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have deduced from the three-nucleon problem
specific information about the two-nucleon inter-
action that has not yet been attainable.
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What Can We Learn from Three-Body Reactions?
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Deuteron-breakup calculations are performed by using phase-equivalent potentials
that differ off shell with and without the constraint of a fixed triton bindiGg energy. This
approach is compared with the previous work of Brayshaw. We examine various regions
of phase space and energy between 14 and 65 MeV. Our results show that new off-shell
information can be obtained from deuteron-breakup studies in the final-state region of
phase space.

Nuclear reactions involving three nucleons have
been extensively studied in the last few years.
One motivation has been the possibility of learn-
ing new information about short-range two-parti-
cle interactions, in particular, the off-shell be-

havior of the nuclear force. Several authors have
suggested regions of phase space in which this in-
formation may be readily obtainable. They gen-
erally agree that the L=0 part of the M» ampli-
tude is the one sensitive to off-shell effects and

1229



VOLUME 33, NUMBER 20 PHYSICAL REVIEW LETTERS 11 NOVEMBER 1974

that the regions of phase space that should be in-
vestigated are the ones in which these dominate.
Jain, Rogers, and Saylor' have suggested an en-
ergy-sharing kinematic locus, while Kloet and
Tjon' have suggested certain regions of phase
space where breakup results are sensitive to the
presence or absence of a repulsive core in the
potential. Brayshaw' has examined these regions
at 14 MeV using a three-body boundary-condition
model in which two-body on-shell properties are
fixed, but short-range correlations are varied.
The variations in short-range correlations corre-
spond to some (unspecified) combinations of off-
shell effects and three-body forces. Brayshaw
found that while breakup results exhibit some sen-
sitivity to short-range correlations, this sensi-
tivity virtually disappears (to a few percent) if a
fixed value of the n ddo-ublet scattering-length
prediction ('a) is used as a constraint. Further-
more, the cross section is small and observation
is very difficult in the regions investigated. Bray-
shaw concluded that no off-shell information
could be obtained which was not already implicit
in the value of the n-d doublet scattering length.

In view of the importance of Brayshaw's con-
clusion, we thought it valuable to investigate the
situation using a different approach. There are
three points at which his conclusion can be ques-
tioned: (a) Would other models lead to different
conclusions? (b) Are there other regions of
phase space in which observable off-shell differ-
ences would show up? (e) Is the insensitivity
suggested by Brayshaw energy independent?

This paper discusses deuteron-breakup results
obtained with three separable S-wave potentials

by using the Ebenhoh code. ' The potentials differ
from the Yamaguchi potentials employed hereto-
fore in their off-shell momentum dependence;
i.e. , they have different form factors. We em-
ploy an energy-dependent modification of the two-
nucleon (N N) T-matrix' which enables us to ob-
tain phase-shift equivalence of the three poten-
tials and to adjust the triton binding energy (Er
= 8 or ll MeV).

For separable potentials, the momentum-spac
matrix elements have the form

and the T matrix,

(kl T(E)lk') =g(k)g(k')~(E),

(1a)

(Ib)

where 7(E) = —. [X '+4mfo q'dq g'(q)/(E —q'+is)] '
(We have suppressed angular momentum, spin,
and isospin labels. ) Most previous calculations
have used the Yamaguchi form factor g(k) —(k'
+ p') ', where A. and p are chosen to fit the N N-
effective-range parameters. Here, we consider
an alternate form factor, g(k)- (k, —k )/(k'+ p') .
Different values of k,2 give different off-shell be-
havior, while A. and P (for a fixed k,') are such as
to give the experimental effective-range param-
eters. We consider two form factors differing in
values of k, . The form factor HA (k,'=+4 fm 2)

simulates a repulsive core (like the Reid soft-
core potential' ), while HB (k,' = —2.89 fm ') is
similar to the "softer" Yamaguchi form factor.

In general, separable potentials can differ in
both their off-shell and on-shell behaviors. In
order to obtain the same on-shell behavior (phase
shifts), we employ the method of Ref. 5 by re-
placing T(E) in Eq. (1b) by

T'(E) =p(E)T(E)11 —2im'vEg'(vE)~(E)[l —p(E)]] ' (2)

(where energy E has units of momentum squared). The presence of the denominator means that the re-
placement T(E) —7'(E) corresponds to multiplying the on-shell K matrix element, K(E) = —[tan5(E)]/
2m v&, by p(E). Here 6(E) is the phase shift predicted by g(k). A real p(E) guarantees a unitary two-
body amplitude. In fact, the replacement of 7'(E) - T'(E) merely corresponds to an energy-dependent A.

[X-X(E)] in the potential [see Eq. (la)].
We modify the T matrix of the HB form factor to gain the phase shifts of HA. Explicitly,

l

I+[tan5„„(E)/tan6HH(E) —1](1+exp[-y(E —E,)]) ' for E &E„
p(E) =,

l, 1 forE(E, ,

The form factors, triton binding energy, and p(E)
parameters for each potential appear in Table I.
With the parameters in Table I for y and ~p we
see that for E &0, p(E) is very closely equal to
tan5H„(E)/tanbHR(E); i.e. , potentials HB2-8.0and

HB2-11.0 are virtually phase equivalent to HA2-8.
In the nomenclature of Table I, HA and HB refer
to the form factors, 2 refers to this particular
set of phase shifts (i.e. , those predicted by the
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TABLE I. Potential parameters, effective-range
parameters, and triton binding energy.

HA2-8
Potential
HB2-8 HB2-11 04

H(n, nn) p

E,= t4.4 MeV

(fm" )

p] (fm ')

aq (fm)

Ot (fm)

p, "~ (fm-') '
a n& (fm) a

zo "~ (fm) ~

p,» (fm ')

a && (fm)
(fm)

q (MeV-')
Z, (MeV)
E'& (MeV)

E& {MeV)

4.0
3.318
5.395
1.750
2.246

—23,68
2.670
2.286

—7.766
2.860
b

b

b

8.04

—2.89
1.541
5.395
1.750
1.374

—23.68
2.670
1.390

—7.766
2.860
0.500

—45.50
—75.00

8.08

—2.89
1,541
5.395
1.750
1.374

—23,68
2.670
1,390

—7.766
2,860
0,500

—40.00
0.00
10.90

The n-n interaction is taken to be the same as the
n-p interaction.

"Not applicable as pI) =1 for the HA form factor.

form factor HA), and 8 or 11 refers to the approx-
imate triton binding energy. Note that by alter-
ing the parameters &0 and &„ which essentially
affect only the & (0 T matrix, we can change the
triton binding-energy predictions [here 5(&) is
the analytic continuation of the phase-shift func-
tion]. Work by Phillips7 has indicated that &r
and 'a are strongly correlated; we list ~~ rather
than a. The potential HB2-11 corresponds close-
ly to the potential used by Ebenhoh. A compari-
son using the potentials HB2-11 and HA2-8 corre-
sponds to a change in the off-shell momentum de-
pendence, i.e. , the form factor, with no con-
straint on the triton binding energy. A compari-
son using HA2-8 and HB2-8 corresponds to an
off-shell change with the constraint of a fixed
triton binding energy. The potentials HB2-11 and
HB2-8 predict a change in triton binding energy
with no change in the off-shell momentum depen-
dence.

In Fig. 1, we plot predictions of the 'H(n, nn)P
cross section at 14 MeV, following Kloet and

Tjon and Brayshaw. In this region it is very im-
portant to compare phase-equivalent potentials,
as it is a region of minimum spectator energy
and is thus very sensitive to the on-shell part of
the interaction as well as to the off-shell part.
The predictions of our phase-equivalent poten-
tials HA2-8 and HB2-8 differ by a larger amount
than do the predictions obtained by Brayshaw us-
ing his boundary-condition approach. The results

4.5 5.0 5 5 6.0 6.5

E~ (MeV)

FIG„1. Differential cross section for n-d breakup
versus the energy of an outgoing neutron. The solid
curve. is the Kloet-Tjon calculation using the Malfiet-
Tion I-III potential. The shaded area represents the
maximum variation produced by Brayshaw. The long-
dashed and short-dashed curves indicate our results
with the HA2-8 and HB2-8 potentials which predict
the same phase shifts, A-N scattering length, and tri-
ton binding energy but differ in their off-shell charac-
teristics.

are qualitatively consistent but do indicate that
conclusions drawn from Brayshaw's approach are
somewhat model dependent.

We have also made calculations for the 'Hip,
PP)n cross section at 23 MeV for the energy-shar-
ing locus of Jain, Rogers, and Saylor. ' In this
case, as in Fig. 1, there exist regions where
some relatively large (up to about 30%%uo) sensitiv-
ity occurs, several times that obtained by Bray-
shaw at 14 MeV. However, where the sensitivity
is relatively large, the cross sections are small
and even a, 30%%uo difference would be difficult to
distinguish experimentally. In fa,ct, for the L = 0
amplitude to dominate, the cross section is usu-
ally small since one is ruling out the mechanism
that accounts for the quasifree-scattering en-
hancement (i.e. , the coherent contributions of
many partial waves). Furthermore, off-shell
changes seem primarily to renormalize the cross
sections making it more difficult to distinguish
between potentials experimentally.

Is it possible to find regions of phase space
where the L =0, S= ~ M» amplitude is important
yet the cross section is not very small? In the
final-state —interaction (FSI) region, the enhance-
ment is due to the 'S, resonance in the N-V seat-
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FIG. 2. Peak differential cross sections at final-
state angles for the various beam energies indicated
on the right. A comparison using HB2-11 and HA2-8
corresponds to an off-shell change with no constraint
on triton binding energy, while a comparison using
HA2-8 and HB2-8 corresponds to an off-shell change
with fixed triton binding energy. A comparison using
HB2-11 and HB2-8 corresponds to changing triton
binding energy with a fixed off-shell momentum de-
pendence.

es. The maximum sensitivity occurs between 90'
and 130' and is large enough, even for fixed E~,
that the difference in cross section is easily ex-
perimenta, lly observable. The change in shape as
well as magnitude improves the experimental dis-
tinguishability of the potentials.

Our calculations indicate the following: (1) Off-
shell variations in cross-section calculations at
14 MeV are slightly model dependent. (2) The
final-state region of phase space is the most prac-
tical region in which to search for off-shell ef-
fects. The other regions sensitive to off-shell
effects have small cross sections and off-shell
differences would be very difficult to distinguish
experimentally. (3) The practicability of observ-
ing off-shell effects is a function of energy. In
the region between 20 and 45 MeV cross sections
for final-state interactions are large and are sen-
sitive to the off-shell character of the nuclear
potential. Therefore, careful measurements of
the FSI angular distribution can lead to off-shell
information beyond that obtainable from the low-
energy three-nucleon properties E& and 'a. The
question of distinguishability of off-shell effects
and three-body forces remains an open question.

tering amplitude at zero energy; therefore, un-

like quasifree scattering, the L, = 0 contribution
could be important yet the cross section large.

Since the relative importance of the I- =0 amp-
litude varies with the center-of-mass angle of
the FSI pair, both the magnitude and shape of the
FSI angular distribution should be sensitive to off-
shell changes. Figure 2 illustrates FSI distribu-
tions at a number of energies. At 14 MeV the ef-
fect of a change of form factor is greatly reduced

by a constraint on &~. At higher energies, how-

ever, even the constraint on &~ still allows chang-
es in magnitude and shape under off-shell chang-
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