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Vycor 7930 glass used in this experiment is manu-
factured by Corning Glass and was provided for us by
Dr. J. H. P. watson, Corning Research Laboratory,
Corning, New York. Porous Vycor glass is obtained at
an intermediate step in manufacture. A sodium borosil-
icate glass is induced by heat treatment to separate in-
to boron-rich and silica-rich phases. The boron phase
constitutes 30% of the total volume and forms a highly
interconnecting capillary structure. The surface ten-
sion between the two phases and length of heat treat-
ment control the minimum radius of the boron struc-
ture. After heat treatment, the boron-rich phase is re-
moved by leaching, leaving behind the silica-rich phase.
See J. W. Cahn and R. J. Charles, Phys. Chem. Glasses
6, 1S7 (1965).

A measure of the surface area of the Vycor is ob-
tained from nitrogen-adsorption isotherm measure-
ments by the method due to S. Brunauer, P. H. Emmett,
and E. Teller, J. Amer. Chem. Soc. 60, 309 (1938).

'0The minimum pore radius in the porous Vycor is de-
duced froxn nitrogen-desorption isotherm and mercury-
intrusion measurements. For a discussion of these
methods, see S. J. Gregg and K. S. %. Sing, AdsorP-
tion, Su/ace Area and Porosify (Academic, New York,
1967).

A. J. Symonds, Ph.D. thesis, University of Sussex
(to be published); also D. F. Brewer, A. J. Symonds,
and A. L. Thomson, Phys. Rev. Lett. 15, 182 (1965) .

R. H. Tait and J. D. Reppy, to be published. For a
preliminary report, see R. H. Tait, R. O. Pohl, and

J. D. Reppy, in Lou~ Temperature Physics —LT 13',
edited by %.J. O' Sullivan, K. D. Timmerhaus, and

E. F. Hammel (Plenum, New York, 1973).
3For a discussion of the role of substrate variation

and the influence of surface heterogeneity on superfluid
onset see E. S. Sabisky and C. H. Anderson, Phys. Rev.
Lett. 30, 1122 (1973); J. G. Dash and J. A. Herb, Phys.
Rev. A 7, 1427 (1973).
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A scaling theory is introduced for bicmtica/ points, such as antiferromagnetic spin-
flop points (with analogies to the upper X point in He), ~here two distinct critical lines
meet. Experimentally testable predictions follow from renormalization-group calcula-
tions which indicate that the bicritical exponents should be Heisenberg like for systems
with n —3 components; the crossover exponent Q (~1.25 for n =3) is directly observable.
For n &3 an intermediate ("supersolid") low-temperature phase may appear, the bicriti-
cal point then becoming tetracritical.

The Hamiltonian of a uniaxially anisotropic antiferromagnet of n-component spins S(R) =(S,(R) =—S~~(R);

S,(R)f at the sites R of a d-dimensional lattice may be written

X. = -Q [Z(R —R' )S(R) S(R')+D(R —R')Sp(R)S~|(R )j
R, R'

-Q[H S (R)+H 5 (R)j-Q exp(sk. R)H'S(R),

where Z(R) is the isotropic exchange coupling
which leads to antiferrornagnetic ordering on
two interpenetrating but equivalent sublattices A
and 8 (with superlattice reciprocal vector k, ),
while D(R) (which might well vanish for Rc0) rep-
resents the anisotropy energy aligning the spins
along the "easy" or "parallel" axis. The stag-
gered, ordering field H ~ =

(H~, , H,~) is physically
inaccessible, so that H~=-O, although its response
may be studied by neutron diffraction. (In a real
biaxial Heisenberg system, with one perpendic-
ular "hard" axis, we may, ' in the critical region,
neglect the corresponding spin components and
so take n= 2 in place of n =3.)

In zero uniform external field (H = 0) the spins
align parallel and antiparallel to the easy axis,
and the critical point, at T~, should have Ising-
like (n = 1) character with corresponding Ising ex-
ponents visible for T very close to T,o." If the
uniform field H~~ is now imposed (with H =—0,
which in practice demands careful crystal align-
ment), one expects, as first pointed out by NOel, '
that for H,~=H, (T)-DS the spin system should
"flop" over, via a first-order transition, into an
alignment that is predominantly perpendicular
to the easy axis (see Fig. 1). The corresponding
pha, se boundary in the (H~~, T) plane ends at what
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FIG. 2. Schematic phase diagram of an anisotropic
ferromagnet exhibiting a tet~acntical point and an
intermediate phase with both parallel and perpendicu-
lar order.
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FIG. 1. {aj Schexnatic phase diagram of an aniso-
tropic antiferromagnet in a uniform parallel field dis-
playing a bicmtica/ point. The bold line represents
the locus of first-order spin-Qop transitions. {b) Cor-
responding magnetization versus temperature diagram
showing the jump 4»&

II in magnetization {ruled lines) .

may be called the "spin-flop point" (H„T,) (see
Fig. I). For 8 &H, the line of critical points
T, '(Ht~) should be expected to remain of Ising (n
= I) character. However, for H&H, the relevant
order parameter becomes 8, and hence the anal-
ogous line 'T(

~H) should rather be expected
to display distinct, X7-like critical behavior
(for n = 3) or, more generally, (n —I)-isotropic
character. Both these expectations (which we

believe have not appeared explictly in the l.itera-
ture before) have been confirmed by explicit cal-
culations' which will be summarized below.

Evidently the spin-flop point (H„T,) lies at the
join of two lines of critical points with distinct
order parameters (and hence, in general, with
distinct exponents, although, for example, both
order parameters could be Ising like). Following
the lead of Griffiths' we propose to name such
points bicxitical points. ' At a bicritical point

two distinctly ordered phases both become iden-
tical with the totally disordered phase. Liu and

Fisher' have presented a Landau-type phenom-
enological discussion of the competition between
two order parameters which leads to such a bi-
critical point. However, they also discovered
that for a certain range of phenomenological con-
stants, a new "intermediate" phase could appear
which simultaneously displayed both If and &

types of ordering. The bicritical point then be-
came a tetracritical point' (see Fig. 2}. In the
context of pseudospin models for "He (where n = 3
is appropriate) the spin-flop point corresponds
to the upper & point. " An intermediate phase
would then correspond to a "supersolid" phase in
which both diagonal, crystalline, or "parallel"
ordering and off-diagonal, superfluid, or "per-
pendicular" ordering simultaneously occur. ' How-
ever, the renormalization-group analysis by
Nelson, Kosterlitz, and Fisher' shows that such
a tetracritical point with an intermediate phase
can occur only if n &n" (d), where n "(3}probably
exceeds 3 [although n" (3) &4J. Since n = 3 for he-
lium and for real antiferromagnets, this result
provides theoretical justification for the apparent
absence of a supersolid phase near the upper A

point in helium, and possibly for the nonexistence,
to our knowledge, of magnetic tetracritical points.

A scaling theory of a bicritical point (and, sim-
ilarly, of a tetracritical point) may be formulated
by introducing the reduced temperature and or-
dering fields,

(2)
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and the modifying or deviating field,

t« = (H
()~

—H),)/h 8 Tn -2 ~ t,

q, = [dH. /d(h, T)j„ (3)

which (see Fig. 1) measures the deviation of H),

from the tangent to the first-order phase bound-

ary at the bicritical point. As usual the scaling
postulate for the singular part of the free energy
then takes the form

«,(0„,H„', ««, ", «) =~ -.
«(—;,"."„, ";,-). («)

%e must expect that the bicritical exponents e
= cy, and (t) = (t), (and b,

(( and a,) will differ from
the corresponding exponents a()= a„(1), and c(,
= n„(n —1), (t) =

(t „(n —1) on the critical lines.
Here a„(n) and (t „(n) denote the usual specific
heat and anisotropy crossover exponents of an
isotropic, n-component Heisenberg-like model
(with n = 1, Ising, and n = 2, XI'); these are known
numerically from series extrapolation (see, e.g. ,
Refs. 2 and 8) and have been calculated in pow-
ers of ~ =4 -d by renormalization-group tech-
niques. '""

This scaling hypothesis may be justified by a
renormalization-group argument. "" Indeed, ex-
plicit calculations of the appropriate fixed points
and exponents have been made4 to order ~. The
analysis first confirms the expected Il and & na-
ture of the exponents on the critical lines but, in
addition, it shows that for n &n" (d) = (4+ 3.176m)/
(1+1.294m) (up to order e' corrections), the bi
critical exponents are the same as those of a
ftglly isotroPtc He1senberg spst8vl, l.e.«D AH(n)«

(t) = (t) H(n), n ))= h~= t).„(n). For d = 3 the numerical
evidence' thus yields the predictions o.= —0.10
and (t) = 1.25 for n = 3, and o. = 0.02 and (t) = 1.18

for n=2.
For n & n" (d) a new fixed point of biconical sym-

metry' becomes stable under the renormaliza-
tion group and all the exponents take on distinct,
new values. Indeed, these biconical values, when

expanded in powers of e, are found to have an
irrational dependence on n (in contrast to all
previously examined cases where the coefficients
are rational fractions in n}.' More importantly,
the corresponding fixed-point Hamiltonian sat-
isfies the phenomenological conditions' for tetxa-
criticality so that a doubly ordered, intermediate
phase is then expected to appear (Fig. 2).

When n crosses a higher borderline at n = 11
+ 0(~) it is found' that the stable fixed point chang-

es again from biconical to one which describes
merely two uncouPled systems with distinct Is-

ing-like and (n —1)-isotropic behavior. The scal-
ing hypothesis (4) then no longer applies; instead
the free energy is given asymptotically just by
the sum of separate scaling forms describing the
two distinct (and uncoupled) ordering processes
This distinct decoupling phenomenon has not pre-
viously been discovered in renormalization-group
studies.

Various observable predictions follow directly
from the scaling hypothesis (4): (A} The specific
heat C„on the locus g=0 (or on M((=M, ) diverges
as t ' (with cusp-like behavior' for o, &0); (B) the
discontinuity in the magnetization across the spin-
flop line below T, (see Fig. 1) varies as

AM, , (T) - t swith p = p„= 2 —o —(t), (5)

so that tj(n =3)= 0.85 and p(n= 2)= 0.84. For the
first time this enables the anisotropy crossover
exponent (b to be determined by direct observa-
tion of a power law.

(C) At 7 = T, the field deviation iH)) —H, l- Igi

bvaries as iM)( —M, l~, with 5 = 5 = (t)/P which gives
5(n=3)= 1.47 and 5(n=2)= 1.40. (D) The direct
susceptibility X

= (BM((/BH)) )r for g = 0 diverges as
t & with y =y& = 2(t, + o —2 which, like (C), yields
a cross check on scaling. Note that the values

y (n = 3) = 0.40 and y(n = 2) = 0.37 contrast quite
strongly with the weak singularities occurring in

j as the critical lines are approached array from
the bicritical point; the behavior there matches"
the corresponding specific heats C„, i.e., Xffii&-t (' or t "«. (although C and C are subject

[] Happ
to standard exponent renormalization effects").
(E) The staggered or dominant ordering suscep-
tibilities y and g, for g=0, observable in neu-
tron scattering, diverge with exponents y, ]

= 2Li]
+ e —2 and y, = 2~, + n —2, which will again differ
from those close to the critical lines (for n = 3
we expect y()

= yi= I 38« for n = » y()
= y«= 1 30}

(F) The critical lines near the bicritical point
are predicted to vary as

H(, (T)= H~+ (h()T~j ~)t + w, t~,

where m, and se are positive constants. If, as
concluded above, P &1, this implies that the
critical lines come in tangent to the first-order
boundary. (G) Finally, in the (M)(, T) plane the
critical lines should vary as ts [see Fig. 1(b)].

Existing data" are not inconsistent with these
various predictions but, unfortunately, they are
insufficiently precise to confirm most of the de-
tails and, in particular, to determine exponents.
However, the predicted tangency (F) of the criti-
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cal lines at the bicritical point does seem to be
indicated by the most detailed data of Shapira,
Foner, and Misetich. " Further experiments
which closely investigate the spin-flop point are
clearly highly desirable and would provide an
opportunity to check the crossover scaling pre-
dictions in an unusually direct fashion.

If the upper A. point in 'He may be regarded as
lying "close" to a bicritical point, "a possible
explanation of the apparently nonuniversal spe-
cific-heat ratios, A'/A, observed by Ahlers on
the X line at high pressure, "would lie in the
crossover to bicritical behavior.

Although the biconical fixed point which de-
scribes tetracritical behavior does not seem to
be relevant to real antiferromagnets, it may yet
play a role in displacive transitions and at other
types of polycritical points where the number of
components of the residual order parameter can
exceed n = 3.
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with Dr. J. M. Kosterlitz and useful advice from
Dr. A. Aharony. We are grateful to the National
Science Foundation for support, in part through
the Materials Science Center at Cornell Univer-
sity, and to the Ford Foundation for support.
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