated with vo, will lead to predominantly [010]
or [001] ordering.

The line p = 0, separating the two ordered
phases, locates a first-order phase boundary,
at which the pseudospin order parameter (Q)
flops from the [100] direction to the (100) plane.
This is strongly analogous to the spin-flop tran-
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FIG. l. Schematic phase diagram for a perovskite
with a [100l stress, assuming v, &v2&0 (SrTi02). The
arrow locates qualitatively what we conjecture to be
the position of the observed transition in monodomain
SrTi03.

sition found in uniaxially anisotropic antiferro-
magnets. ' The flop line terminates at T =T,(p
=0), in a bicritica/ point. 2"

The crossover (from Heisenberg to Ising or XY
behavior), expected in the vicinity of the bicriti-
cal point, is displayed in the scaling form of the
free energy, given by a renormalization-group
analysis as'"

G(T p) =Itl2 ™Hf(p/Itl') (4)

Here we have introduced t= [T —T,(P =0)]/i22T,
and p=p/ksT, while a„ is the Heisenberg specif-
ic-heat exponent (=-0.10)"and cp the crossover
exponent (=1.25)," Following Fisher and Nelson'
we conclude the following from (4): (a) At the
flop line (p= 0, t &0) the thermodynamic conju-
gate to T, = -P, namely, the elastic strain e„ex-
hibits a discontinuity which varies with t as he,
—ltl, with P=2- a-y =0.85. (b) The compo-
nents of the elastic compliance diverge, for p = 0,
as I t I T, with y = 2'+ n -2 (=0.4). (c) At t = 0,
P -

I e, I, where 5-=y/P (= 1.47). (d) The phase
boundary lines near the bicritical point vary as
p (t) = + w, t ~, where w, are constants.

To our knowledge, none of the experiments sug-
gested by (a)-(d) has been performed, although
investigations of the ultrasonic properties of
SrTiO, have succeeded in demonstrating the ex-
istence of critical anomalies (in addition to the
discontinuities expected from mean-field theory')
in the elastic constants. " Note that, in contrast
to the system discussed in Ref. 3, the symmetry
of our problem enables us to identify the scaling

field causing the crossover as being purely the
pressure p: This should make experimental ver-
ification of the above predictions easier.

The nature of the XY li-ke transition (p &0), and
the resulting ordered state, may change with the
value of v, : For v, & n„we expect the transition
to be of first order, into a tetragonal phase,
with Q along [010]or [001]. For vG &0, as is ap-
propriate in LaA10~, ' the transition remains of
second order, and the cubic corrections to scal-
ing lead to an ordering along [011]. In this case,
when the ordering tendency of v, and of the ap-
plied stress are in competition, a further de-
crease in temperature may lead to additional
phase transitions.

A similar analysis has also been applied for the
case of a [111]stress, with similar results. For
SrTiOS (v, &0), further first-order transitions
may occur, as described above and as observed
in Ref. 1. Such situations require further inves-
tigation.

We now turn to review the existing experimen-
tal results on the critical behavior of SrTi0, . A
striking feature of the EPR experiments' (re-
garded as the most accurate measurements of the
critical exponents) is that, in the interests of ac-
curacy, they were performed on samples shaped
in such a way as to transform into a monodomain
low-temperature phase. ' Moreover, subsequent
experiments on these samples have clearly dem-
onstrated a strong anisotroPy in the order-pa-
rameter fluctuations above T„ these f1uctuations
being preferentially about the ordering axes of
the monodomain sample. " We interject the re-
mark that this anisotropy, which clearly shows
the presence of an "orienting mechanism'"' that
breaks the cubic symmetry, is to be distinguished
from the cubic anisotropic terms omitted from
(1), but discussed elsewhere, 'T which give rise to
"pancakelike*' anisotropy in the correlations:
This anisotropy should not affect the asymptotic
critical behavior. 7 Although the existence of an
"orienting" mechanism in these samples has
been recognized, "the implications for the criti-
cal behavior have, to our knowledge, not been
examined. In the light of the above analysis we
conjecture that this mechanism is simply a sys-
tematic strain fieId which breaks the cubic sym-
metry, as discussed above, and leads to a n"oss-
ovex from the purely Heisenberg critical behav-
ior expected for a strain-free sample to an Ising-
like behavior, as indicated in Fig. 1." We note
that the experimental value' of P=0.33+0.02 is
quite consistent with this suggestion since we
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must presume that the experiments were per-
formed in the crossover region, in which the ef-
fective value of P changes from its Heisenberg
value, PH —-0.37, to that appropriate for the Ising
system, P& —-0.31." A partial experimental check
of this conjecture would be provided by a mea-
surement of the exponent P in samples subjected
to an external stress. Application of the appro-
priate stress (e.g. , a tensile stress along [100]
or, equiva1ently, a biaxial stress along [010]and
[001) in SrTiO, ) should reveal that the asymptotic
exponents are truly of Ising type in this situation.
In addition, specific-heat experiments on such
stressed samples should reveal a divergence (a&
=0.125 ~~) in contrast to the behavior of well an-
nealed crystals (that transform into a polydomain)
for which a cusp is to be expected (o.H= —0.10)."
Finally, experiments to test the predictions (a)-
(d), discussed above, would also provide a check
on the overall picture that we have proposed.
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