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The effect of finite nuclear size on the vacuum-polarization charge density is studied.
The results to third order o. (ZO, ), and to all orders o.{Zo.)", n~ 8, are presented with
special attention focused on the 5g9~,-4f&~2 transition in muonic Pb. In addition, the ac-
curacy of analytic calculations exploiting the smallness of the electron mass and of the
nuclear radius is discussed.

One of the major tests of tluantum electrody-
namics lies in the calculation of transition ener-
gies in high-Z muonic atoms. The most impor-
{;ant radiative corrections to these transition en-
ergies come from vacuum polarisation (VP).
Even the higher-order a(Za)", n ~ 3, VP is im-
portant because of the high resolution of recent
experiments. Since discrepancies between theo-
ry and experiment have been observed, ' most no-
tably in,Qa and ~Pb„several workers' ' have
looked at the higher-order VP in more detail. In
particular, the effect of finite nuclear size on the
VP charge density has been studied. However,
complete agreement on the size of this effect has
not yet been reached. In the hope of eliminating
this uncertainty, this Letter presents the results
of an independent numerical study of the problem.

In muonic Pb, a 42 + 20 eV discrepancy~ exists
between theory and experiment for the 5g»»-4f»»
transition when the theoretical contribution to the
transition energy due to higher-order VP is cal-
culated for a point nucleus. For a finite-size
nucleus, characterized by a radius R, the VP
charge density p(R, r) differs from its point-nu-
cleus form in such a way as to increase the tran-
sition energy, This has the effect of increasing
the discrepancy between theory and experiment.
For the Q-4f transition this increase was cal-
culated numerically by Rinker and %'iletsi to be
16 eV. On the other hand, the analytic calcula-
tions of AraXixnee and Brown et aE. ,4 using the ap-
proximations based on the smallness of m, and
the ratio of the nuclear radius to the muonic or-
bit R/a„gave 5 eV.

The calculation reported in this Letter gives
6 eV for the energy shift of the 5g-4f transi-
tion. The central assumption in this calculation
is that the finite nuclear size is felt only by the

j = 2 electrons in the VP density. It is shown that
this assumption leads to an error of less than
0.5 eV in the calculated 6 eV. The third order
o.'(Ze)» contribution and the contribution to all

orders, a(Zn)", n ~ 3, are studied separately
This provides a check on the internal consisten-
cy of the final results since the numerical tech-
niques required to calculate each are quite dis-
tinct, As a further check, the point-nucleus lim-
it R - 0 is examined and compared to the results
of %'iehmann and Kroll' and of Blomqvist. e Final-
ly, setting m, =0 and expanding to lowest order
in R/aa in my calculation, 1 recover the 5-eV re-
sult of Refs. 3 and 4.

Wichmann and Kroll' showed that p(R, r) is pro-
portional to a contour integral along the imagi-
nary energy axis of the trace of the Green's func-
tion TrC(i, r;s) for the Dirac equation. Expand-
ing G in terms of the radial Green' s functions
G„ for "angular momentum" 0 = + (j+»), we define
the VP density p» for a given k, through the con-
tour integral of TrG~. The radial Dirac equation
for G, may be converted to an integral equation
from which a power-series expansion of G, in
powers of Ze is obtained. In this way the Uehling
term, p~', and the third-order density, p,', may
be isolated. Since the k=+ 1 (S„„P»,) states are
most sensitive to nuclear size, a natural approx-
imation for p(R, ~) is

P(R, r) = P I» I,(R, r) + Z P I, I(0, r);
)a(~s

i.e., the energy shift due to finite-size effects on
VP is assumed to come mainly from the lk I

= 1
density. The accuracy of this approximation de-
pends on how large the contribution from the

I k I
& 2 density is. The size of the I k I

& 2 contri-
bution to the total density can be estimated using
the results of Ref. 5 for a point nucleus. The
ratio, Q»»/Q» „of the VP charge accumulated
at the origin for Ik I

~ 3 and for Ik I= 1 gives a
measure of the relative size of p~ I to p~, . For
order a(Za)", n ~ 5, in Pb, Ref. 5 gives Q»,"/
Q»,"-0.008 with Q»,"=—6.83X10»Iel. From
this we conclude that the Ik I» 2 contribution to
the density is less than 1% for these orders. For
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TABLE I. Absolute energy shifts (in eV) due to VP orders u(Zu)" in
Pb using nuclear models I and II described in text. The Ik I- 1 are calcu-
lated from Eqs. (4) and {5).

N~ 5, Ill=1

I 5.5
II 7.1
I 0.6
I 0.06
I 5.5
I 0.6
I 0.06
I 5.5
I 0.06
I 5.5

43.39
43.41
45.16
45.20
48.51
51.34
51.39
5.12
6.19

51.9 + 0.1

79.24
79.28
85.10
85.27
88.36
97.12
97.42
9.12

12.15
94.8 +0.5

151.9
152.1
177.0
178.0
168.3
202.6
204.3
16.4
26.3

181.7 + 2

third order, Ref. 5 gives the charge summed
over k: Q~'=-4. 48Vx10 'lei. To calculate
what fraction of Q~~ comes from Ik I= 1, I cal-
culated p~,3 numerically using the integral equa-
t' f G i hi hI t,=0. Th
charge distribution used in the ealculatian was
a shell of radius R. The m, = 0 limit isolates the
piece of p,' which is only a function of r/R. It is
precisely this piece that reduces to a 5 function
as R - 0. (This assumes that the integral of p,'
over all space exists, which is the case here. )
The third-order charge due to Ik J= 1 is then

Q, =j dr 4wr~p, ~(R, r, m, =0). (~)

Note that Q,l is in fact independent of R. This
was checked numerically by calculating Q,* for
8 = 6., 0.6, 0.06 fm with the result in each case
being Q,l= -4.17'? x10 ~le I. Thus Q,~/Q~~
=0.93; i.e., 7% of the third-order density comes
from Ik I

~ 2. Summarizing these relations,

q, ,'-=13.5q, ,' -=6.13Q, ,"=-770q...". (3)

For the case of a point nucleus, Blomqvist' has
calculated the 5g-4f energy shift in Pb due to
third ord-er VP to be bE*(R=O}=—43 eV. For a
finite-size nucleus I calculated p, '(R, r) numeri-
cally with m, & 0 using t%'o different models of the
nuclear charge density: (I) a shell density, p„„,
=5(r —R)/(4'') and (O) a uniform density, p„„,
= 8(R —r)/(4''/3). Tables I and ii contain the
results. The R -0 limit was examined by calcu-
lating the energy shifts for R = 0.6 and 0.06 fm.
Extrapolating to R = 0, we get d E~,'= —40 eV for
the 5g-4f transition. From Eq. (3) we estimate
the lk I

» 2 contribution to be 4E, ,'= —3 eV.
Thus, dE~,3=-43 eV, in agreement with Ref. 6.

TABLE II. The VP contribution to 5gsy2-4f, y2 tran-
sition. in Pb energy (in eV) for orders 0, (gn)". The er-
ror in the contribution from Ik I- 2 is less than 0.5 eV.

=5.5 fm

n=3, lkI=1

~-5, Ikl=1
Ikl-2

n-3, laI-1

-N

(& 0.1)
-43

—40

6
(& 0.1)
—49

For the calculation of the finite-size effect, R
was chosen in each model so that [(r'),„,]"'=5. 5

fm. ~ Dirac wave functions were used in the expec-
tation values, although Schrodinger wave func-
tions gave the same results to within 1-29o. (It
should be noted that the uncertainty in the muon

mass, +400 eV, alone generates a +2 eV uncer-
tainty in the 5g 4f x ray. ) C-omparing the two
model distributions in TaMe I, we see that the
energy shifts are sensitive only to (r')„„,for
these high-angular momentum states. The re-
sult from Table II is n E,' = —36 eV for [(r')„„,]"2
= 5.5 fm. Thus the finite nuclear size caused a
10% decrease in magnitude of the third-order VP
contribution for I A I

= 1, Since the l k I
~ 2 elec-

trons are less sensitive to nuclear size, we esti-
mate —3 eV cd,E, ,'(R) g 0.9xgE, ,'(0) = —2.p

eV. Thus the total contribution to the Q-4f x
ray from third-order Vp is AE3= —39 eV as com-
pared to the point-nucleus value of -43 eV.

To solve for the energy shift to all orders
o'. (Za)", n ~ 3, we construct the Green's function
for the Dirac equation in the field of a finite-size
nucleus and remove the Uehling term. Since the
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third-order calculation showed that the energy
shift is sensitive only to (r')„„„ashell distribu-
tion (model I) is used with R = 5. 5 fm. The shell
distribution is most convenient since both the in-
ternal and external wave functions are simple.
The Green's function is then constructed' with
the regular and irregular solutions of the Dirac
equation: For r & 8 these are spherical Bessel
functions and for r & R they are Vfhittaker func-
tions, Both types of functions are subject to rap-
id, high-precision, numerical computation. s The
Uehling contribution is obtained from the integral
equation for the radial Green's function and may
be expressed in terms of elementary and expo-
nential integral functions. The details of these
and of all other calculations mentioned in this
Letter will be given in a subsequent paper. The
results of the calculations are listed in Tables I
and II.

In the 8-0 limit we get for orders n~ 3, dE, ,"
= —46 eV. Fl'oln Eq. (3}, 'the conti llxltion of
Ik I» 2 to these orders is estimated to be -3 eV

from third order and &0.1 eV from orders n ~ 5.
The total shift for orders n ~ 3 is then bE" (R = 0)
= -49 eV in agreement with Ref. 6. For finite
radius we rewrite Eq. (1) as

bE"(R) -=bE, ,"(R)+bE, ,"(0), (4)

=- 0.074[bE,'(R) —bE,I(0)]

+0 008[b.E,". (R) —b,E,"(0)],
(5)

where Eq. (3) has again been used. For the Sg-
4f transition, the error in the approximation
ill Eq. (4) ls th8n estinlRted to be less thRll 0.5

eV with the result that bE"(R) = -43 eV. Thus,
the finite-nuclear-size effect on VP increases

where the Ik 1
~ 3 term is estimated from bE,"(0)

llslng Eq. (3). The Rccuracy of Eq. (4) is tlleI1

estimated by

5 = bE, ,"(R) —bE..."(0),

the energy of the x ray by 6 eV.
The Vp densities p,' and p,

'+ calculated here
with the energy contour along the imaginary axis
satisfy gauge invariance. Therefore a good check
on the numerical accuracy of these densities is
provided by the evaluation of their integral over
all space. It was found that for r 660 fm the den-
sities were negative, while for ~ ~ 60 fm, they
were positive; the densities were calculated out
to 8A, The amount of charge contained in the re-
gion rc60 fm was - —4&10 3IeI, while the total
charge Out to r = 8X, was - —10 8

I e I. Thus, bet-
ter than five-place accuracy was achieved for
these densities.

To study the accuracy of the m, = 0 and lowest
order in R/r approximations' in the calculation
of bp =p(R, r) —p(0„r), for r ~ R, we note that bp
is proportional to the energy contour integral of
the difference, AG, between the Green's func-
tions for the Dirac equations for a finite radius
and point nucleus. The difference AG can be ex-
pressed as b.G =f(R, z, m, )W(r, z, m, ), where z is
the energy, 8' involves products of %hittaker
functions, and f depends on R through the ratio
of internal and external wave functions evaluated
at R. The approximation of neglecting the elec-
tron mass in comparison to 1/ao is implemented
by setting m, = 0 in both f and W. The approxi-
mation based on R/a, «1 is obtained by expanding
f(R, z, m, ) = 0 in powers of R and retaining only
the first term. I have made calculations with and
without these approximations. The results for
Ik I

= i are presented in Table IG for the following
three cases: (1) no approximation, (2} m, = 0
only, and (3) both m, =0 and lowest order in R/r.
The results for the third case are in good agree-
ment with Refs. 3 and 4. Numerically, the com-
ment in Ref. 3 that corrections to bp(m, = 0) ap-
pear to O((m~)*) is supported by these results,
and the functional form of bp(m, = 0, O(R/r)} is in
good agreement with the analytic formula of Ref.

TABLE III. Perturbation of muonic levels (in eV) in Pb due to finite-nuclear-size effect on VP, Ik I
= 1, orders

(Zo. )". &Q& z are given by Eq. (6) in units of —leI.

Model 8
{fm.)

I 5.5

I 5.5
0 7.1

Approx.

—5.48
-6.08
—5.79
—2.60
—2.60

4f7(2

—20.58
—21.48
—19.99
—11.46
—11.46

—116.1
117+7

—102.6
80.02
79.38

7.020x10 ~

7.018x 10
4.481 x 10
6.598x ao '

1.60 x 10
1.95x 10
1.91x 10
6.0/x 10
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4. A simple comparison of 4p in the various ap-
proximations is indicated by the values of the toro

integrals

hg, = f„dr(4er'}hp,

aq, = f „dr(4v~i)zp,

listed in Table III. The error cominitted in the
nc, =0, 0(R/r} approximation is seen to be 1 eV
for the 5g-4f transition and 13 eV for the 4f-3d
transition. To this error, the uncertainty in the
1k[=1 approximation, Eq. (5), must also be ad-
ded. For such high-angular-momentum states,
the accuracy of these approximations is never-
theless found to be quite adequate. The Uehling
contribution eras calculated in the bvo nuclear
models and found to be the same for [(rI)„„,]+'
= 5.5 fm. %hen this contribution is subtracted
from results of order n ~ 1, the n ~ 3 energy
shifts are in agreement arith Table I, as they
must be.

The problem of vacuum polarization in super-
heavy electronic atoms, Z-170, has also been
investigated and mill be reported elsewhere.
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ERRATA

SEARCH FQR 'Li BREAKUP IN 'Li+ '97Au NEAR
GRAZING INCIDENCE. Z. L. Qubbert, B. Frois,
L. Marquez, G. Sousbie, R. Qst, K. Bethge, and
G. Gruber [Phys. Rev. Lett. 32, 1136 (1974)].

The formula in Ref. 5 should read

Q=(r, -U„) ~
—

1)
bA

2m& p z~Z&

1+ 1/sin(8, /2) R r z,Z,.

Z, DEPENDENCE QF E-SHELL IQNIZATIQN
CROSS SECTIONS AT 7.1 MeV/amu. N. Cue,
V. Dutkiewicz, P. Sen, and H. Bakhru [Phys.
Rev. Lett. 32, 1155 (1974)].

In the fifth l.ine of the first paragraph, 2, ~ 3
should be replaced by Z, ~ 3. In the fourth from
the last line on page 1155, t'~, /&8zv, z should be
replaced by (g = vi/p 8z v2 z.


