
VOLUME 32) NUMBER 4 PHYSICAL REVIEW LETTERS 28 JANUARY 1974

3K. A. Shapiro and I. Budnick, Phys. Rev. 137, A1383
(1965).

4P. G. de Gennes, Phys. Lett. 44A, 271 (1973).
5W. M. Saslow, Phys. Rev. Lett. Bl, 870 (1973).
D. N. Paulson, B. T. Johnson, and J. C. Wheatley,

Phys. Hev. Lett. 80, 829 (1972), and unpublished work,
~T. A. Alvesalo, Yu. D, Anufriyev, H. K. Collan,

Q. V. Lounasmaa, and P. Wennerstrom, Phys, Rev.
Lett. 80, 962 (1973).

8S. J. Putterman, Phys. Rev. Lett. 30, 1165 (1973).
D. N. Paulson, R. T. Johnson, and J. C. Wheatley,

Phys. Rev. Lett. 31, 746 (1978).
The second longitudinal resonance occurred at a

frequency only 1-2% greater than 2f.
The quantity (fjC &)4H~ r -o varied from 0.088 at zero

pressure to 0.081 on extrapolating the pressure mea-
surements to 34 bar. Values of && for He were ob-

tained from B. M. Abraham, Y. Eckstein, J. B. Ketter-
son, M, Kuchnir, and P. B. Roach, Phys. Bev. A 1,
250 (1970). At zero pressure the corresponding index
of refraction is 2.16, rather different from the value
of 1.34 expected from the empirical factor used in Ref.
3; however, both the powder and the packing are quite
different from those used in Bef. 3.

B. A. Webb, T. J. Greytak, R. T. Johnson, and J. C.
Wheatley, Phys. Rev. Lett. 30, 210 (1973).

M. Kriss and I. Rudnick, J. Low Temp. Phys. 3,
339 (1970).

A. J. Leggett, Phys. Bev. 140, A1869 (1965).
~See J. C. Wheatley, Physica (Utrecht) 69, 218 (1978),

for a recent compilation.
'l6 B. Balian and N. B. Werthamer, Phys. Bev. 131,

1558 (1968).
J. Seiden, C. R. Acad. Sci., Ser. B 276, 905 (1973).

Mass Diffusivity of 'He-4He Mixtures near the Superfluid Transition

Cuenter Ahlers
Institut fur FesthovPerforschung, Kernforschungsanlage, 517 Julich, Germany, and

Bell TelePhone Laboratories, Mmvay Hill, ¹zoJersey 07974*

and

Frank Pobell
Institut fur FesthorPe+orschung, Kernforschungsanlage, 517 Julich, Germany

(Received 10 December 1973)

We report on measurements of relaxation times for the decay of isothermal concentra-
tion gradients in He- He mixtures over the temperature range 10 ~ I&I—:I 1'/Ty —1I'

The data yield a mass diffusivity D which diverges when T p is approached from
higher temperatures. When fitted with D~ e, they give z =0.40, 0.36, and 0.33 for 3He

concentrations 0.100, 0.208, and 0.399, respectively. The estimated uncertainty for z is
+0.06. These results are consistent with theoretical predictions, but differ from experi-
mental results by others.

Recent measurements' of mass diffusion in di-
lute 'He-'He mixtures ('He concentration X & 1%)
seem to imply that the mass diffusivity D remains
finite when the superfluid transition temperature
T~ is approached from higher temperatures.
This behavior would be in conflict with theoreti-
cal predictions. ' ' %e wish to report on mea-
surements of relaxation times for isothermal
concentration gradients in 'He-4He mixtures near
Tz. Our results are for molar 'He concentra-
tions X= 0.100, 0.208, and 0.399, and for 10 '
~ I

e I
-=I &l&~ —& I

~ lo '. Approaching Tz from
higher temperatures, they reveal a divergent D
with critical exponents which, within the uncer-
tainties of theory and experiment, agree with the
predictions'4 of dynamic scaling" and of mode-
mode -coupling calculations. '

A schematic diagram of our sample cell is
shown in the inset of Fig. 1. Most of the mixture
is contained in the 0.50-cm-long holes of 0.11 cm
diameter in part A. These holes have a center-
to-center spacing of 0.14 cm, and yield a 50/p

transparency. In addition there are two 0.10-cm-
high spaces filled with sample, one each above
and below the perforated center section of part A.
These spaces each contain a capacitor to be used
for high-precision measurements of the concen-
trations of the mixture at the ends of our sample
cell. One plate of each capacitor is shown as
part B or part O'. The other, shown as a dashed
line, was a sheet of 0.012-cm-thick stainless
steel, perforated by 0.012-cm-diam holes with a
0.025 cm center-to-center distance (379' trans-
parency). ' The spacings between the capacitor
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plates were 0.010 cm.
Isothermal conditions in the entire cell are

guaranteed in the absence of deliberately induced
heat currents because parts A, B, and B'are
made of copper. However, it is possible to
create a vertical temperature gradient between
parts B' and A because the connecting piece C
provides poorly conducting stainless-steel walls
over a height h of 0.10 cm. A heat current flow-
ing from B' to A creates a temperature gradient
which is associated with a concentration gradient
and a gravitationally stable density gradient over
the height h; but the remainder of the sample, of
height H= 0.6 cm between the bottom surfaces of
parts A and B, will remain isothermal and will
have a uniform concentration. When the heat cur-
rent is turned off after a steady-state concentra-
tion gradient has been established, then the ther-
mal gradient over the height h relaxes with a
thermal relaxation time T~ of about 30 sec. For
T & T~, the pertinent mass diffusivity D,&f is an
effective diffusivity which is infinite, and concen-
tration gradients are always determined by the
thermal gradients and the condition that the chem-
ical potential gradients be zero. ' Therefore the
measured mass relaxation time 7 should in that
case be the same as 7~. However, for T & T~
the mass diffusivity D is finite. Although we
shall see that D diverges near T~ and therefore
becomes larger than the thermal diffusivity D~. ,
the mass relaxation times 7 for our system are
larger than 7~ because mass diffusion must take
place over a length 6+&=0.70 cm whereas heat
conduction through the helium proceeds only over
a length h = 0.10 cm. Since the relaxation times
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FIG. 1. Relaxation of the capacitance change aC/C
after a steady-state heat current was turned off. After
about 200 sec the temperature gradient had decayed,
and the remaining &C/C corresponded to the concen-
tration difference D& shown. on the right-hand ordinate.
The linearity of the data indicates the existence of a
unique isothermal concentration relaxation time 7.

vary as the square of the length, one has approx-
imately w/rr= 50 if D =Dr. Although sufficiently
near T & one expects D» B~, one can estimate
from the dynamic-scaling prediction to be dis-
cussed below, and we find from our measure-
ments, that T & T ~ over the entire accessible
range of c, and that it is therefore possible to
permit the temperature gradient to vanish, and

then to study the decay of the remaining concen-
tration gradient under the condition VT=0.

In Fig. 1 we show a typical example of the ob-
served concentration relaxation. The return of
the capacitance change AC in the bottom conden-
ser to the steady-state value 4C = 0, a correspond-
ing to V T = 0 and VX = 0, is shown on a logarith-
mic scale as a function of time after a heat cur-
rent of 33 erg sec 'cm ' was turned off (a steady-
state VX had of course first been established).
After switching the heat current off, we observe
a fast decay of the capacitance for about 200 sec,
corresponding in part to the decay of the temper-
ature gradient. From then on the decay of ~
occurs under isothermal conditions, and the mea-
sured hC is proportional to AX. We estimate
that possible systematic errors in the measured
concentration changes from long-term drifts may
be about 6&10 ', corresponding to errors in the
capacitance of 0.6 ~10 '

p F out of 53 p F, or
about 1 part in 10'. Corresponding error bars
are shown in the figure. The data for elapsed
times greater than several thermal relaxation
times (say t & 200 sec) can be fitted well by a
straight line, implying the existence of a single
dominant concentration relaxation time T. The
estimated systematic error yields an uncertainty
in 7 of about 10/c.

In Fig. 2 we collect the measured concentra-
tion relaxation times 7 over the range & = + 3X10 '
for X=0.208. Also shown are the thermal relax-
ation times T~ which were measured separately
with a thermometer. It is evident that 7 = T~ be-
low Tz, as we expected from two-fluid hydrody-
namics with the infinite effective mass diffusiv-
ity D,qf. However, for T &Tz we have &»~. The
decrease in 7 towards T& as T z is approached
from higher temperatures, resulting from the di-
vergence of D, is evident from the data.

In Fig. 3 we show T for all three concentrations
as a function of & on logarithmic scales. The
measurements extend over three decades in e,
from 10 ' to 10 '. For each concentration they
can be represented within their scatter by a
straight line which corresponds to w= &,(X)e'.
For our ~ range we obtain z =0.40, 0.36, and 0.33
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FIG. 2. Concentration (~ } and thermal (T~) relaxa-
tion times as a function of T/Ty 1on li—near scales.
Whereas singularities in 7~ at T y are undetectable
with our resolution, a rapid decrease of v towards
v& due to the diverging mass diffusivity is evident when

&y is approached from higher &.

for X=0.100, 0.208, and 0.399, respectively.
For all concentrations we estimate that random
and systematic errors result in an uncertainty of
+0.06 for z. At an & of 10 our data yield T=215,
146, and 105 sec for X= 0.100, 0.208, and 0.399,
respectively.

The normal modes in mixtures of 3He and He
have been examined by Griffin. ' They are com-
binations of mass diffusion and heat conduction
with diffusivities D~ and D~ which are related
to the mass diffusivity D and the thermal diffusiv-
ity D~. On the basis of dynamic scaling'' it is
predicted' that one of D„and DI3 diverges asymp-
totically as u, $ when T z is approached from high-
er T. Here u, is the second-sound velocity be-
low T z, and $ is the correlation length for fluc-
tuations in the order parameter. From experi-
ment it is known that D~ remains finite at Tz.
For that case, a divergent D„or &~ is possible
only if D diverges. ' For a divergent D, one has
D»D& sufficiently near T ~, and then

D„= (1+Z )D+Z, (1+Z,) 'Dr

+ O(Dr~/D) +. . . .

Here Z, is a parameter involving thermodynamic
variables and transport coefficients which van-
ishes for X=0.+' However, for X &0 one has ~,

, where e is the exponent which describes
the singularity in the specific heat at constant
chemical potential. Since o. is near zero"" and
probably negative, "we do not expect the factor
1+Z, to result in an & dependence of D which is
very different from that of D~; but the effect of

-4 -3
log)0 (T/T~-1 j

FIG. B. Concentration relaxation times & as a func-
tion of T/Ty 1on logar—ithmic scales. The indicated
slopes (0.40, 0.86, 0.88) are equal to the effective ex-
ponents & of the mass diffusivity.

Z, upon the amplitude of D can be estimated only
when an additional transport coefficient becomes
known. In any event, for a~ 0 Eq. (1) shows that
a divergent D implies D„-D. The other diffusiv-
ity, &~, can be shown to remain finite if D di-
verges and D& is finite. ' It follows that the dy-
namic-scaling prediction pertains to the mass
diffusivity, and

D -u, $. (2)

A similar prediction follows from mode-mode—
coupling calculations. ' For our mass relaxation
time we have

v =L'/D-1/u, $.

Here L is a characteristic length of our sample
cell over which the diffusion takes place, and is
on the order of 0.7 cm.

If one assumes a pure power law for $ with a
universal exponent of 0.67,' ' and if one uses
the measured u„""one obtains an effective ex-
ponent z = 0.27. This prediction is lower than the
measured values given above. However, it is not
known whether a pure power law with the asymp-
totic exponent yields the appropriate correlation
length for Eq. (2). Thus, one might calculate $
from the relation's $ ccl/p, , using the measured
p, .' '" This, and the measured u„' '" gives ef-
fective exponents for D, which vary from 0.31 to
0.4& as X changes from 0.1 to 0.4. The trend
with X of this prediction is opposite to that ob-
served, and we regard it as unlikely that the ex-
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perimental errors are large enough to permit
this behavior. As a third alternative, however,
we recognize that there are appreciable &-depen-
dent contributions to u, which do not affect the
asymptotic behavior, and it is not clear wheth-
er these are considered correctly by dynamic
scaling. If the prediction Eq. (2) pertains only to
the asymptotically dominant terms, one might
use u, o:eo" and $ ~e ""for all X and predict a
concentration-independent ~ —0.34. This va, lue
falls within the permitted range of the experimen-
tal result. Nonetheless, we remark that the mea-
sured z for &= 0.1 tends to be higher than any of
the predicted values. There has been a tendency
also for measurements"" of other transport
properties to yield exponents which are larger
than the predictions.

One might expect also to obtain the approxi-
mate amplitude of D from dynamic scaling by
setting numerical constants equal to unity and
treating the asymptotic proportionality D„-u,(
as an equality. However, the la, rge latitude in
the choice for $ and u„and the unknown size of
Z, in Eq. (1), permit at best an estimate for the
order of magnitude of D. For X = 0 and at e = 10 '
one obtains & =u, ( = 1.2 X 10 ' cm'/sec if one
uses g = $,e ", $o = 2&&10 ' cm, and the mea, —

sured u, ." With a characteristic length for our
geometry of 0.7 cm, this yields ~= 400 sec at
& =10 ' and X=0. This is consistent with the ex-
perimental values of T(X) quoted above and shown
in Fig. 3.
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Measurements of the velocity of third sound on films as thin as 2.1 atomic layers yield
the healing length of superfluid He II down to temperatures of 0.1 K. It is argued that
these films are two-dimensional superfluids.

The role of dimensionality in determining the
properties of ordered phenomena such as mag-
netism, superconductivity, and superfluidity is
a subject of continued and current interest. Qf
particular concern is the question of whether co-
herent phenomena observed in three-dimensional

configuration space persist in two-dimensional
space. ' He II is distinguished by the occurrence
of extremely thin uniform films (measured in
angstroms or atomic layers) and it is fair to re
gard them as two-dimensional if such a concept
has any meaning for actual systems. There is a
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