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ever, the Mc%han data are in excellent agree-
ment with the orthorhombic structure for o, '-Ce
described above.

The metallic radii (as defined in terms of the
experimental atomic volumes') of the various
forms of cerium metal adjusted to room pres-
sure and temperature are 1.824 A for y-Ce,
1.719 A for e-Ce, and 1.675 A for e'-Ce. How-

ever, at the transition pressure of 56 kbar the
difference in size is much smaller, with an ef-
fective metallic radius of 1.636 A for n-Ce and

1.627 A for n'-Ce. %e find that the atomic vol-
ume is the same (within experimental error) for
the e' and e" phases.

The experimental value of the cerium radius in
n'-Ce is nearly identical with the value obtained
for tetravalent cerium metal by extrapolation
from the 3d and 4d series' and suggests the com-
plete absence of localized 4f electrons in o' Ce-

As far as we can tell from the diffraction in-
tensities, the single positional parameter in the
n'-Ce structure has the same value as the n-U
structure. Thus each metal atom forms four
short bonds, all directed within one hemisphere.
However, the metallic radius of uranium in n-U

is much smaller than of cerium in o. '-Ce because
uranium is hexavalent' and cerium tetravalent in
these metal structures.

The occurrence of the unusual metal structures
for the low-temperature forms of uranium, nep-
tunium, and plutonium, and now for a'-Ce, sug-
gests a correlation with admixture off character
in the valence- electron band structure. However,
we can offer no reasonable explanation why a'-
Ce with four valence electrons and o.-U with six
valence electrons are isostructural.

"%ork partially performed under the auspices of the
U. S. Atomic Energy Commission.
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A method which represents surface electronic structure exactly in terms of local func-
tions is tested by applying it to a one-dimensional surface potential. A single four-pa-
rameter variational calculation yields continuum and surface-state wave functions for an
entire perturbed band. Comparison with exact solutions obtained independently indicates
that the calculation is quite accurate.

There is ample experimental evidence that the
effects of a surface on the electronic properties
of a solid, while locally strong, are rapidly
damped so that such observables as charge den-
sities and local densities of states quickly revert
to their bulk values. ' This suggests an inherent
advantage in a description of the electronic struc-
ture in terms of local functions as opposed to a
description in terms of wave functions, since the
local description may more easily exploit the
local nature of the surface perturbation. The
generalized-%annier- function concept rec ently
introduced by Kohn and Qnffroy" describes the
electronic structure exactly in terms of local

functions ukieh may be calculated directly seith-
out first calculating waue functions. We report
here the first test of this new concept and method
as a practical tool for calculating the electronic
structure of solid surfaces.

Generalized Wannier functions (GWF's) are the
counterparts for crystals with defects of the fa-
miliar %annier functions of perfect crystals.
They are atomiclike functions localized about the
lattice sites of the system and represent an alter-
native basis for the description of the electronic
structure of the defect problem. A single set of
GWF's is sufficient to describe an entire per-
turbed band, and only those GWF's near the de-
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H = ——,d'/dx'+ V(x). (2)

The cp, (x) are the wave functions belonging to a
single perturbed band and q is an intraband quan-
tum number. In terms of the GWF's, a„(x), we
have

y, (x) =Q„c, „a„(x),

where the n are site coordinates. The a„(x) may
be calculated variationally' by a straightforward
generalization of the techniques developed' for
Wannier functions of periodic systems. Because
the matrix {C,j is unitary, the total band energy
per electron is

(4)

where N is the total number of electrons. Qne
obtains the a„(x) variationally by minimizing F.
subject to the constraint

(a„(x) la„(x))= 6„„.
This constraint is included, following Kohn, via
I.dwdin' symmetric orthogonalization:

where

G. .=&a. (x)lz.(x)),

I ~ ~ ~ l l t l t
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FIG. 1. Plot of the potential used in the calculation.
The inset shows the relevant part of the energy spec-
trum of this potential.

feet need be different from the Wannier functions
of the perfect crystal.

We test the GWF formalism by applying it to
a one-dimensional model of a crystal surface.
We deal with a one-electron problem of the form

H(p, (x) =E,(p,(x),

where

and g„(x) is a simple, highly localized, nonor-
thogonal' tr ial function.

Qur crystal surface is characterized by the po-
tential of Fig. 1. The potential was constructed
by matching, at x = —0.9 A, a. Mathieu (sinusoidal)
potential representing the bulk crystal to a solu-
ble potential well, ' reminiscent of a chemisorbed
layer. The Mathieu potential is weak. That is,
it is adjusted so that the Wannier functions of its
lowest band are nearly free electron-like. ' '
While we have solved this model for a wide range
of lattice constants and surface-mell characteris-
tics, this nearly free-electron situation provides
the most severe test of a local-orbital picture.
Note finally that the surface well was made shal-
lower than the bulk wells so that a surface state
splits off from the top of the first band, as indi-
cated in the inset of Fig. 1.

To calculate the GWF's of this lowest band we
use as trial functions simple Gaussians,

a.(x) = (o.'"/v'") expl. —o.'(x —~)'/2j

Because the potential is nonperiodic, the param-
eters n„may vary from site to site. Combining
Eqs. (4), (6), (7), and (6), we obtain F. as a func-
tional of the n„, which is minimized by direct
variation of the n„. Starting with the surface
site, the n„which minimize F. are o. , =0.75m/d;
o.2=0 72m/d. ; o., =0.70m/d; and a„=0.69m/d, n ~ 4,
where d is the bulk lattice constant. Note that
the e's for only the first three planes differ from
the bulk value. Thus the calculation is very sim-
ple. The transition from surface to bulk behav-
ior of the G%F is illustrated in Fig. 2. The GWF
at the surface site has a smoothly decaying tail
on its right-hand or vacuum side, but has the
characteristic %annier-function oscillations on
its left-hand or crystal side. Qn moving into the
crystal this asymmetry very rapidly disappears
so that by the third site the G%F is essentially
equal to the bulk Wannier function.

Qn any scale, the surface is a massive pertur-
bation of the bulk potential. Yet we see that its
effect on the G%F's is remarkably short ranged.
This is true even though the bulk potential is
weak, so that the bulk wave functions are closer
to plane waves than atomic orbitals. This sug-
gests that, in general, only a small number of
GWF's in the vicinity of a defect need be changed
from their bulk values. This is essential if the
formalism is to be useful for chemisorption and
other low-symmetry calculations on wide-band
as well as tight-binding materials.

Qnce the approximate GWF's are known, one
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FIG. B. Top curves, surface-state wave function, fol-
lowed by examples of continuum states near to (a) top,
(b) middle, and (c) bottom of the lowest band.
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FIG. 2. Generalized Wannier functions belonging to
the first three lattice sites. The maxima of the GWF's
lie very close to the minima of the successive potential
wells shown in Fig. l. By the third site the local func-
tion is essentially the bulk %annier function.

can determine" total energies, charge densities,
and local densities of states without prior knowl-

edge of the wave functions q, (x). However, as a
very difficult test of the GWF accuracy we calcu-
late approximate cp, (x) via Eq. (3) (the C, „are ob-
tained from a matrix eigenvalue equation), and

compare them to the exact y, (x). Because the
model problem is one-dimensional the q, (x) can
be obtained exactly by numerical integration or
by matching the known series solutions of the two

parts of the potential. The topmost plot of Fig.

3 compares surface-state wave functions, while
subsequent plots compare representative continu-
um wave functions near the top, middle, and
bottom of the lowest band. These are typical of
the agreement found throughout the band. The
overall agreement is quite good. In light of the
simplicity of the GWF calculation (a single, four-
parameter variational calculation), the results
of this most stringent test of an approximate
quantum- mechanical calculation are remarkable.

To summarize, we regard the following as the
most important characteristics of the test calcu-
lation:

(l) The calculation is accurate, i.e. , wave func-
tions determined from the GWF's agree well with
the exact wave functions. Thus all other quanti-
ties of interest such as expectation values and
local densities of states mill be similarly accu-
rate.

(2) The calculation is efficient. The accurate
results were obtained from a single variational
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calculation with simple trial functions and only
four parameters.

(3) The potential used in the calculation is
weak, providing an extreme test for a local-or-
bital picture.

We feel these are encouraging results. They
imply that the GWF formalism will provide a
practical, efficient calculational technique for
solid surfaces. We believe this to be especially
important for transition metals and their oxides.
For these, one must deal with a mixture of con-
tracted and diffuse orbitals immersed in the in-
homogeneous medium of the surface. A method
which represents surface observables precisely
in terms of local functions is ideally suited to
this problem.
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tion spectroscopy, which probes essentially only the
surface layer of atoms, gives electron energy distribu-
tions w'hich are qualitatively different from the bulk den-
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Ions liberated from an adsorbed layer by electron-stimulated desorption are shown to
have sharply peaked, symmetric angular distributions which are in registry with the
substrate. We propose a new method for investigation of the symmetry of binding sites
for adsorbed species.

Low-energy electron (-100 eV) bombardment
of a surface containing an adsorbed layer can
produce a number of irreversible changes in the
adsorbed layer. The electron-induced desorption
of atomic and molecular ions, neutrals, and
metastable species from monolayer and submono-
layer quantities of simple gases adsorbed on
metal and semiconductor surfaces has been ob-
served. These processes are all classified as
electron-stimulated desorption (ESD) phenomena. '

In a recent ESD study of oxygen adsorbed on a
single-crystal tungsten (100) surface, evidence
was found that 0' ions liberated from the surface
had an angular distribution which was sharply
peaked in the direction normal to the surface. '

In the present report, we have employed a dis-
play-type apparatus to examine the details of the

angular distribution of 0' ions in an ESD study
of oxygen on W(100). Surprisingly, the angular
distributions of ESD ions reveal complex sym-
metrical patterns in registry with the substrate
lattice which change as a function of the oxygen
coverage and heat treatment of the surface. We
propose that the symmetry observed in the pat-
terns for the angular distributions of ESD ions
provides new insights into the details of bonding
of atoms and molecules at surfaces.

In the experimental ultrahigh-vacuum apparatus,
an electron gun was used to bombard a W(100)
crystal with a focused electron beam at a 45
angle of incidence. Ions liberated from the crys-
tal passed through a hem&spherical grid system
and were accelerated to a planar microchannel
plate assembly. ' The secondary-electron signal


