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spectra, but only smears them a bit. This inter-
action can, however, be responsible for the dis-
agreement between photoemission experiments
and band theory found in ferromagnetic materi-
als' '

The author is indebted to M. Cardona, S. G.
Bishop, P. C. Kemeny, and R. M. Martin for
their critical comments and to S. HNner for
bringing this problem to his attention.
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Using nonlocal pseudopotentials for silicon and germanium we are able to calculate the
temperature dependence of the forbidden (222) reflection and we find it to be in excellent
agreement with experiment. The accuracy of the pseudocharge density for the case of
silicon is also examined and found to be in good agreement with recent x-ray experimen-
tal results.

Remarkable progress has recently been made
in the measurement of charge distributions in
crystalline silicon and germanium. ' ' These ex-
ceedingly precise measurements, in the case of
silicon, have allowed the valence charge density
to be accurately determined for the first time. '
Such measurements are, of course, of consider-
able value not only as a means of ascertaining the
accuracy of band-structure calculations and the
resulting wave functions, but as a means of better
understanding the bonding process itself. In this
context there has been much interest in determin-
ing the behavior of the valence charge density,
and in particular the bonding electrons, as a func-

tion of temperature. By combining neutron and
x-ray diffraction studies, Roberto, Batterman,
and Keating' have been able to establish the tem-
perature dependence of the "forbidden" (222) re-
flection in both silicon and germanium, and spe-
cifically, they have been able to determine the
relative contributions to the forbidden reflection
arising from the bonding electrons and from the
anharmonic motion of the ion cores.

From a theoretical point of view, while the use
of pseudopotentials has been well established in
the calculation of charge densities, only recently
has it been possible to compare the results di-
rectly with experiment. Such a comparison, in
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the case of silicon, has indicated that the pseudo-
charge density while adequately reproducing the
bond maximum and magnitude fails to yield the
correct bond shape. ' However, we shall demon-
strate that this discrepancy is not a serious one,
and that it is a direct consequence of the local-
pseudopotential approximation. The discrepancy
is eliminated through the use of an energy-depen-
dent nonlocal pseudopotential. In addition, for
the first time, a calculated temperature depen-
dence for the forbidden (222) reflection is found
to be in excellent agreement with experimental
results. Early attempts' to account for the tem-
perature dependence were based on inaccurate
experimental results, ' and are not in accord with
the more recent data. More recent simplified
models have also failed at the higher tempera-
tures. ' As suggested by Phillips' and Roberto,
Batterman, and Keating, ' we find that the change
in bonding charge with temperature is significant.
Further, we find, under the assumption of an
Einstein solid, that the Debye-Wailer factor
characteristic of the bond motion is one-half that
of the ion cores.

In establishing the temperature dependence of
the bonding charge the anharmonic contribution
from the ion motion must be subtracted out from
the "forbidden" (222) reflection. ' This may be
accomplished through the use of neutron diffrac-
tion techniques as neutrons interact primarily
with the nuclei. In such a fashion, using the sim-
ple model of Dawson and Willis' to account for
the temperature dependence of the ion-core con-
tributions, Roberto, Batterman, and Keating
have separated out the anharmonic motion of the
cores. Once this has been accomplished the re-
sulting contributions to the forbidden reflection
can arise only from noncentrosymmetric parts
of the charge density, i.e. , bonding charge.

Since the "forbidden" (222) reflection, correct-
ed for the anharmonic motion of the ions, de-
pends upon the structure factor E», ' for the bond,
the temperature dependence of this reflection can
be analyzed in terms of this "bond" structure fac-
tor. The procedure which we shall follow in ob-
taining the temperature dependence of the struc-
ture factor for the bond will be analogous to a
rigid-atom model.

In this model the structure factor is the pro-
duct of two factors: the Fourier transform of the
charge distribution, or scattering factor, and a
Debye-Wailer factor. The first factor accounts
for the charge distribution, the second for ther-
mal motion. To calculate the structure factor

for the bond we first calculate the charge distri-
bution with the ion cores in their equilibrium po-
sitions and determine the scattering factor for
the bond. Next we take the bond motion into ac-
count by an appropriate Debye-Wailer factor,
and obtain the structure factor for the bond by
the product of the scattering and Debye-Wailer
factors. However, unlike the atomic case we
take into consideration the effect that the bonding
charge may be significantly altered by tempera-
ture as suggested by Phillips. ' In order to ac-
count for this change in bonding charge, and the
resulting change in the scattering factor, we cal-
culate the effect of temperature on the crystal-
line potential. This may be done in a straightfor-
ward manner involving the use of the Debye-Wai-
ler ion-core factors as indicated by Walter et al. '

In obtaining the effect of temperature on the
charge density it is necessary to have a knowl-
edge of the crystalline potential, the thermal ex-
pansion function of the solid, and the phonon
spectra of Debye-Wailer factors for the ion
cores. ' These data, however, are well estab-
lished for both silicon and germanium. Recent
calculations on both silicon' and germanium"
using nonlocal pseudopotentials have been able to
obtain accurately the optical gaps, photoemission
results, and cyclotron masses, and these are the
potentials which we shall use in the present cal-
culation. Further, the thermal expansion func-
tion has been tabulated over an extensive temper-
ature range" and Batterman and Chipman'3 have
incorporated x-ray data on the ion-core motion
into Debye-Wailer factors for both crystals.

After the scattering factor has been ca1culated
in the manner outlined above, it is necessary to
obtain a Debye-Wailer factor for the bonding
charge. Welsh has suggested that the Debye-Wai-
ler factor appropriate for the bonding charge
should be smaller than the corresponding Debye-
Waller factor for the ion cores. ' However, under
the physically reasonable assumption that the mo-
tion of the bond should be characterized by the
motion of the midpoint of near-neighbor atoms,
and the additional assumption of an Einstein sol-
id (appropriate for the temperatures involved" ),
it is easy to demonstrate that the Debye-Wailer
factor for the bond is exactly one-half that for
the ion cores.

The results of our calculations are given in
Fig. I for silicon and Fig. 2 for germanium. Al-
so indicated are the results from the simple mod-
el of Roberto, Batterman, and Keating, ' which
assumed that the valence charge density was not
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FIG. 1. The temperature dependence of the structure
factor E&&2 for silicon. The experimental data points
are from Roberto, Batterman, and Keating (Ref. 6).
The solid line shows the temperature dependence as
calculated by a nonlocal pseudopotential, and the dotted
line indicates the temperature dependence of the Debye-
Waller factor for the ion core as used by Roberto, Bat-
terman, and Keating.

altered by temperature. They also assumed that
the bond motion would be that of the ion cores
and, hence, that the same Debye-Wailer factor
could be used. Unlike their results, our calcula-
tions are in excellent agreement over the entire
temperature range for both silicon and germani-
um. However, it should be pointed out that Ro-
berto, Batterman, and Keating recognized quite
clearly the drawbacks of their model and, in fact,
suggested that the temperature dependence of the
scattering factor, or charge density, combined
with a reduced Debye-Wailer factor for the bond
motion might yield the correct temperature de-
pendence for the "bond" structure factor.

We also mention in this context that Phillips'
has suggested that a decrease in the bonding
charge, Z„alone could account for the observed
temperature dependence of the structure factor.
He has developed a theory for the magnitude of
the bonding charge which states that it should
vary as the inverse square of the optical con-
stant, i.e. , Z, ~n '. If we evaluate AZ, /Z, in
terms of finite differences over the temperature
range of interest we find AZ JZ, = 0.066 + 0.006
for silicon and ~,/Z~=0. 13+0.05 for germani-
um, using the experimental values of n(T). '4 If
we associate the (222) component of the charge
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FIG. 2. The temperature dependence of the structure
factor E»z for germanium. The experimental data
points are from Roberto, Batterman, and Keating (Ref.
6). The solid line shows the temperature dependence
as calculated by a nonlocal pseudopotential, and the
dotted line indicates the temperature dependence of the
Debye-Wailer factor for the ion core as used by Rober-
to, Batterman, and Keating.

density, p»„as a measure of the bonding charge,
and evaluate bp», /p»2, we find bp», /p»2 ——0.062
for silicon and Ap», /p», ——0.099 for germanium
in good accord with the values predicted by Phil-
lips. The values, however, for &E»,'/E2»' are
0.10+0.01 for silicon and 0.18+0.02 for germani-
um. Therefore, we note, at least in the case of
silicon where the experimental values are deter-
mined with more precision than in germanium,
that the decrease in Z, alone cannot adequately
explain the observed temperature dependence of
the forbidden (222) reflection. However, if a
Debye-Wailer factor appropriate for the bond is
included, then Phillips's predicted values for
bZ JZ ~ can adequately account for the observed
behavior.

In Fig. 3 we compare the experimentally deter-
mined valence charge density for silicon with the
results of an energy-dependent nonlocal pseudo-
potential. The results are similar to a previous
charge-density calculation using a local pseudo-
potential by Walter and Cohen" in that the bond
maximum lies at the midpoint between neighbor-
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spectroscopici6 gIld photoemission data io

Finally we mention that the accuracy of our
pseudocharge-density calculation in yielding an
accurate temperature dependence for the forbid-
den (222) reflection and in producing an accurate
valence charge density is quite encouraging. We
expect the pseudocharge density to fail to repro-
duce the actual charge density in the core region;
however, that it is so accurate away from the
core region, i.e., the bonding region, suggests
that other band calculations can be refined to give
similar results; e.g. , self-consistent orthogonal-
ized-plane-wave results" have, thus far, not
yielded accurate structure factors.

FIG. 3. (a) The valence charge density for silicon as
determined from experimental data by Yang and Cop-
pens (Ref. 5) (in the plane of the bonds). (b) The va-
lence charge density as calculated by a nonlocal pseudo-
potential in a section of the same plane. The crosses
label the atomic sites.

ing atoms, and the value of the bond maximum is
the same. Both of these results are in good ac-
cord with experiment (the bond maxima are 26e/
0, for both theoretical calculations and 28e/0,
for experiment). However, as Yang and Coppens'
have noted, the local-pseudopotential result has
an incorrect bond shape in that the bond axis runs
perpendicular to the bonding direction. " Further,
they point out that such a discrepancy is far be-
yond the limits of experimental error. The ener-
gy-dependent nonlocal pseudopotential, on the
other hand, has the correct bond shape; in this
case the bond axis is elongated parallel to the
bonding direction. This rotation of the bond can
be traced to the effect of the energy-dependent
part of the nonlocal pseudopotential on the bottom
valence band. The need for an energy-dependent
nonlocal pseudopotential is also indicated by
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