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This estimate of C is obtained by substituting K~~
=10 6 dyne, p = 1 g cm, and $0

——10 A into Eqs. (6.6)
and (6.7) of Ref. B. The estimate C=10 P in Eq. {6.8)
of Ref. 8 appears to be a numerical error.
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Elasticity theory is applied to nematic liquid crystals with particular boundary condi-
tions. The calculus of variations is used to derive the torque equations, the solutions
of which are found by relaxation methods on a digital computer. These solutions are
used to draw pictures of the molecular arrangements and with the aid of Maxwell's
equations to predict the observed optical patterns, including the case of magnetic fields
applied along the symmetry axis.

We have obtained agreement between elastic
continuum calculations and optical patterns ob-
served with crossed polarizers in nematic liquid-
crystal droplets. We started with the simple
question: What is the minimum-energy configu-
ration of a drop in which the molecules within the
drop tend to be parallel to one another, yet are
pinned at a definite angle to the surface of the
drop'? It is a simple conclusion that these drops
should show surface singularities of molecular
size in extent, and that a cylindrically symmetric
solution would put the singularities (point dis-
clinations) at the north and south poles of the
drops. To observe the molecular configurations
about these poles we floated droplets on the sur-
face of water. This procedure has the three im-
portant advantages that the droplets are lens
shaped resulti. ng in better optics than obtained
with spheres, the water provides a very homoge-
neous and reproducible substrate which for many
liquid crystals gives droplets with cylindrical
symmetry in thy molecular alignment, and for
methoxybenzylidene butylaniline (MBBA, the liq-
uid crystal we use most often) the drops remain
in the nematic state for many hours despite some
gradual absorption of water. Figure 1 shows
three droplets similarly prepared and of similar
size which when viewed between crossed polariz-
ers exhibit three distinct patterns: a right-hand-
ed, a left-handed, and a normal configuration.
Similar patterns have been observed for almost
a century, with I ehman' devoting a lifetime to

such studies. The theory of such observations
has received little attention despite the possibil-
ity that such a macroscopic element with three
states might have some technological interest.

The successful analysis of this problem yields
the computer graphics of Figs. 2 and 3 for the
orientation of the molecules. To obtain the opti-
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FIG. 1. MBBA droplets on a water substrate observed
between crossed polarizers with white light displaying
the three different configurations.
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With the directrix expressed in terms of the usual two polar angles 6 and y and using the cylindrical
coordinates p and z, one finds that the energy expression contains 24 terms, or 25 when we include
the effect of a magnetic field along the symmetry axis. A typical set of three terms is

p sin'8 p~'(S sin'p+ T cos'6cos'cp+ Bsi n'6 cos'p),

where y~ is a partial derivative.
Carrying out the calculus of variations pro-

duces two torque equations, one with 31 and the
other with 27 terms plus boundary conditions.
The torque equations are simultaneous nonlinear
second-order partial differential equations. The
solutions we report here are for the simple case
where the upper and lower boundaries are flat,
horizontal, and separated by a distance z„and
the outside boundary is cylindrical, vertical, and
at p= p, . We use hard pinning on the horizontal
boundaries. On the upper one we take 6= w/2,
with y to be determined from a first-order non-
linear partial differential equation with 5 terms,
while on the lower one we take 6= w/12, again
with y to be determined from this partial differ-
ential equation. On the outside surface we use
free boundary conditions, and thus two simulta-
neous first-order partial differential equations,
each with 8 terms, must be satisfied here. The
choice of 8= m/2 corresponds to the water-liquid-
crystal interface with the liquid-crystal mole-
cules strongly attracted to the polarizable water.
The choice of 8= w/12 corresponds roughly to the
observed behavior of MBBA at an air interface. 4

The free boundary conditions at p= p, are an ap-
proximation that produces a small amount of arti-
fice into the behavior near p = p, . But we are con-
cerned primarily with the behavior over the cen-
tral "flat" portion of the drop, so this is of little
consequence.

Our assumptions of a flat surface, of hard pin-
ning at other than 6=0, and of cylindrical sym-
metry are not compatible at the center of the sur-
face. We treat this part of the problem in detail
elsewhere. Here it is sufficient to say that on
the scale of 100 nm to 100 p.m in which we treat
the present problem it is adequate to ignore the
details of how the infinite energy density of the
singularity is relaxed.

The torque equations with the above boundary
conditions have been solved by relaxation meth-
ods using typically a grid of 30 by 39 points, with
variable grid spacing, becoming finer near the
boundaries and the z axis. The relaxation is ade-
quate after 1000 to 2000 passes. We have results
for p, /z, =2, 4, and 8 for several values of the ra-
tios B/S and T/S. The behavior of the region p
&2p, becomes independent of p, /z, for p, /z, &4.

At p= 2@, the 6 values are within 1% of the values
calculated for p —~. For T/S & 1 we find the nor-
mal configuration which has y = 0 everywhere.
For T/S & 0.9 we find the three solutions which
we are seeking. The degree of rotation of the
cross decreases with increasing T/S for T/S

0.9. The two solutions with handedness, which
are mirror images of each other about @=0 with
the same energy, differ from the normal solu-
tion primarily in the cp values. The L9 values are
quite close. The energy of the normal solution,
while higher, is only slightly higher. Extrapola-
tion to infinite radius suggests that the energy
difference is no more than 10 ' erg for the whole
drop (for T = 0.4 pdyn, S = 0.65 pdyn, and B= 0.8
Iudyn which are suitable choices for MBBA').

A much more important saving in energy com-
mon to all three cases occurs in the cancelation
of two terms in the divergence:

divn = [sin 6(cos cp)/p —sin6 8, +. . .].
This cancelation occurs for @=0, but not for
p= n (also a solution) in the case where 8, is
positive as it is here. It is this that requires
y to go to zero as the terms in 6~ and y~ be-
come negligible at larger radius. It should be
recalled that 6, remains large because of the
conflicting boundary conditions. That this cancel-
ation is most effective when p-z, results in a
minimum in the energy density in this region,
and even the total energy per unit area of the drop
goes through a minimum with increasing radius.
Thus there is a possibility that a large-area lay-
er might achieve lower energy by supporting an
array of point disclinations.

We have also studied the effects of vertical
magnetic fields both under the microscope and
on the computer and have obtained quantitative
agreement.

The full equations, the optical calculations, the
comparison of theory and experiment, and the de-
tails of the phase diagram will be reported else-
where.
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Conduction-electrons tensors depending on electron rnomentuln can (through the cyclo-
tron motion of the electron) cause transitions between spin Zeeman levels which broaden
and shift the conduction-electron spin resonance. Tensor quasiparticle interactions are
capable of similar effects. The relaxation time and exchange parameter controlling mo-
tional and exchange narrowing of the conduction-electron spin resonance are precisely de-
fined.

I ubzens, Shanabarger, and Schultz' have re™
cently reported detailed measurements of the
frequency dependence, temperature dependence,
and dependence on resistivity ratio of the g value
and linewidth of conduction-electron spin reso-
nance (CESR) in aluminum. The initial report'
of CESR in aluminum led Dupree and Holland'
to suggest that g anisotropy might be important,
and theories of motional and exchange narrowing
of g anisotropy have been formulated by de Bot-
ton' and Fredkin and Freedman. ' The results of
I ubzens, Shanabarger, and Schultz' fit very well
the predictions of these latter theories. "

In the present work, the tensor nature of the

g value is explicitly considered (for the first
time) and such considerations lead to new pro-
cesses affecting the linewidth and g shift of the
CESR. In the light of this development, a rein-
terpretation of the results of I ubzens, Shana-
barger, and Schultz' would be useful, as it is
believed that these new results may strongly
affect the value of the pa.rameter B (defined
below).

Also, the motional-narrowing relaxation rate
is given in terms of a weighted average of the
impurity scattering cross section, ' the weight-
ing factor being different from that determining
the resistivity relaxation rate. Similarly, the
exchange parameter B controlling exchange nar-
rowing is precisely defined.

Finally, we follow up a remark of de Botton'
that the influence of spin-orbit coupling on the

quasiparticle interaction can produce effects
qualitatively similar to those produced by g an-
isotropy. A new type of tensor quasiparticle in-
teraction is introduced and is shown to give rise
to contributions to the effective g tensor. Nothing
is presently known about the magnitude of such
tensor interactions, but it is known that the mag-
nitude of the g anisotxopy required to account for
the aluminum results is surprisingly large. ' A
first-principles estimate of the magnitude of the
tensor interaction would thus be of value.

We shall study in detail an isotropic electronic
Fermi liquid. For a Zeeman Hamiltonian of the
form Hz= -g(p)p, q s 'H to be invariant with re-
spect to simultaneous rotations of s, H, and p,
we must have g(p) independent of the direction p.
Anisotropy in g can only be introduced by the use
of a g tensor, and we therefore assume a Zee-
man Hamlltonlan

IIq= -p z s ' g ' H, g = golt. + ~ g2 T,

T =3pp —I . (2)

The quantity 1 is the unit dyadic, and p denotes
a unit vector in the direction of the electron mo-
mentum.

The tensor part of the Zeeman interaction can
be written in the form -g, p. zs H,q~, where H, f f
is an effective magnetic field given by Hgf f
=2[3p(p H) —H]. The effective field has a com-
ponent in the direction of the momentum of the
electron, as well as a component along the ex-




