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If the function f is such that arbitrarily large ly[

are admissible in our coordinate system, then
we fix the multiplicative factor in f (and, there-
fore, in b, , $, and exp)t) by specifying that the
asymptotic values be lhyI'~' or IbyI' '. Then, if
the asymptotic form is I4y I' ', the limiting case
4 =0 corresponds to a Minkowski space with Car-
tesian coordiantes x„which are related to ours
by 2u=x, —x„up =x„uo =x„and 2v =2(x, +x,)
+u(p'+ o'), where v =4)'~'/7. Similar relations
hold when the asymptotic form is Ihyi' '.

I thank Dr. Fred Ernst for verifying the solu-
tion, for the numerical integration of Eq. (15),
and for the relations of the coordinates to Carte-
sian coordinates when 6 =0.

~W. Kinnersley, in Proceedings of the Seventh Inter-
national Conference on Gravitation and General Rela-
tivity, Tel Aviv, Israel, 24-28 June 1974 (to be pub-
lished) .

For a review and bibliography on algebraically spe-
cial gravitational fields with twisting rays, see Ref. 1.
Equation (49) of Ref. 1 contains relatively simple forms
of the type-N field equations due to A. Exton (private
communication) .

See for example, I. Robinson and A. Trautman, Phys.
Rev. Lett. 4, 481 (1960); W. Kundt, Z. Phys. 163, 77
(1961); I. Robinson and A. Trautman, Proc. Roy. Soc.,
Ser. A 265, 468 (1962).

Our notation for the null tetrad is used, e.g. , by
R. K. Sachs, in relativity, GxouPs, and ToPology,
edited by C. DeWitt and B.deWitt (Gordon and Breach,
New York, 1964), p. 530. Our signature is +2.
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The study of the vacuum polarization for strong magnetic fields reveals the existence of
a massive, longitudinal photonlike resonance for magnetic fields exceeding B =m2c /e .

The existence of strong magnetic fields in the
vicinity of collapsed stars has brought into focus
the question of the dispersive properties of the
vacuum in the presence of strong magnetic
fields. ' ' Such dispersive features become sig-
nificant when the magnetic field reaches and ex-
ceeds the critical field value B =m'c'/he =4.41
&10' G. In this Letter a novel feature of the
electromagnetic vacuum is pointed out: When
the magnetic field strength exceeds a second crit-
ical value B, of the order of (hc/e')B~, a. mas-
sive, longitudinal photonlike resonance appears
whose mass value roughly coincides with the en-
ergy of an electron-positron pair occupying the
lowest Landau level. For magnetic field values
in the vicinity of the critical field the photon is
heavily damped, but for increasing field strengths
the lifetime rapidly increases: Typically for B

&0&p 7 2w+ & 5 X Q) 7 + &0 sec.
The existence of the massive photon is inferred

from the study of the longitudinal dispersion rela, —

tion

e (k, (u) -=1 + n (k, (u) = 1 —(o 'll „(k,(o ). (2)

We calculated the vacuum polarization in the pres-
ence of an arbitrarily strong, uniform magnetic
field, to lowest order in e'. The photon momen-
tum is restricted to be parallel to B. For small
momenta the A dependence of 033 is not signifi-
cant and in this Letter we consider the k-0 lim-
it only. II» can be obtained by standard methods,
using the appropriate Green's functions for elec-
trons in a magnetic field. ' The unrenormalized
value of II33 is given by

27T n- p g ~ 6'p~(4P —46&~ )

e(k, (o) =0,

with e(k, u), the longitudinal "dielectric function, "
and a(k, cu), the longitudinal polarizability of the
vacuum, being related to the regularized longi-
tudinal vacuum polarization Ii»(k, &u) by
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(4)

%here
&p„=m +p + 2neB,

1 for n=0,
2 for n)0,

and 8 = c = 1, and B and e stand for the absolute
values of the magnetic field and the electron

charge.
This expression is regularized by subtracting

out II3~ (0, 0; B = 0) and cu (8II~3/8& ') (0, 0; B = 0) to
yield the regularized II33.' This can be accom-
plished in two steps, by first regularizing with
respect to the B-dependent vacuum, and then cor-
recting for the difference between vacuum with
and without magnetic field:

ll„(0,~; B) = ll„(0,~; B) —ll„(0, 0; B) —~'(8n„/8~')(0, 0; B) —~'~(0, 0; B),
where n(0, 0;B) is the (regularized) static, uniform polarizability of the vacuum,

n (0, 0; B)= (8TI33/8(a)') (0, 0; B = 0) —(8II„/8(a) ) (0, 0; B).
This latter is obtained by evaluating the difference

3 oo 1 pn +-
3m „,' " m'+2neB 4w'. (p'+ m')M''

The result is

n (0, 0; B) =- —(e'/3w) [—,
' 8 = inb + $(l /5)],

(5)

where g(x) is Euler's g function, and b=2eB/m'. Equation (8) is a generalization for arbitrarily strong
magnetic fields of known results valid for weak fields only. "'" Thus

e'B " —g[3(m'+2neB)+ 2(u'/4]
m + 2neB

2 (m'+ 2neB), (o/2

, "( /2)( '+2 B— '/4)"' (m'+2neB —( '/4)"'

m'+ 2neB (u/2 —[(u'/4 —(m'+ 2neB)]"'
" ((v/2)[u) /4 —(m2+ 2neB)]'I' (u/2+ [&u'/4 —(m' + 2nsBQ)'~2,

—1 for v &2m,
(-,'&u' —m')/2eB for ~ &2m,

whii. e the imaginary part is

e'8 " nz'+ 2neB
83( &

~) Z +n
[ 2/4 (

2 2 B)]l/2

—uPo. (0, 0;B), (9)

The structure of H» is determined largely by
the singularities at the pair energies

(u =-(u„—= 2(m'+2neB)'~', n=0, 1, 2, . . . . (11)

On the low-frequency side of each singularity,
II»- —~, on the high-frequency side of each sin-
gularity, II» is finite. The value of o. at and
above a, given singularity (say, the sth) can be
estimated by separately evaluating the contribu-
tions coming from the n = 0, 0&n &s, n = s, and
n & s terms in Eq. (5). With increasing value of
B, e decreases, becoming negative in the vicin-
ity of s=0 for B&0.24'~, and for B&B~ it equals
roughly (—4/3w)e'B/m'. This behavior is plotted
in Fig. 1.

When B is sufficiently large n can decrease be-
low —1. If this happens, then there exists a solu-
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FIG. 1. The structure of the real part of the longitu-
dinal polarizabiljty of the vacuom e(0, u) =u II33(0,u)
for two subcritical magnetic fields values, B = 15B+
(dashed line) and B=60B+ (solid line).
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FIG. 2. Mass values of the longitudinal photon ver-
sus the magnetic field B&Bp.
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FIG. 3. The imaginary part of the photon energy.

tion &u to Eq. (1) between the first and the second
singularity, which starts out at co=2m and for
increasing B va, lues rapidly moves away toward
the s =1 singula. rity.

The critical value B has been determined by
computer evaluation of the series (9):

80=429B .

A graph of the photon mass versus B is given in
Fig. 2. The photonlike resonance has a finite
lifetime, caused by its decay into electron-posi-
tron pairs. The inverse lifetime y is evaluated
by

ImII~~(0, (d)/(d

(8/Sv)[&u ' RelI»(0, ~)]

Since ImII~ diverges as [v —2(m'+ 2seB)'~2] '~'

in the vicinity of the sth singularity, for magnet-
ic field values near the threshold y is large: y

However, magnetic fields higher than the
threshold field lead to rapidly diminishing values
of y, typically resulting in y —-0.07+o for B=10BO.
This result is illustra, ted in Fig. 3.

Whether the ultrahigh magnetic fields required
for the generation of the massive photon exist in
the universe cannot be ascertained at the present
time. The usually assumed pulsar magnetic
fields are weaker by several orders of magnitude.
Ferroma. gnetic or differentially rota, ting" neu-
tron stars could, however, generate high enough
fields. Also, asymmetric field configurations in
the neighborhood of black holes can result in very
high field values. Should the threshold magnetic
field strength be exceeded, the Cherenkov-syn-
chrotron radiation of high-energy particles would
be substantially affected and so would be, by the
decay of the massive photon, the rate of spon-

taneous generation of electron-positron pairs. ""
A more detailed description of the properties

of the massive photon would include the full en-
ergy-momentum relation, including anisotropy
effects. It is also not clear to what extent higher-
order radiative corrections would affect the pole
structure of II».' Since the field Bo is of the or-
der n 'B~, radiative corrections of the order n
may well have important effects. Self-energy ef-
fects are probably negligible, since for B~B~ it
has been shown recently by different authors
that the self-energy correction is -in(B5p/m),
where 5p, is the anomalous magnetic moment. In
contrast it is only for low fields that the self-en-
ergy correction is linear in B. It is, however,
more difficult to estimate the effect of vertex
corrections. Finally, if the massive resonance
is regarded as due to positron-electron binding,
the existence of transverse massive photons is
also suspected. These questions are under study
and will be reported on at a later time.

The authors are happy to acknowledge very use-
ful discussions with Pradip Bakshi.
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When a purely electromagnetic incoming wave is scattered by a charged black hole,
the electromagnetic-gravitational coupling can lead to conversion to gravitational radia-
tion in the outgoing wave. Analytic estimates and numerical results are given for this
effect, which proves to be significant only for maximally or near-maximally charged
black holes.

Gerlach' has pointed out that in the presence of
a background electromagnetic field an electro-
magnetic wave will gradually convert into a grav-
itational wave and vice versa. In particular he
notes that an electromagnetic wave scattering
from a charged black hole could convert entirely
into gravitational radiation. Zerilli and Mon-
crief" have found the coupled and decoupled wave
equations obeyed by electromagnetic and gravita-
tional perturbations on a Reissner-Nordstrgm
charged-black-hole-background space-time for
both odd- and even-parity waves.

A purely electromagnetic incoming wave is a
linear combination of two normal modes. Because
the normal modes obey different wave equations,
their relative phase will be shifted by scattering
from the black hole. The outgoing wave will be a
combination of both electromagnetic and gravita-
tional radiation. In this note we give the results
of computer calculations of this effect for the odd-
parity perturbations.

After separation of harmonic time and angular
dependence, the gauge-invariant Moncrief radial
equations for odd-parity normal modes are

where

2M 2 L L+1 3M 4 2 o

and where c=[9M'+4@'(L —1)(L+2)]"', M and Q
are the mass and charge of the black hole, ' ~ is
the angular frequency of the wave, and 4 is the
total angular momentum index in the Hegge-
Wheeler tensor harmonic expansion. The r* co-
ordinate is defined by dr/dr*= 1- 2M/r+Q'/r'.
V, and V are the effective potentials, which van-
ish at infinity and on the horizon at r=M+(M
—Q )' s (or r*=—~). The barrier maximum for
each effective potential occurs near r = [3M+(9M'

Sq2)»2]/2
The normal modes R, and R are defined by

R, = Ecos+ + G sin+,

R = —E sin++ G cos+,

sin24 = 2q[(L —1)(L + 2) ]"'/v

in terms of Moncrief's gauge-invariant ampli-
tudes. I" represents a purely electromagnetic
perturbation, and G represents a combination
which near infinity is purely gravitational. ' With


