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Ab initio quantum-mechanical calculations have been carried out for the pair and trip-
let potential energies of hydrogen molecules in order to check the pairwise additivity as-
sumption in interpreting the shock experiments of van Thiel et a/. It is shown that this
assumption fails at distances less than 4.5 bohr. An effective pair potential obtained
from the present calculations compares favorably with experimentally determined pair
potentials at 8.5 bohr or larger. At shorter distances, it shows the presence of higher-
order many-body forces.

Nearly all statistical mechanical calculations
which have been carried out to date depend on an
important assumption: Intermolecular forces of
N molecules can be sufficiently well approximated
by the sum of interactions taking place between
N(N —1')j2 individual pairs. A well-known excep-
tion is the nonadditive triple-dipole ("Axilrod-
Teller" ) force, ' but it exists at large intermolec-
ular separations and is relatively small. At
shorter distances, the nonadditivity" should also
occur as a direct consequence of the Pauli princi-
ple which requires the charge cloud of two mole-
cules to be altered in the presence of a third
molecule. The purpose of this Letter is to re-
port ab initio three-body energy calculations for

. molecular hydrogen.
Qnly a small number of electrons need be con-

sidered in the case of H, . Hence, very precise
theoretical results can be obtained. The results
are especially interesting since they can be com-
pared with available high-pressure measurements
on hydrogen and deuterium. " The most recent
additions to these are the experiments of van
Thiel et al. ,

' who achieved a pressure of 880
kbar by shock compressing 0, sevenfold from
normal liquid density, and of Grigor'ev et al., '

who estimated that a pressure of 8 Mbar was
achieved by magnetically imploding liquid H, to a
density 22 times the normal liquid density. Tem-
peratures generated in both experiments were
approximately 7000'K. High temperatures and
high compressions achieved in these experiments
make it possible to probe the intermolecular po-
tential most effectively at short distances rang-
ing down to 3 bohr (1 bohr =0.5292 A).' Hence,
the detailed theoretical calculations on hydrogen
molecules would answer whether the heretofore
elusive nonadditive many-body forces would be
detectable or might even become dominant, bring-
ing about a complete breakdown of the pairwise
additivity assumption.

To investigate the possibility of nonadditive
forces we selected a geometry of three H, mole-
cules (A, B, and C) with the H, -H, center-to-
center intermolecular distances (A) forming an
isosceles triangle, A~~= &ac &~ac The H-H
bond lengths are fixed at 1.4 bohr and their axes
are restricted to lie perpendicular to the plane
formed by the three centers (D» symmetry). Be-
sides the triplet interaction, we have also ex-
amined interactions of two H, molecules (A and
B), using four different geometries. "
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TABLE I. Pair (EAB) and triplet (&ABc) potentials of
H2 from SCF and CI calculations. Axes of H2 are paral-
lel to one another and perpendicular to the lines joining
the molecular centers.
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FIG, 1. Ratios (%) of the triplet potential energies to
pair potential energies for BH&.

~Energy unit is the hartree (27,21 eV) and distance
unit is the bohr (0.5292 A).

+=5: two s and one set (p„,p~, p~) of 2p functions
per H; K=11: five s and two sets of 2p functions.
"Config." stands for the number of spin configurations
included in the CI wave functions (&» geometry for cal-
culations Nos. 1 and 4, D&h symmetry for the other two
calculations). The calculation No. 8 includes all con-
figurations which could be constructed from the basis
set&=5. RHH is the H-H bond length.

R~=RHH giving the minimum energy at fixed RAB.
These calculations are done by using &= 5, RHH

——1.4,
and config. = 894.

The pair (E») and the triplet (E»c) potential
energies are obtained by taking proper differ-
ences between the total ground-state energies of
composite H, systems at geometries of interest
and those for one or more molecules separated
sufficiently far away. The computations for the
ground-state energies were carried out by the
configuration interaction (CI) method, using the
iterative natural-orbital technique discussed
elsewhere. " The CI wave functions include the
self-consistent-field (SCF) configuration plus all
configurations arising from the replacement of at
most two orbitals in the SCF configuration. As
basis functions for the molecular orbitals, we
chose five Itwo 1s and one set (p„,p„p,) of 2p]

functions per H atom, as was done previously. "
The results of our calculations are summarized

in Table I at selected geometries. Figure I
shows the dePendence of E»o/(E»+EAU+Etc)
on the angle 6' between II'AB and ABc at fixed val-
ues of 8»= ABc. Table I shows that the electron-
ic correlation included in the CI calculations low-
ers E» by about 10/0 from the SCF values. The
differences in E»c between the SC F and the CI
calculations are small. Note that the SCF and
CI ratios E»o/(E»+EAc+E~c) are nearly equal
in the case of the equilateral triangular geome-
try.

Sensitivities of the CI calculations to the num-
ber of basis functions, the number of configura-
tions included, and the H-H bond length have been
tested using 2H, interactions. Table I shows the
results of such tests at 3 bohr. %e see that the
various refinements do not affect the CI E» by
more than 2%. This observation holds true also
for the range (3 to 5 bohr) of A„R and also for the
other geometries that have been investigated
here. General insensitivity of E» to parameter
variations suggests that errors in the calculated
E Bc might also be insensitive.

The CI pair potentials for the four different
geometries are combined into a spherically aver-
aged form, ' which can be accurately represented

I by

E» = 3.536 exp( —1.242A„~ —0.067 84A„~2), 2.5 ~ A„~ ~ 4.5 bohr.

At 7000'K (or A ~ 3 bohr), ' the spherical averaging should also be reasonable, i.e., our results show
that the molecules are mostly freely rotating.
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Figure 2 shows the theoretical pair potential, Eq. (1), and two effective pair potentials [(7.8 exp( —1.7R)
—17R ' and 8.2exp(-1. .74R) —(13R '+116R '}exp(-400R ')] determined by Hoover et al.' from the
214-kbar shock data. ' At 8»= 3 bohr, we note that the theoretical E» is 0.0457 hartree, while the
"experimental" potentials are 0.0228 and 0.0238 hartree. A similar analysis by Ross" on the 0.9-
Mbar data6 indicates that the experimental potential could be as low as 0.018 hartree. The present
ab initio E» is very unlikely to overestimate E„~by such a large extent. It is also unlikely that elec-
tronic excitations, or dissociation to a sufficient extent, take place at 7000'K, accounting for the dif-
ferences.

The possible three-body contribution to E» can be estimated from a theoretical "effective" pair po-
tential E»'ff, which is evaluated by equating ~E»' (12 is the number of nearest neighbors) to the
static lattice energy (U/Ã) of an H, crystal in fcc structure. " That is, at each nearest-neighbor dis-
tance a (=-R»),

U/N= 6E„~(a)+3E„~(v 2a)+ 12E„~(&3a)+6E»(2a)+ 8E»~(a, a, a)+12E»c(a, a, v 2a)

+ 24E»c(a, a, v 3a)+ 6E„~c(a,a, 2a) + contributions by larger triplets,

U/N = 6E»' -+ contributions to E»' at non-nearest-neighbor sites.

(2a)

(2b)

The triplet sum in Eq. (2a} contains only those
triplets with the molecules A and C being the
nearest neighbors to B. Included in the triplet
interactions in U/N are those space orientations
shown in Fig. 1. The other orientations are not
considered here for an obvious computational
difficulty of handling them. This may be one
major source of error in the calculated U/X
(see the next paragraph for a further discussion).
It should, however, be noted that our main con-
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FIG. 2. Theoretical pair potential &~, Eq. (1). Fur-
ther softening of &~ by the triplet-potential contribu-
tion is indicated by downward vertical arrows. The
shaded area is bracketed by two "experimental" pair
potentials obtained from the 214-kbar data (Refs. 5 and

6). Double-ended arrow at 3 bohr indicates an addition-
al lowering of the experimental pair potentials (Ref. 12)
based on the 0.9-Mbar shock data (Ref. 6). The metal-
lic pair potential (dashed) is obtained from Ref. 18.
The scale at the top indicates the molar volume of H2

in a close-packed lattice corresponding to the nearest-
neighbor lattice spacing of R.

clusions obtained from the present work will not
be affected by it. Numerical values for E„~' at
A»= 3, 3.5, 4, and 4.5 calculated in this man-
ner lie, respectively, 89, 60, 47, and 35% below
the theoretical EA~ t They lie closer to the em-
pirical pair potentials (see Fig. 2}, differing at
these distances by —78, -16, +17, and 64%
from the averages of the two empirical poten-
tials. (The 64% deviation at 4.5 bohr quoted
above amounts numerically to 0.000 84 hartree.
Such a small difference could be due either to an
insufficient number of configurations included in
our CI calculations, to inaccurate empirical data,
or to both. )

In describing a highly compressed state of H„
we conclude, therefore, that (i) for R»~4.5

bohr the additivity assumption becomes seriously
in error, (ii) for 3.5 ~ R» ~ 4.5 bohr inclusion of
E»~ is probably sufficient to take care of this,
and (iii) for R» & 3.5 bohr further many-body
(four- and more-body) contributions become in-
creasingly dominant. At 2.5 bohr, for example,
E»'~~ calculated from Eq. (2) even gives a nega-
tive value (= —0.006 hartree), indicating that the
higher-order effects should make a positive con-
tribution. The E»"~ in Eq. (2b) includes only
the nearest-neighbor contributions since, at the
short 8» that we are considering, E» is stiffly
repulsive. Larger triplet configurations are not
included in Eq. (2a}, since E»c is an exponen-
tially decreasing function of distance which de-
cays exponentially faster than the decrease of
E». Hence, we expect that any further lowering
of F.»' on account of these corrections would
amount to a small fraction of the contributions
already included. In a more rigorous treatment,
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one might include different 3H, geometries be-
sides those considered here. Any geometry
which turns out to give a very repulsive E~~c
would be energetically excluded from significant
occurrence in the crystal. Further physical
justification for using the present 3H, geometry,
besides its computational convenience, is based
on the results of our 2H, calculations, which
show the potential energies to be rather weakly
dependent on the H, orientations, and on similar
results obtained for another triplet geometry
(i.e., equilateral triangles with coplanar H, axes
pointing toward the center of the triangles). Our
numerical values of E~I,c for 8» 3 bohr could
change under a different set of approximations.
The conclusions (i)-(iii), however, would likely
remain valid.

A similar effective potential for metallic hydro-
gen (shown in. Fig. 2) was obtained from the cohe-
sive-energy expression of Neece, Rogers, and
Hoover" after subtracting the zero-point energy.
The crossing point of the metallic and the mo-
lecular effective potentials in Fig. 2 gives the ap-
proximate location of the expected O'K metal-in-
sulator transition. Figure 2 shows that the cross-
ing is not likely to occur for 8» ~ 3 bohr. For
A» = 3 bohr, many-body contributions become
so large that no definitive conclusion as to the
location can be drawn from the theoretical effec-
tive pair potential alone; the softening tendency
of E»", unless compensated by a much larger
positive many-body force, would likely cause the
transition pressure to move higher than the tran-
sition pressure of 2.8 Mbar at A» —-3 bohr ob-
tained by the other workers. ' We plan to answer
this by carrying out a finite-system quantum-
mechanical calculation in the future.

It is a pleasure to acknowledge the kindness of
M. Ross for providing his data prior to publica-
tion as well as many helpful discussions on the
expirical potentials, W. G. Hoover for enlighten-
ing discussions on metallic hydrogen, and M. van

Thiel for explanation of his shock experiments.
Details of the calculations on the H, potentials
wj.ll be submitted for publication in due course.
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