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What Can We Learn from Three-Body Reactions' ?*
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A new method of analysis is applied to n-d elastic scattering and deuteron breakup in
order to test the sensitivity of such reactions to details of the ++ force. The results sug-
gest that no off-shell information can be obtained from these processes which is not al-
ready implicit in the value of the n-d doublet scattering length.

It has generally been accepted that a study of
three-particle systems can yield new information
regarding details of the two-particle interactions
and, in particular, the short-distance behavior
of the nuclear force. This possibility has stim-
ulated a great deal of work on the trinucleon sys-
tem during the past decade. However, if one re-
stricts oneself to phenomena below the threshold
for deuteron breakup, only the triton binding en-
ergy E~, the position of the diffraction minimum
in the 'He charge form factor, and the n-d doub-
let scattering length a, exhibit any sensitivity,
and at least two of these are largely correlat-
ed.

It therefore appears that the success of this
program will depend to a large extent on the iso-
lation of independently sensitive parameters from
three-body reactions, in this case n-d elastic
scattering and deuteron breakup. Although one
would expect such processes to be less sensitive
than the bound-state parameters, it is conceiva-
ble that a proper selection of scattering observ-
ables, particularly in the breakup domain, might
nevertheless yield new information. A recent
comparison of various local and nonlocal two-
nucleon models by Kloet and Tjon' has generated
some optimism in this respect. However, inas-
much as these models produce far from identical
results in the tso0-body problem, such compari-
sons do not of themselves establish the requisite
sensitivity. The purpose of this article is to
examine whether such sensitivity in fact exists.

In order to obtain an unambiguous answer to
this question, it is necessary to isolate the per-
tinent degrees of freedom by holding the two-
particle phase shifts invariant. A direct approach
might involve application of the standard Fad-
deev formalism to a sufficiently exhaustive set
of phase-equivalent potentials. Unfortunately,
granting the ability to construct such a set, the
effort required by even a single three-body cal-
culation is such that this procedure is simply
not practical. Instead, we shall employ an al-

ternative treatment of the three-body problem
recently proposed by this author. ' In this formu-
lation the two-particle phase shifts are imposed
by means of a set of boundary conditions on the
three-particle wave function in appropriate as-
ymptotic domains. The dynamical input is es-
sentially a statement as to how the wave func-
tion approaches these asymptotic limits. One
may therefore regard this input as supplying the
off-shell information, although it actually repre-
sents the sum total of effects which cannot be de-
duced from two-particle observables, including
possible three-body forces. Insofar as three-
body reactions are concerned, this distinction
turns out to be purely academic.

In practice, application of the boundary condi-
tions to an explicit representation for the three-
particle wave function leads to a one-variable
integral equation of the form X = 0 +KX, where
X completely determines the scattering observ-
ables. Furthermore, the kernel can be expressed
ash'=K, +AX„where the operators 0, K„and
K, are uniquely specified by the two-particle
phase shifts, and A is an arbitrary real operator
corresponding to the dynamical input. Two im-
portant advantages follow immediately from the
form of IC: (a) The off-shell content may be var-
ied independently while holding the two-body ob-
servables invariant, and (b) by expanding A in
some complete set, it is only necessary to solve
an integral equation once for a given total energy
and a specified set of phase shifts; the off-shell
analysis then reduces to linear algebra. ' This
makes it possible to compare a wide variety of
possibilities with a minimal investment in compu-
ter time.

As shown in BC1, there is no particular dif-
ficulty in working directly with the experimental
phase shifts. However, the precise choice is
unimportant for the purposes of this article, and
hence a particularly convenient set has been as-
sumed in what follows. The model consists of
purely s-wave interactions in the singlet and
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triplet channels specified by an energy-indepen-
dent boundary condition on the two-particle wave

function. There are thus two parameters in
each channel, the core radius and the value of
the logarithmic derivative; these are chosen to
produce the correct low-energy s-wave phase
shifts and the deuteron binding energy. Specifi-
cally, we require that

The corresponding values are a, =1.095 fm, f,
= —0.253, a, =1.2826 fm, f, =0.0513. As com-
pared to experiment, the core radii come out
too large in this simple model, a fact which is
reflected in the phase shifts falling off too rapid-
ly beyond the effective-range region.

If one takes A =-0, this model predicts a value
of 7.05 MeV for E~, while the doublet and quartet
scattering lengths come out to be 2.1 and 6.31 fm,
respectively. In order to examine the degree of
independent sensitivity in the reaction data above
breakup, an appropriate set of A. operators was
constructed as follows: Given an Ansatz for the
functional dependence of A, the overall scale was
adjusted to produce agreement with the experi-
mental values of 0 cot~, and A cot6, below break-
up. ' In actuality, only the latter is sensitive,
and it is completely determined by requiring that
a, =0.41 fm. The fact that the low-energy scat-
tering is specified by only a single parameter
was observed some time ago by Barton and Phil-
lips, ' and is illustrated in this analysis by a var-
iation of less than 0.1% in k cot6, over the set of
A operators considered.

As shown in BC1, A corresponds to the spec-
ification of boundary values in two distinct re-
gions of the three-particle configuration space.
There is an inner region, where the two-body
forces overlap and three-particle forces may be
present, and an outer region in which A is com-
pletely determined by the off-shell characteristics
of the two-particle interactions. In order to ob-
tain a, = 0.41 fm a net attraction must be supplied
to the system; this could arise in a variety of
ways through combinations of attraction and re-
pulsion in these two regions. Consequently, the
set of A operators was constructed to be as rep-
resentative as possible of these qualitatively
distinct possibilities, incorporating a broad vari-
ety of separable, local, and semilocal forms.
Inasmuch as a score of such possibilities were
essayed, the author is confident that the results,
if anything, overesti~nate the sensitivity to be

expected from plausible physical mechanisms.
Given this input, the above formalism was ap-

plied to generate a class of predictions for n-d
elastic scattering and breakup corresponding to
the same low-energy trinucleon parameters and
two-nucleon observables. Previous investiga-
tions had indicated a sensitivity on the order of
15% at small and large angles in the elastic scat-
tering, depending on the choice of potential mod-
el. In this analysis the variations reduced to
less than 1%, indicating that no new information
is contained in these data. However, although the
elastic cross section is expected to be insensi-
tive because of the large quartet contribution, a
judicious choice of experimental configurations
in the breakup channel can be used to isolate the
far more sensitive doublet amplitude. This is
illustrated by the lower half of Fig. 1, which

corresponds to the most sensitive region ob-
served by Kloet and Tjon in their comparison of
potential models. ' Nevertheless, the strong
model dependence at the minimum does not sur-
vive under the constraints we have imposed, as
evidenced by the upper half of the figure (note
that the two upper curves correspond to the max-
imum dispersion displayed over the entire A set).
In fact, a complete search of the phase space re-
vealed that such variations as exist are restrict-
ed to at most a few percent. It was recently pro-
posed' that breakup data be analyzed in such a
way as to emphasize certain kinematical situa-
tions; the suggested procedure leads to the curves
plotted in Fig. 2. As in the preceding example,
the variations exhibited are essentially unmea-
surable. '

Taken in conjunction with preceding investiga-
tions, the results of this analysis strongly sug-
gest the following conclusions:

(1) The low-energy trinucleon reactions can
provide no new information, being essentially
determined by the two-nucleon observables and
the value of a, . It thus appears highly unlikely
that this system will enhance our understanding
of the short-range nuclear force. " In compensa-
tion, the striking absence of off-shell effects to
the level demonstrated is itself a valuable piece
of information, and would seem to demand theo-
retical attention.

(2) If a three-nucleon force is introduced to ex-
plain the charge-form-factor data" and/or to
correct the value of F ~, the trinucleon proper-
ties will be essentially determined. In particular,
no scattering measurement will be able to dis-
tinguish between this possibility and that of an
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exotic off-shell mechanism which produces the
same effect. "
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(3) There is no point in the scheme proposed
by Jain, Rogers, and Saylor' unless it is demon-
strably more accurate than methods for directly
Q1easurlng Q2.

(4) In testing for "off-shell" sensitivities it is
essential to employ phase-equivalent, models in
order to avoid misinterpretation.

(5) By use of the technique demonstrated in this
paper, one can effectively eliminate ambiguities
due to off-shell effects. This makes it possible
to use three-body reactions as highly accurate
probes of hard-to-measure two-body parameters,
which may turn out to be their most useful fea-
ture.

(6) There is no point in employing complicated
"realistic" potentials directly in scattering cal-
culations. A vast amount of labor can be saved
by employing the boundary-condition approach,
normalizing the input function A to the values
of E~ or a, produced by the model.

(7) It is highly unlikely that such disagreements
as exist between present model calculations and
experiment can be resolved via an appeal to off-
shell effects. The explanation almost certainly
lies in the neglect of small components in the
two-particle interaction, e.g. , higher partial
waves.
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FIG 1. Differential cross section for n-d breakup ver-
sus the energy of an outcoming neutron. The lower set
of curves arise from models which produce identical be-
havior in the low-energy two-nucleon system: & corre-
sponds to the Malfliet-Tjon I-IV potential, b to a separ-
able potential, to the I-III potential, and d to the A = 0
version of this analysis, The dashed curve in the upper
half of the figure is the same as d; the solid and dash-
dotted curves represent the maximum differences ex-
hibited over the entire A set.
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FIG. 2. Differential cross section along the locus
prescribed in Ref. 8. The lower curve corresponds to
A = 0; the two upper curves summarize variation over
the A set.
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ambiguous because of unknown exchange corrections,
but a correlation with Eq is suggested by the phase-
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Problems in the Nuclear Interaction, edited by I. Slaus,
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D. D. Brayshaw, Phys. Bev. D 8, 952 (1978); here-
after we shall refer to this as BC1. Although mathe-
matically distinct, this work owes much in spirit to the
earlier development of H. P, Noyes, Phys. Rev. D 5,
1547 (1972).

A preliminary investigation of this model for a sys-
tem of three spinless particles, together with a discus-
sion of appropriate numerical techniques, may be found

in D. D. Brayshaw, Phys. Rev. D 8, 2572 (1978).
An alternative choice would have been to fix &q.

However„ in the absence of tensor components in this
model, taking && as the standard seemed more appro-
priate. The actual curves for Scot~ produced are iden-

tical with those obtained in a simple model calculation;
see D. D. Brayshaw and B. Buck, Phys. Rev. Lett. 24,
7SS (1970),
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Oer s (Elsevier, New York, 1973).
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90ne might also question whether variations in the
vicinity of such an interference minimum will not be
washed out by small components which one can usually
ignore, such as higher partial waves in the two-body
force.

In this discussion we have not dealt with the spin ob-
servables; however, model calculations do not indicate
a sensitivity to off-shell effects, See, for example,
I. H. Sloan and J. C. Aarons, Nucl. Phys, A198, 321
(1972). Also, although this analysis has been restricted
to energies less than 30 MeV, the continued success of
simple separable models at much higher energies would
seem to preclude much off-shell sensitivity; see J. N.
Wallace, Phys. Rev. C 7, 10 (1973).

" D. D. Brayshaw, Phys. Rev. C 7, 1731 (1973).
~~The Phillips correlation was maintained in this analy-

sis to within a shift of 0.4 MeV in &~, which is compar-
able to estimates of relativistic corrections. Underly-
ing this conclusion is the assumption of a detailed fit to
the two-nucleon data; one must impose all constraints
simultanecmsly. A possible exception is the charge
form factor, which may be capable of discriminating
between such a.'.ternatives if exchange corrections are
unimportant.

Muon Pair Production by Photon-Photon Interactions in e e Storage Rings

G. Barbiellini, S. Orito, T. Tsuru, and R. Visentin
Laboratory Nazionali del Comitato Nazionale Per /'Energid Nucleare, Frascati, Rome, Etaly

F. Ceradini, M. Conversi, S. O'Angelo, M. I. Ferrer, I. Paoluzi, and R. Santonico
Istituro di Fisic~ del/'Vniversita di Roma and Sezione di Roma dell'Estituto ¹zionale di Fisica Nucleare,

Rome, Italy
(Received 10 December 1978)

The photon-photon interaction has been investigated by e and e collisions at about 2.7-
GeV total energy. Evidence based on 34 mell-identified events has been obtained for the
process e e —e+e p+p, hitherto unobserved. Such a process is found to occur in agree-
ment with theoretical predictions based on the equivalent-photon approximation, Results
on 74 events from the process e+e e+e e+e are also reported.

Electron colliding beams provide a, means, at
present unique, for investigating the photon-pho-
ton interaction at high energy, as pointed out by

many authors. ' In the present experiment the out-
going e" are detected at very small angles with
respect to their incident directions, in coinci-


