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tential used by Kloet and Tjon, ' which has a soft
repulsive core, we find the phase shift '5, =68
and absorption coefficient 'g, = 0.97 at E ~ I,

= &4

MeV, to be compared with the results '6, =72.5

and 'g0=0. 975 obtained in Ref. 8. At E»&"-—46.3
MeV we find '5p 35 Qp 0 90 compared to
38.7' and 0.883. At E»&"——3.27 MeV our results
were unstable, possibly because of threshold ef-
fects which will require special treatment. In
view of the present state of the three-body scat-
tering problem and the fundamental differences
of the methods in Refs. 6 and 8, we find this gen-
eral agreement rather promising.

Our above-described approach has the advan-
tage of providing a direct solution to the problem,
thus being free from any convergence considera-
tion. The discretization problem which remains
arises anyway with all other methods. The di.-
rect solution is made possible by the use of con-
figuration space since the local nature of differ-
ential operators (compared with integral opera-
tors) makes the rank of matrices we have to
handle an order of magnitude smaller than for
the direct solution of Faddeev integral equations.
Moreover the use of configuration space gets rid
of any singularities usually associated with the
momentum-space integral equations. The prac-
tical advantages of this method are similar to

those that the Schrodinger equation has over the
Lippmann-Schwinger equation. Finally we are
here faced with the preliminary problem of build-
ing the two-body bound-state wave function rath-
er than the two-body t matrix occurring in the in-
tegral equations, which is much easier for the
same reasons. Taking advantage of the great
simplicity and efficiency of this method, we are
presently dealing with the realistic problem of
three-nucleon scattering with a tensor force.
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A relatively bias-free comparison is made of inclusive and semi-inclusive charged-
pion single-particle spectra in 7i.+p and pp interactions. Inclusive Mueller factorization
is satisfied by m but not m production. Factorization holds for proton-target fragmen-
tation into m for a fixed number of x backward in the c.m. system, but not for fixed
total multiplicity. In the central region, 7(.+p —7r~ shows an s approach to the same
value, -0.78, seen in other reactions.

We report results of an exposure of the Fermi
National Accelerator Laboratory 30-in. hydrogen
bubble chamber to an unseparated but tagged &'
and p beam at 100 GeV/c. The mixed beam a,l-
lows comparison of the secondary pion spectra
from high-energy n'p and pp collisions with mini-

mum biases, providing an excellent test of factor-
ization: independence of secondary spectra from
the identity of the incident projectile.

While fa,ctorization is an important experimen-
tal matter in itself, it is of particular interest
and perhaps crucial to Mueller-Regge theory.
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FIG. 1. Mueller diagrams for (a) pion production in
the proton fragmentation region, (b) total cross sec-
tion, and (c) pion production in the central region.

In this experiment, ' secondary pion distribu-
tions, p=(or) 'do/dy, were obtained under identi-
cal conditions for two different projectiles, m

and p. The w':p ratio in the unseparated beam
was about 7:8. The identity of each incident par-
ticle was determined by a 35-m differential Che-
renkov counter used in conjunction with three sets
of multiwire proportional chambers. v+p and pp
events were treated identically in the scanning
and measuring process. Errors due to absolute-
cross-section normalization were avoided through
use of the relation

Here, the inclusive cross section for pions in the
fragmentation region can be represented by the
Mueller diagram in Fig. 1(a). If the Pomeron
dominates the link between the beam (particle b

in Fig. 1) and the mp "'blob, " and if it is factoriz
able, the cross section can be written' ' in the
form of a product,

d'o/dy dpr'=P, b(y, pr')Pb

This result is analogous to the factorization of
the total cross section indicated by the Mueller
diagram in Fig. 1(b):

&r = P,Pb

When we divide Eq. (1) by (2), the quantity

(o&) 'd'o/dy &p; = P„(y, p, ')/P,

becomes independent of projectile identity. At
finite energies, Reggeon contributions to the dia-
gram of Fig. 1(a) require another term in Eq. (1):

dy dpr

The quantity (vr) 'd'a/dy dpr' now approaches
factorization like s ' '.

In the central region, where y is small, we can
write the inclusive distribution according to Fig.
1(c). If the Pomeron dominates both exchange
links, we have

d'v/dy dpr'= PbPby(pr')

The height at the center of the distribution
(&r) 'd'o'/dy

dpi''-—

y(pr') is then independent of
both target and beam. There is an s ' ' approach
to this limit from the additional term2 to Eq. (5)
that is necessary when Reggeons are included in
the exchanges,

do
2)

r

i do I dN
p

andy N ~dy
' (7)

where N~ is the total number of events in the data
sample corrected for two-prong scanning ineffi-
ciency. The experiment thus provides a test of
factorization with systematic errors minimized.

All events were measured on a Lawrence Berke-
ley Laboratory spiral reader with automatic track
matching. Using the known forward-backward
symmetry in the c.m. system for pp interactions,
we can determine the efficiency for track recon-
struction separately for each topology in the back-
ward and forward hemispheres of the c.m. sys-
tem. These efficiencies can then be applied to
the w'p samples. Reconstruction efficiency for
tracks in the backward hemisphere was better
than 96% independent of multiplicity. In the for-
ward hemisphere, the efficiency dropped with in-
creasing multiplicity, with 80% of the tracks re-
constructed on the average. The number of tracks
from v'p events, computed after weighting with
efficiencies obtained from pp interactions, was
consistent with the number obtained in the scan
count. This agreement held for each topology
separately. Track-reconstruction losses thus ap-
pear to be identical for pp and &'p events.

To compare spectra for secondary particles
from m'p and pp interactions, it is most appro-
priate to take the ratio of single-particle spectra,
for then the efficiency factor will divide out. We
find (see Fig. 2) that for m, the ratio

p (v'p) (or) 'do(w'p-w )/dy
p (pp) (or) 'do(pp-w )/dy

is flat and almost 1 in the backward hemisphere
in the c.m. system up to y = —0.6.' The ratio for
all events with y & —0.6 is 0.98+0.04. Factoriza-
tion in this region thus works remarkably well
for & . We note that the ratio in the forward
hemisphere rises approximately linearly. This
ratio measures the difference in the structure
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FIG. 2. Ratio of (ar) do/dy for w produced in r+p
and pp interactions.

functions of the two projectiles.
The fact that the ratio is a constant and consis-

tent with unity in the backward hemisphere shows
that, at 100 GeV/c and within the framework of
the theory, the Pomeron dominates the process
of Fig. 1(a) and Pomeron factorization is satis-
fied to within a few percent. That is, the func-
tion p,~(y, pr') in Eq. (3) has the same y depen-
dence in m'p and pp interactions. In Fig. 3(a) we
make a comparison of the pr distributions for
events in the backward hemisphere. The ratio is
again consistent with 1 for all pr. Furthermore,
when we compare in Fig. 3(b) the average pr as
a function of y for these same two reactions, we
see that they are nearly the same at any value of
y in the backward hemisphere. Our conclusion is
therefore that, in the inclusive reactions &'p —&

and pp —m, factorization works; p,~(y, pr') is in-
dependent of the projectile.

As we examine further the details of factoriza-
tion, Fig. 4(a) shows that the ratio of Eq. (8) at a
fixed charged-particle multiplicity is not 1, or
even a constant, at all multiplicities. The Muel-
ler picture does not make any prediction about
these ratios. However, if target fragmentation
is indeed independent of the projectile, then the
ratio of Eq. (8) in the target fragmentation region
should be the same for m' and p projectiles for a
fixed multiplicity over that region. This "proton
fragmentation multiplicity" cannot be known,
since neutrals are not observed. We may approx-
imate it by selecting a fixed number of & in the
backward hemisphere. These selections are
shown in Fig. 4(b). The ratios are constant and
have a value consistent with unity in the backward
hemisphere.

It is indeed quite remarkable that faetorization
works in such detail. There were indications of
factorization at lower energies for the r frag-
ments of the proton. ' The agr cement was usually
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FIG. 3. (a) Ratio of (or) do/dPr for n produced
backward in the c.m. system in 7t+p and pp interactions.
(b) Ratio of average P& for m produced in m.+p and pp
interactions as a function of y.
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FIG. 4. (a) Ratio of (oz,) do/dy for z produced in
n+p and pp interactions at given multiplicities. (b) Ra-
tio of (or) do/dy for w produced in w+p and pp inter-
actions at given x multiplicity in the backward hemi-
sphere.

good to 10%. Mueller's picture with a factoriz-
able Pomeron will give exact factorization. Some
recent work on a geometric model' can also give
approximate factorization to 10%. The degree of
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p, (&'p) (vr) 'dv(n'p —II')/dy
p+(Pp) (o,) '«(pp -~')/dy (10)

we see in Fig. 6(a) that even in the target frag-
mentation region this excess persists. However,
the ratio is still quite constant in y. Furthermore
as shown in Fig. 6(b), the ratio between the aver-
age pr of the v+, like that of the v, is the same
for all y in the v'p and pp interactions. For w'

production, factorization even in the fragmenta-
tion region is not achieved yet at 100 GeV/c, but
the structure functions, P,~(y, pr') and P„~'(y, pr')
in Eq. (4), seem to have the same y and pr' de-

factorization we have observed makes the Muel-
ler picture look very good.

In the central region, y, =0, factorization
says that pion production is independent of both
target and projectile. The density function, Eq.
(7), is then independent of incident energy. As
indicated in Eq. (6), there is an s "' approach to
factorization in the central region. In Figs. 5(a)
and 5(b) the values of p at y, =0 for charged-
pion production in pp and &',It reactions are plot-
ted as a function of P;„, '. The extrapolation to
s = ~ is indeed consistent with (although does not
compel) the hypothesis that all curves approach
a single point. ' In other words, from Eq. (5), at
s= and p, =0,

p= fry;) e,' (9)

is a constant independent of projectile.
We note from Figs. 5(a) and 5(b) that the II' pro-

duced in the II+/ interaction are more numerous
than those in the pp interaction relative to their
respective total cross sections. Now if we look
at the ratio

gl
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FIG. 6. (a) Ratio of (o&) do/dy for w+ produced in
x p and pp interactions. (b) Hatio of average pz for 7t+

produced in 7t.+p and pp interactions as a function of y.

pendence.
In conclusion, we note a regularity in the data

related to exoticity. ' Using the notation b+a -c
+X, we may ask which of the combinations abc,
ac, bc, and ab are exotic for each reaction. We
find that the two reactions w'p —II X and pp —m X
are simultaneously exotic only in abc, and these
are the reactions for which factorization is satis-
fied. The other two reactions are simultaneously
exotic in none of the above combinations, and fac-
torization fails by -13% for these reactions. This
result suggests that if exoticity plays any part at
all, it is abc exoticity that operates.
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The dynamic structure factor S(h, ~) of a nonideal Bose liquid is calculated within the
random-phase approximation and compared with neutron scattering data by Cowley and
Woods for liquid helium in the temperature range & p & &- 4.2'K, with the conclusion that
the model is wholly inadequate. A low-frequency pole in the generalized susceptibility
discussed by Mattis and Landovitz is shown to be overdamped in S(h, ~).

In studying the poles of the dyna, mic structure
factor S(k, ~) for He' above the X point, Mattis
and Landovitz in an earlier Letter' concluded that
not one but two modes of wave propagation com-
prised the normal modes of the system, and that
the speed of propagation s of one of them fitted a
law

s~(y y )1/2

near T ~, whereas the speed of the other was fair-
ly insensitive to temperature.

In subsequent numerical work on the width of
the resonances identified as these normal modes,
we discovered that the widths were such that, in

fact, only a single mode could be perceived, in
contradiction to our earlier results. We then at-
tempted to fit the parameters to the neutron data
reported by Cowley and Woods in the tempera-
ture range T~& T &4.2'K. The most striking fea-
ture of these data is that the energy and lifetime

of the well-defined collective mode observed
at 1.1'R, and wave vectors k-0.2 A ', do not
change appreciably on going from He II to He I,
%e find that the observed temperature depen-
dence of the collective-mode energy is markedly
different from that of the collective, random-
phase-approximation (RPA) mode in the nonideal
Bose liquid; nor does the wave-vector depen-
dence of the observed mode agree with that cal-
culated. Not surprisingly, the widths of the cal-
culated mode are typically a factor of 50 smaller
than observed values.

Our calculation is tantamount to an elaboration
of ideas originally put forward by Pines~ which
exploit the analogy between the collective mode
and plasmons in an electron gas. The mode re-
sults from the short-range, rather than the long-
range, correlations in the liquid, and resembles
the zero-sound mode proposed by Landau for
Fermi fluids. Pursuing this analogy within RPA
leads to an expression for the generalized sus-
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