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and the slab -20 MeV thick, the geometrical effi-
ciency for electrons &10 MeV depositing at least
10 MeV in a detector element was -0.8. The 10-
MeV threshold resulted in -30% loss of decay
electrons and the finite oscilloscope display time
further reduced the detection efficiency by 40%.
Combining these factors yields an overall decay-
electron detector efficiency

q = 0.8 x 0.7 x 0.6 = 0.34.

The limit on the nucleon decay rate v„ is ob-
tained from

N 1.1x 10sxx 0.34 so" dX/df S/2. 6

The number of decays seen is not inconsistent
with that expected from v-produced muons, so
that it is reasonable to state the limit for decay
modes which result in muons as

T & 2 X 10 yr.

It is useful in planning an improved experiment
to contemplate the rate associated with the pres-
ent equipment,

5R = =0.3/ton yr.

The overall detector efficiency can be raised to
-100%, and any case of w- p, decay observed as
well, by employing a detector of linear dimen-
sions larger than the range of the charged nuc1e-

on decay products sought. Such a detector with
100 tons of scintillator would enable an order-of-
magnitude increase in sensitivity to nucleon de-
cay. Further it should be possible from the to-
tal energy associated with the first pulse (or
pulses) of the delayed coincidence to discriminate
to some extent against the neutrino-produced mu-
ons and in favor of the lower-energy muons ex-
pected from nucleon decay.
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We derive the anomalous moment of the electron from the quantum-electrodynamic equa-
tions of motion for the electron spin precession.

The anomalous moment of the electron' occu-
pies a special place in quantum electrodynamics.
Unlike the Lamb shift, it is a property of the
free electron interacting only with the electro-
magnetic field and uncomplicated by problems of
binding. Despite this, and despite the excellent
agreement between the theoretical predictions
and experimental determinations of the moment
anomaly, it is widely remarked' that the usual
methods of perturbative calculation do not pro-

vide clear physical insights into the origin of the
anomaly or allow an intuitive understanding of
even the sign of the lowest-order correction to
the moment.

Existing quantitative treatments" of the mo-
ment anomaly are almost universally based on a
point of view which has elementary electron-pho-
ton scattering events at the root of the effect. As
an alternative, it is possible to construct a quali-
tative and intuitive treatment by considering the
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effect of vacuum magnetic field fluctuations on

the electron spin interaction p. o ~ B. Unfortunate-
ly, it has been long known that the result will
not even have the correct sign. '

Recently, a number of new attempts have been
made' to overcome these difficulties. These
have been unsatisfactory for a variety of reasons
including the introduction of ad hoc correlation
functions, and the suggestion that new renormali-
zation techniques may be needed.

Nevertheless, in this recent work a point of
view has been emphasized which is attractive
enough to study carefully. It has been proposed'~'
that an intuitive understanding of the moment cor-
rection follows directly from viewing the basic
electron-photon interaction as an example of a
resonance precession effect. Such a viewpoint is
even suggested by the techniques that are cur-
rently used to measure the g-factor anomaly
(Ref. la, Sect. III). In this view a quantitative
estimate of the anomaly would follow from a cal-
culation of the radiative frequency shift of the
resonant spin-flip transition.

A, t first glance the resonance precession pic-
ture is extremely simple. Qualitatively, the
electron spin precesses in an applied field Bo
at the frequency &so= 2(eBO/2mc), and generates
magnetic dipole radiation as it flips over into
the lower spin state. This radiation itself inter-
acts with the spin, the effect of the radiation re-
action being to alter slightly the natural preces-
sion frequency to vo' = g(eBO/2mc) In the .limit
B~ 0, the ratio a, = (g —2)/2 is termed the g-fac-
tor anomaly.

However, experience with other radiative fre-
quency shifts such as the Lamb shift dictates a
certain amount of caution. Virtual transitions to
nearby nonresonant levels can be as important
as the real resonant transition in determining
the size of the shift. In the present case it is
very simple to include such virtual transitions
because there are so few nearby nonreson3nt
levels, only two in fact: the two negative-energy
spin states of the electron. Thus we have to
deal merely with a four-level quantum system,

with energies which we label E, , =m ~coo E34
= —(m+2m), ).

In order to exploit the resonance precession
point of view we use the Heisenberg-equation-of-
motion method of Ackerhalt and co-workers. ' At
its simplest level our approach is merely a care-
ful analysis of the precession of the electron spin
operator 0 in the low-energy limit. In the para-
graphs below we outline how one may construct
the spin-operator precession equations, and then
identify the effective resonance frequency co, ' in
them. A calculation of a, is then straightforward-
ly made.

To account properly for all four energy levels
it is best to start with the Dirac Hamiltonian,
and later take the low-energy limit. As is well
known, equations of motion obtained from the
Dirac Hamiltonian suffer from the complexity of
Zifterbesoegung and are quite involved when the
electron interacts with the radiation field. It is
possible, however to separate the "mean" motion
from the Zitterbesoeg xnan by transforming the
Hamiltonian in the Foldy-Wouthuysen (F-W) man-
ner. In our problem, a very convenient transfor-
mation exists' that diagonalizes the unperturbed
Hamiltonian and transforms the interaction Ham-
iltonian in closed form. '

In the presence of the quantized radiation field
and of a static classical magnetic field Ho= V'&Ao

along the z axis, the Dirac Hamiltonian has the
form (in units so that h = c =- I)

H = P~n+ n (p —eAO —eA, „d) +Hz,

where EiF =P,~ ~a~ a~ and [a, a„j= 5~~, as usual,
and where ~ indexes both polarization and wave
vector. After the F-% transformation, II- e'"
&&He '" with a=sin II,8, where EH=tan '(g/m),
$'= (n II,)', and Ilo=p —eAO, we arrive at the
following working Hamiltonian in the low-momen-
tum limit:

H' = Pm + ~ Pe p, + (P/2m)li 0' +H;„, +H~,

where cu, = eBo/mc is the unperturbed I armor-
Zeeman precession frequency.

The interaction term, containing the coupling
of the electron with the radiation field, is'

H;„, =Q„]~pn 'e~(e'"'"a ~+ H. c.) +Q„ig~((u ~/2m)po e ~ x 6(- e'"'"a ~+ H.c.).
We use the abbreviations k for k„E, for (~n'+0')"',

j„=—e(2Ã/V(u ~)'"[(m+E,)/2E, ]'", g ~ = —e(27r/V(d ~)'"2m[2E„(m+E,)] '".
The Heisenberg equation idO/dt = [0,H'] can now be applied to the electron and field operators to

determine their temporal evolution. There are so many operator variables [n, P, a&, aq, a, etc. j that it



VOLUME $2, NUMBER 9 PHYSICAI RZVIZVV I.ZTTZRS 4 MARCH 1974

pays to be selective. We are ultimately only interested in the dynamics of the spin operator, so we

concentrate on the equations of motion for its transverse components o„= a„+ rr» and o, = —i(o» —o»).
Here 0» and o» are the spin raising and lowering operators connecting positive-energy levels E, and

E,. As a notational convenience we rewrite all of the electron operators in the Hamiltonian entirely
in terms of raising and lowering operators a;, which have all matrix elements zero except for the i j
element which is unity. In particular, H, takes the form, after some straightforward algebra,

II;„,=Q«f«[(cr„- rT„)e +(-a +cr„)e, +(cr„-rr„-cr„+& )e,][exp(ik r)a«+H. c.]
+ zT+, (~ „/2m)[(v„- a„)e + (a,z

—a43)e, + (azz —a22- a„+a„)e,]
&& [- exp(zk r)a, + H.c.]. (4)

Here e, —= (x*iv) e«, e, —= z e„, and e, and es are similarly defined with respect to e«&&iz.

An itnportant consequence of having II;„r in the form (4) above is that one sees clearly that two types
of interaction are important in general. Both types contribute significantly to the g-factor anomaly.
Those terms in (4) which contain o;, operators connecting E, with E„orE, with E„or any of the E s
with itself, arise solely from the interaction of the electronic sPin with the field. The remaining a;,.
operators connect either Ey or E2 with either E, or E,. They arise from the interaction of the elec-
tronic charge with the field. These charge interaction terms have been neglected altogether in analo-
gous earlier work. ' On the other hand in the nonrelativistic limit of the Drell-Pagels treatment, ' the
spin interaction terms have been omitted. As the work of Koba and Tani suggests, the charge terms
should be responsible for the positive sign of a, .

The equation of motion for the positive-energy spin-flip operator is

icr»+rd, crz2 = [o», H,„,+IIz] =Q« f«[(cr4z+cr»)e, + (-crz4+cr»)e, ][exp(zk r)a«+ H. c.]
+ i+«ii «(u «/2m)[(cd, —cr~)e, —2cr„e,j[-exp(ik r)a„+H. c.J. (5)

In order to compute the values for exp(ik r)a«(t) required in (5) it is only necessary to integrate to
first order in e the Heisenberg equation for the mode operator. ' We find the following lengthy expres-
sion:

exp(ik ' r)a «(t) = [exp(ik r)a «(/) Jz

—if [(cr„I„—cr„i„)e +(-a„I„+a„I.,)e, ,+ (cr„I„—cr„l„—cr„l„—cr„I„)e,j
+g«(&«/2m)[(a»J» —a.4~34)'-+("z~zz -"z~rz)'++ ('» -a2z -ass+&44) ~»e3 I. (6)

Here []z denotes the free-field solution, and the bracketed terms are the charge and spin parts, re-
spectively, of the operator reaction field generated by the electron. The coefficients I;, and J;; arise
in the integration of the field-operator equations of motion. They express field-electron energy con-
servation, taking account of electron recoil as well as possible virtual transitions among the four ener-
gy states:

I;;=G[E; E, +(&u —P&u—'/2m)], J;, =G[E; —E, +(cd+P&u' 2/m)],

where G is the singular function G(x) = zr5(x) —iP(1/x). After inserting (6) and its Hermitian adjoint in-
to (5), the effect of the electric and magnetic reaction fields on the precession frequency is apparent.
By taking vacuum expectation values in a positive energy state we find that the spin-flip operator obeys
the remarkably simple equation

i&c'r„)+cd,&cr„) = —(C+S)&o„, ,

where C and S are numerical factors arising from the coupling of the electron's charge and spin, re-
spectively, to its operator reaction fields, and are given by

C = 1im —iP« f«'e, '(I„+I„*),
8

(8a)

S= lim iQ «g «'(e «/2m)'», I (J» +8»*).
8~j

(8b)
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The remaining terms from (6) are either smaller by an extra power of e' or have vanishing vacuum
expectation value.

The net result is that the true precession frequency of the electronic spin, to order e', may be
found by inspection of (t) to he not &uo but v, '=&a, +ReC +ReS. Thus the g-factor anomaly is simply a„
= lim a[Re(&+S)!'or,]. Note that we do not need to renormalize our expressions for C and S: The
self-mass terms cancel in our frequency-shift expressions.

By substituting for I and J, converting the mode sums to integrals, and performing the polarization
sum 2nd angular integration, one easily finds that ReC and ReS are strictly positive and negative, re-
spectively:

4e'(u, '~-. (rn'+ (u')'"+m &u dor

3rr ga 2(m'+era)'" (or —ur'/2m —2m)' '

. C~COO 88 (do '-~c (d d(d

3m 3' 2(m + )
'

[(m +(u )
' m](or+ /2m)'

' (9b)

The sum C+S is convergent because electron
recoil has been accounted for. However, a cut-
off w, has been supplied as a reminder of the
low-energy character of our calculation. The
imaginary part of C +S gives the correct mag-
netic dipole Einstein' coefficient and arises
wholly from the spin-flip or magnetic-dipole
source-field term S as expected. There is no

decay rate associated with the charge source
field. One expects or, /2m "-1 to be a natural cut-
off in a low-energy theory. We find, in fact, that
if &u, /2m = 0.97 the entire order e' correction, a,
= o.'/2rr, is provided by our analysis.

It seems fair to conclude that our simple quan-
tum-electrodynamic resonance-precession pic-
ture" provides a sound basis for understanding
the electron's anomalous moment both intuitive-
ly and quantitatively. Compared with covariant
perturbative methods, a direct study of the elec-
tron's spin precession is more transparent,
closer to being classical in spirit, and concep-
tually practically identical with the experimen-
tal approach. Moreover, these intuitive advan-
tages are not won at the expense of quantitative
accuracy. We have found, in one straightforward
low-energy Heisenberg-picture calculation, the
correct magnetic decay rate for the precessing
spin, the expected absence of decay due to the
charge interaction, and a value for a, that has
both the correct sign and magnitude, and is rel-
atively independent of the imposed cutoff. Re-
normalization is unnecessary.

In addition to having a calculation which is con-
ceptually direct, and operationally straightfor-
ward, it mould be nice if it were also trivial. We
concede that this is not the case. However, the
physical necessity for the complexity is now
clear. Just as with the Lamb shift, the possibili-
ty of virtual transitions to nearby nonresonant

levels is very important to the size of the preces-
sion frequency shift. Only because of these vir-
tual transitions does the electron's electric xe-
aclion field enter into the correction to its mag-
netic monument. Because the magnetic reaction
field is weaker than the electric by a factor &uz/

2n~, the electI. ic interaction dominates. The ne-
glect of the electric interaction in earlier mork'
explains the traditional sign difficulty' in low-
energy calculations of the anomaly.
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tions. One of us (P.L.K. ) thanks R. Golub of the
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cussion. The full details of our calculation will
be published elsewhere.
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We propose a new class of apparently renormalizable heavy-vector-boson theories.
These models are spontaneously broken gauge theories, modifed by the addition of ar-
bitrary mass terms for vectors associated with invariant Abelian subgroups. The vac-
uum is not invariant under these subgroups. Such theories are probably renormalizable
since their multiparticle &-matrix elements are unitarily bounded in the tree approxima-
tion. As illustrations, the Higgs IU(1)] and Weinberg gauge theories are modified in this
way,

The only known renormalizable systems of
heavy vector bosons are either spontaneously
broken gauge theories (SBGT) or "conserved cur-
rent" models. In an SBGT' the field variables
ean always be chosen so that the Lagrangian is
locally gauge invariant. In the language of these
field variables spontaneous symmetry breaking
is the origin of the vector-boson masses. Mass-
less vector mesons have conserved source cur-
rents. On the other hand, "conserved current"
models always contain at least one massive vec-
tor boson, whose source current is conserved.
Massive quantum electrodynamics is the simplest
system of this type. The general prescription for
constructing conserved current models can be
stated as follows: (1) Begin with a Lagrangian
which is invariant under a nonsemisimple group
of local gauge transformations (i.e. , a, group of
transformations containing an invariant Abelian
subgroup). (2) Arrange for spontaneous symme-
try breaking (if any) such that the vacuum expec-
tation value of the scalar field is invariant under
at least one invariant (single-parameter) Abelian
subgroup (thus, at this stage the corresponding
Abelian vector is massless and coupled to a con-
served current). (3) Add (in the R gauge) an ar-
bitrary mass term for the same Abelian vector.
Notice that the resulting Lagrangian is not local-
ly invariant under Abelian gauge transformations.

This paper suggests that there is a third class
of heavy-vector-boson interactions which may
be renormalizable. ' The models of this new class
are constructed according to the above three-part
prescription, ' except that in step (2) spontaneous
symmetry breaking is arranged so that the vac-
uum expectation value of the scalar field is not
invariant under at least one invariant (single-pa-
rameter) Abelian subgroup [thus, the correspond-
ing Abelian vector, possibly in linear combina-
tion with other vectors, would acquire a mass at
step (2)]. Models of this type are different from
SBGT systems, since the R-gauge Lagrangian is
not locally gauge invariant under the entire group;
they differ from conserved-current theories since,
in general, there is no massive vector boson with
a conserved source current. Instead, these mod-
els are "hybrid" systems which interpolate be-
tween the SBGT and conserved-current theories:
In the limit in which the added Abelian vector
mass term vanishes, an SBGT is recovered; on
the other hand, as the scalar-field vacuum ex-
pectation value is altered so that it becomes in-
variant under the Abelian subgroup in question,
the "hybrid" model becomes a conserved-current
theory. The "hybrid" theories are probably re-
normalizable since we can show that they are
"tree unitary" (i.e. , unitarily bounded in the tree
approximation). Specifically, because coupling-
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