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When a purely electromagnetic incoming wave is scattered by a charged black hole,
the electromagnetic-gravitational coupling can lead to conversion to gravitational radia-
tion in the outgoing wave. Analytic estimates and numerical results are given for this
effect, which proves to be significant only for maximally or near-maximally charged
black holes.

Gerlach' has pointed out that in the presence of
a background electromagnetic field an electro-
magnetic wave will gradually convert into a grav-
itational wave and vice versa. In particular he
notes that an electromagnetic wave scattering
from a charged black hole could convert entirely
into gravitational radiation. Zerilli and Mon-
crief" have found the coupled and decoupled wave
equations obeyed by electromagnetic and gravita-
tional perturbations on a Reissner-Nordstrgm
charged-black-hole-background space-time for
both odd- and even-parity waves.

A purely electromagnetic incoming wave is a
linear combination of two normal modes. Because
the normal modes obey different wave equations,
their relative phase will be shifted by scattering
from the black hole. The outgoing wave will be a
combination of both electromagnetic and gravita-
tional radiation. In this note we give the results
of computer calculations of this effect for the odd-
parity perturbations.

After separation of harmonic time and angular
dependence, the gauge-invariant Moncrief radial
equations for odd-parity normal modes are

where

2M 2 L L+1 3M 4 2 o

and where c=[9M'+4@'(L —1)(L+2)]"', M and Q
are the mass and charge of the black hole, ' ~ is
the angular frequency of the wave, and 4 is the
total angular momentum index in the Hegge-
Wheeler tensor harmonic expansion. The r* co-
ordinate is defined by dr/dr*= 1- 2M/r+Q'/r'.
V, and V are the effective potentials, which van-
ish at infinity and on the horizon at r=M+(M
—Q )' s (or r*=—~). The barrier maximum for
each effective potential occurs near r = [3M+(9M'

Sq2)»2]/2
The normal modes R, and R are defined by

R, = Ecos+ + G sin+,

R = —E sin++ G cos+,

sin24 = 2q[(L —1)(L + 2) ]"'/v

in terms of Moncrief's gauge-invariant ampli-
tudes. I" represents a purely electromagnetic
perturbation, and G represents a combination
which near infinity is purely gravitational. ' With
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time dependence e ' ', and with the boundary con-
dition of purely ingoing waves at the horizon, the
normal modes take the asymptotic form

exp(- i&or*) +A, exp(i&sr"), r* -+~,
A~-

~

~

~

B~exp(- iver*), r* ——~.

For a wave whose incoming part is purely elec-
tromagnetic, the amplitude of the outgoing gravi-
tational radiation at infinity is given by

G,„,=E sin(24')(A, —A )/2.

A, = A. ,exp[ —i(Q a P) ],

the fractional conversion of electromagnetic to
gravitational radiation by the black hole is given

= sin'(2+)[ —,(A. , —A. )'+A. ,)I. sin'P]. (2)

Evidently, in order to attain C = 1 (full conver-
sion to outgoing gravitational waves) three condi-
tions must be met: QL»M, so that sin2(2@) =1;
A. ,=1 and A. =1, so that both modes will be
reflected back to infinity; and finally, P =(2n
+ 1)s/2.

The barrier-reflection factors A, , and the rela-
tive phase shift P are determined by using the
WEB approximation (valid for L & 10) to solve
Eqs. (1). The barrier penetration is evaluated
by using parabolic cylinder functions' with the
parabolic potential fitted to the top of the barrier.
The equations thus obtained for P and A., are

P = J, , (u2 —V )' 2dr* —J„I q (a2 —V )'~ d2r* +'Imln[I"( —'+ia )/I'( —'+ia, )]
+ 2(a, lna+ —a lna ) —s(a, —a ),

x, = [1+exp(- 2wa, ) ] "',
with

(3)

(4)

At r=r, the function V, attains its maximum val-
ue V, , while r, ' is the value of r at which ~'
=V, .

The numerical calculations use Eqs. (3) and (4).
However, certain analytic approximations can be
made to show more clearly the dependence of the
phase shift on the parameters Q, M, L, and &u.

As a function of ru/L the phase integral, Eq.

P dr
L gr [r2(u/L) —(1 —2M/r+Q/r)' 2' 5)

with r' being the value of r for which the inte-
grand diverges. This approximation is valid for
I- » i and co' not too near the top of the barrier.
More precisely, ~' must be such that (&u' —V )/
(&u' —V+ ) =1, or equivalently, 1- (cu/a, )'R v/
ML', where ~, is defined by &u,

' = ( V "+ V+ ) /2.
In the frequency regime where &uM/L «1, Eq.
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FIG. 1. Relative phase shift for a black hole with Q/
M = 1, shown as a function of a frequency variable
which expands the region near the potential maxima.
The square of the frequency, +0 = (V ~+ V+~)/2, lies
half-way between the two potential maxima.
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FIG. 2. Conversion factor for Q/M=1, L=10, shown
as a function of the square of the frequency of the wave
(in units of 1lf"2). C = I represents full conversion to
gravitational radiation; C= 0, no outgoing gravitational
radiation. Arrows indicate the frequencies corres pond-
ing to the potential maxima.
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FIG. 3. Conversion factor for Q/M =1, L=10~, shown

as a function of the square of the frequency of the wave

(in units of 3.04M" 2). The region near the potential max-
ima is repeated with an expanded frequency scale.

Fla. 4. Conversion factor (in units of 10 4) for a
black hole with Q/M =0.01, shown as a function of a
frequency variable which expands the region near the
potential maxima.

(5) becomes

P = /Jo//L'. (6)

v In[1 —((u/o/, )']
L[QM2 8q2]1/4[6M + 2(9M2 8q2)1/2]1/2'

As this is much less than unity, and as both A. ,
and A. are approximately unity in this low-fre-

quency limit, the conversion factor becomes

4q2 2/L 8

In the frequency regime where 1»1- (o//o/, )'
a cr/ML-', the dominant contribution to the inte-
gral in Eq. (5) comes from the region near the
turni'ng point r . A parabolic approximation to
the potential in this region gives

(8)

Figure 1 gives the results of a computer evalu-
ation of Eq, (3) for q/M = 1 and for various values
of L. Significant conversion of electromagnetic
to gravitational radiation occurs for q/M = 1,
even with moderate values of L, (Fig. 2). As L
increases there are additional cycles of conver-
sion [C = 1, P= ( 2n+ 1) s/2] and reconversion (C

=0, P=n//), as shown in Fig. 3. The analytic ap-
proximations, Eqs. (6)-(8), are seen to be ac-
curate in their regions of validity.

For co' near to or over the top of the potential
barriers, the transmission of the modes into the

black hole dominates the behavior of the conver-
sion factor, as a function of frequency. As ~'
passes the value V, A. falls rapidly to zero,
implying complete transmission of the minus

mode into the black hole. For q/M = 1, the plus
mode is still reflected back to infinity (A. , = 1),
leading to the C =

~ shoulder (Figs. 2 and 3) for
frequencies between the potential maxima.

For q «M, the conversion factor becomes very
small for almost all values of e and L. Using
Eq. (8) one finds that only for L R (q/M)e'""/2o
can the phase shift approach &/2 and the conver-
sion factor approach unity. Furthermore these

large phase shifts occur for very large frequen-
cies (&u -L/M) and over very narrow frequency
ranges (b ~/o& -q/LM).

For the case q/M =0.01, computer calculations
given in Fig. 4 show that the conversion factor is
less than 10 ' for al1 values of m with I (104,
consistent with estimates based on Eqs. (2) and

(8). Only for L R 10"' would one obtain conver-
sion factors of order unity.

The very narrow frequency range and the high
frequencies necessary rule out this process of
conversion of electromagnetic to gravitational
radiation (or vice versa) for any but q-M black
holes. If solar-mass or larger black holes have
small values of q/M (for example, because of
neutralization of the charge by infa11 of surround-
ing matter), then this process will have insigni-
ficant astrophysical consequences.
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We discuss the theoretical total and differential cross sections for Z production in the
reaction l+N N'+Z + l, including remarks about polarization effects and subsequent
leptonic decays. Brief mention is made about production of Z s by neutrino beams and
of scalar mesons.

As experimental evidence for neutral weak cur-
rents continues to mount, ' the neutral intermedi-
ate weak boson Z' appears to have gained equal
footing with the other hypothetical spin-1 bosons
S". Qf course, the possibility that all three
exist is strong in view of the prominent place
which gauge theories hold in our present thinking
about weak forces. It is fair to say that searches
for 2 are of paramount importance in attempts
to corroborate these ideas about the hierarchy of
elementary interactions.

We describe here one attractive candidate re-
action for this search, namely

l ' +N l +N'+Z

Specific attention is paid to the diagrams of Figs.
1(a) and 1(b) for weak "bremsstrahlung" by the
lepton beam during electromagnetic scattering
off of some nucleus N. The advantages of this
particular mode lie in the fact that we can avoid
certain large backgrounds present in searches

via proton-proton collisions' and in the fact that
we now have very high-energy lepton beams avail-
able. There is also no need to home in on a nar-
row resonance peak in contrast to production via
e' colliding beams.

High-energy muons at Fermi National Acceler-
ator Laboratory are the lepton beams we have
uppermost in mind. It is interesting that the de-
cided energy advantage of muons over neutrinos
(from pion decay) is not ruined here for any dy-
namical reason. That is, we saw a few years
ago' that theoretical cross sections for W' pro-
duction by neutrino beams were 2 orders of mag-
nitude larger on the average than those involving
muon beams. The key to this difference is wheth-
er or not there is a muon in the final state; after
a cancelation in a gauge-invariant set of graphs,
the final muon propagator dominates. Thus, Re-
action (1) gets the same enhancement seen in v

+N- p, +N'+W, a circumstance which motivated
the work described in this note.
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FIG. 1. Feyman diagrams for the production of Z by leptons in the electromagnetic field of some nucleus.
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