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We examine the dynamic and thermodynamic properties of adsorbed liquid films in
cylindrical cavities. We find a dynamical stability limit for the thickness of films ad-
sorbed uniformly on the walls. This limit is shown to coincide with a thermodynamic
stability limit which depends on both substrate and capillary forces. The Kelvin equa-
tion describing capillary condensation is generalized to include the substrate interac-
tion. The low-temperature properties of the films are calculated.

Considerable attention has been directed re-
cently toward understanding the excitation spec-
trum and thermal properties of multilayer He'
films. ' ' The film differs from the bulk liquid
for several reasons, including explicit size ef-
fects associated with the boundary conditions for
the velocity and superfluid order parameter, and
exchange of particles, energy, and momentum
with both vapor and substrate. As one or more
dimensions of the film becomes comparable to
or smaller than the thermal wavelength of the
excitations in bulk He', the excitation spectrum
begins to take on discrete character, leading to
pronounced modification of the thermal behavior.

In this paper we report studies of volume and
surface excitations of liquid films in partially
and completely filled cylindrical cavities, an
idealization of the geometry in a porous material.
Anomalous behavior of the calculated spectrum
leads us to consider the thermodynamics of ad-
sorption. We then generalize the Kelvin equation
to include the substrate potential, obtaining re-
sults applicable to the adsorption of He' and those
normal liquids which wet the substrate walls.

We take the liquid to be compressible, inviscid,
and irrotational with velocity V = &cp. We consid-
er motion of a single component (superfluid) alone,
neglecting effects of the normal fluid in the bound-
ary healing region. This is plausible for a rela-
tively thick film of He' at low temperature. By
linearizing the continuity and Euler equations,

we find for motion at frequency ~

&'y+ (&u/s)'y = 0,

where we take the speed of sound s to be constant.
The modes of the system are determined by solv-
ing (1) subject to appropriate boundary condi-
tions. ' The solutions are of the form

y =f, (r) exp[i(l~z +m &)J

in terms of variables ~, 0, and z appropriate to
the cylindrical symmetry. In all cases f„ is ex-
pressed in terms of Bessel functions.

The most interesting case is that of partially
filled pores [illustrated in Fig. 1(a)]. The eigen-
frequencies, when l' =0' —~'/s' &0, are given by

w, ' = [-g(a) + (o'/p, a')(1 —m' —k'a')]

x l(d lnf, /dr)„

Here Mg(a) = —(dU/dr), „where M is the atomic
mass and U(r) is the Van der Waals potential due

to the substrate; 0' is the surface tension. ' We
identify these modes as ripplons in the sense that
such surface oscillatory modes occur in the lim-
it of an incompressible fluid, in which case 1 is
replaced by k.

The ca.se m=0, lA --(1 is of particular interest.
Using the small-argument limit of the Bessel
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FIG. 1. Liquid {hatched area) adsorbed in cylindri-
cal pores of radius R and length L, viewed in longitudi-
nal section. {a) Film adsorbed uniformly and symme-
trically on walls. {b) Partially filled and partially emp-
ty pore geometry, occurring when number of atoms
present exceeds the critical number.

functions to evaluate f, leads to

cu =cP[(1+!P/ko ) '+co /s'] ",
c,' = [ag(a) —o/p, a][(A/a)' —1]/2.

(3a)

(3b)

mI c 5 SPs ~s
c&ulk ~ + 0

Here P =1/k~T Note that c is .linear in T be-

(5)

Here ko' = pog (a)/o —a . For sufficiently small
a, the right-hand side of (3b) becomes negative
and the frequency imaginary. This dynamic in-
stability occurs for thick films because the sys-
tem tends to eliminate the surface. The modes
soften as a approaches the critical value a„de-
fined by

(4)

%e show below that a, coincides with a, radius of
instability derived from thermodynamic consid-
erations alone, and calculate its numerical value
as a function of film and substrate parameters.

Films thinner than critical (i.e., a & a, ) have
~ = cP for long wavelengths (0 «0, =10' cm ').
Below T = 0.1 K the term linear in k in (3a) suf-
fices to calculate the contribution of the m=0
mode to the energy, and the contribution of all
other modes is exponentially small. %e find that
the energy E and the ratio of the specific heat c
to that of bulk He', c&„», are

V. = u.(p.)+P '»(p. /p. )+&(a),

u i = u.(p.)+ vi(pi p.)+II( ),a- (Ib)

where we neglect the small variation of v, =M/p,
with pressure. Equating (la) to (7b) and using (6)
along with po-p„«o/a yields ln(p„/po) = —pv, o'/

a. Expressing the pressure p(~) of the vapor out-
side the capillaries in terms of P„, one finds

p(~) =poexp(P[U(a) —v,a/a]}.

cause of the one-dimensional character of those
modes which are excited.

The result for the case of full pores is identi-
cal to (5) apart from a. substitution of s for co.
Since c = 0.1 s, the full pore energy is much
smaller than that given in (5). In a subsequent
publication we discuss in greater detail the ther-
modynamic properties of He' in this geometry.

Several recent experiments have determined
low-temperature behavior of He in porous mate-
rials. '~' The superfluid density p, in tightly
packed lampblack powder was found' to depend
linearly on T. This result differs from a T de-
pendence expected in the present one-dimension-
al limit, probably because4 the powder possesses
no dimension I long compared to the characteris-
tic phonon wavelength hsP. A partially filled po-
rous material, in contrast, has a size criterion
for the one-dimensional limit I 2 hcoP, which is
less stringent because c, «s. Thus one might
expect to see such behavior even in relatively
nonuniform materials. Preliminary experimen-
tal results on He in porous Vycor indicate that
the free surface contributes to the heat capacity
a term -T' ', which disagrees with both the pres-
ent calculations and similar ones for spherical
geometry, for which case the modes possess an
energy gap. Before drawing definitive conclu-
sions, however, it is necessary to have measure-
ments for more closely spaced coverages. Es-
pecially valuable will be data for large-radius
pores where superfluid onset and solid boundary-
layer effects are less important.

%e now examine the thermodynamics of the in-
stability. At the liquid-vapor interface, the equi-
librium pressures P &

and P „, respectively, satis-
fy in the geometry of Fig. 1(a)

p„=p, +c /a.

The equations of state for the two phases can be
integrated (we assume the vapor to be ideal) to
determine the chemical potential p, in terms of
p, o and po of the saturated liquid and the potential
at the interface, I7(a),
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Thus the chemical potential of the film is p. = p, o

+U(a) —v&o'/a. Differentiating with respect to a
yields p. '(a) = -Mg(a)+ i,a/a' .A thermodynamic
criterion for stability of an adsorbed film is that
& p, /&K be positive definite. ' lf the film is to be
stable, therefore, & ~ p,g(a)a', which is identical
to the dynamical stability limit (4). Since g(0)
=0 by symmetry, the instability limit mill even-
tually be reached for a sufficiently thick film.
We show below that the instability arises because
it is energetically favorable to fill the pore par-
tially, as in Fig. 1(b), in order to reduce the sur-
face area.

We have calculated the critical radius a, by as-
suming that U is given by a sum of pair interac-
tions —c/r with the substrate atoms, of density

While not precise, this will provide correct
qualitative trends. We choose», c such as to re-
produce the known result of Dzyaloshinskii, Lif-
shitz, and Pitaevskii' a distance D above a flat
surface, U = —aD . Then integrating

U(r) = —»,cfiJd2r'Ir —r'I '

over the substrate, one finds
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FIG. 2. Critical values of inner radii, a~ and &~, di-
vided by pore radius R, expressed as universal func-
tions of the dixnensionless variable R /RO. An an exam-
ple, the scaling appropriate to liquid helium on an MgO

0
substrate, Ro = 81.4 A, is shove on the right-hand ordi-
nate. The film is stable if a ~+~, metastable if a, & a
&a~, unstable if a&a~.

U(a) = —(n, cv2/4R2)E(2, 2, 1; y2),

where y =a/R and E is a hypergeometric function.
Using this, the instability criterion (4) can be
written in terms of a scaling parameter Ap
= (32n/cru))'" as

B 2 1+
, 2(1 v 2)- 5/2t2 1 - c

0 C

Here y, -=a, /R and P2q2' is an a.ssociated Legendre
function. The universal curve generated by this
equation has been calculated numerically and is
displayed in Fig. 2. As a specific illustration,
one axis of Fig. 2 shows the scaling for He in
MgO, for mhich 8,= 31 A has been obtained from
the calculated value" of e. For example, if 8

0 0
= 60 A, the critical radius a, = 36 A, so the in-
stability occurs at about 64/p pore filling.

There exists a regime of film thickness a &n

for which the symmetric configuration of Fig.
l(a) is metastable relative to the partially filled
configuration of Fig. 1(b). We determine a as
follows. The parameters ~; and I, of that geom-
etry are found by minimizing the total free ener-
gy for given X = ~t (R' —a')/i &. We neglect the
role of the curved-surface transition region in
determining n, an approximation valid if the
cylinder is long. For any a &a, we have I, /I
=(a/i, )'. The result of minimizing the free ener-

gy ls

2r, ' j 'drrU(r) =U(r, )+a(,/&.„ (10)

a result independent of X. We conclude that the
metastable radius a = ~;, in that if sufficiently
many particles are present (a & r, ), it is energeti-
cally favorable for the system to assume the con-
figuration of Fig. 1(b). Figure 2 shows the uni-
versal curve for the metastable radius derived
from Eq. (10).

L, changes as particles are added to the sys-
tem shown in Fig. 1(b), but the chemical poten-
tial does not, as expected for this essentially
tmo-phase system. Thus me predict a vertical
adsorption isotherm —E independent of P. How-
ever, when the pores are being filled, the system
will tend to remain in the metastable geometry
until the radius of instability is approached. On
emptying, the vertical isotherm mill occur at the
radius of metastability. Such hysteresis has
been seen for many materials and is usually at-
tributed" to nonuniform pore shapes for which
the film radius of curvature depends on whether
the liquid is being added or removed. While me
cannot rule out this explanation, me can examine
the behavior expected from our alternative mod-
el." Specifically, Fig. 2 shows the radii a and
n, at which vertical isotherms should appear.
Furthermore, we make an unambiguous predic-
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tion for liquid helium of a constant negative dif-
ferential specific heat (&C/&N)r on starting to
empty. Since on emptying, the free surface area
increases, so should the heat capacity, which de-
pends at low T on excitation of the ripplon modes
(3) with a = a„, the metastable radius. This in-
crease more than compensates for the decreas-
ing filled-pore term, since co(a ) «s.

Finally, we note that if r~ is one of the two
equal radii of curvature at the point P of Fig.
1(b), it follows from (8) and the assumption of
equilibrium that

1 [P(")IP.j=P[&(o)—2 ~']
This and Eq. (8) are generalizations of the Kel-
vin equation of capillary condensation to in-
clude substrate forces.
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The optical absorption and emission spectra of electron-bombarded liquid helium has
been studied as a function of pressure between the saturated vapor pressure and 25 atm.
The transitions of He* and He2* in the liquid shift toward the blue with increasing pres-
sure. The observed line profile and pressure shift of the He(2 P) —He(23S) atomic ab-
sorption line are in good agreement with recent static line broadening calculations. We
also report a strong pressure-dependent quenching of the excited atomic and molecular
states in the liquid.

The optical fluorescence of liquid systems has
been a subject of long-standing scientific interest.
However, the excited states of most liquids are
difficult to study because the surrounding fluid

usually causes rapid nonradiative de-excitation
of the excited states. ' In contrast to the usual
situation, recent spectroscopic studies of elec-
tron-beam-bombarded superfluid helium have
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