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Wiegand and Godfrey®) exhibit sharp intensity
variations with Z which must be coming from
variations in atomic structure. Since in the
Fermi-Teller model individual atomic struc-
ture is abandoned in favor of the statistical mod-
el, it is only sensible to compare our results
with the experimental intensities smoothed over
Z. While this considerably weakens the test,
we think that the agreement is fairly good. Our
maximum yields are in the range (20-40)%; in
contrast, Eisenberg and Kessler? and Martin,®
because they used a “statistical” P(l) [i.e., Eq.
(1) with @ =0], found maximum yields of about
70%.

Hence we conclude that, to the extent that one
is willing to ignore effects due to individual atom-
ic structure, the Fermi-Teller model provides
an adequate framework for calculating initial
capture and de-excitation. A detailed account
of this work will appear elsewhere.

*Work performed under the auspices of the U.S. Atom-
ic Energy Commission.
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Temporal Electrostatic Instabilities in Inhomogeneous Plasmas*
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(Received 12 November 1973)

The parametric process where the electromagnetic wave drives two Langmuir oscilla-
tions near 2w, can be shown to be temporally unstable even in inhomogeneous plasmas.
The instability arises because of wave trapping which prevents the convection of wave

energy out of the unstable region.

Recently there has been much interest in parametric instabilities in inhomogeneous plasmas which
have applications both in controlled fusion experiments and in high-intensity laser-pellet interactions.
Rosenbluth! presented a theory of parametric three-wave interactions within the WKB approximation.
His results show that, for the case 2 =k’(0)x, instabilities can be saturated by spatial convection of
wave energy out of the unstable region. Subsequent investigation by Drake and Lee? indicates the ex-
istence of temporal instabilities when the WKB approximation is no longer valid. In this paper we
study the parametric decay instabilities of Langmuir oscillations at w,= 2w,. We find that both Lang-
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muir waves can be trapped in the vicinity of their cutoffs, resulting in a strong temporal instability
benefitted by the Airy enhancement of both unstable waves.

The basic equations governing the parametric instability of two Langmuir waves in an inhomogeneous
plasma have been obtained by Drake and Lee.? Here we simply state the results:

3a® w,’ sz - - - -

v-[ 2o VY L —’E mwozv- [V(E-E,,) - E,,V-E_], 1
3a® w2 2iv ]—' _ 2 > = =
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where w.=w - w, and v is the total damping rate of Langmuir waves (cgllisional damping plus La_rldau
damping). We have also assumed a plane electromagnetic pump wave, E,; E(H exp(+iwyt —ikyx) +E;.
xexp(—iwyt +ikyx), propagatmg along the plasma density gradient (in the x direction), and two electro-
static perturbatlons E (x) exp(iwt — ik, y) and E. (x) exp(iw .t —ik,y). Approximating the plasma density
by a linear profile in the vicinity of the linear cutoff w,=(w,?/4 - 3a®k ,*/2)'”* and keeping only the low-
est order terms in k,/k,, we rewrite Eqs. (1) and (2) as
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where Ei =Ve,, B=2w,2/3a’L, I'=(8w,2/3a®)(v+y)/wy, and A =%k k,(w,2/a®)eE,/mwy’. y is the growth
rate of the Langmuir waves and L is the density scale length.

Equations (3) and (4), as they stand, contain four parameters. They are not all independent, howev-
er, as can be seen by the following change of variables:

. d
- Bx +zF><p+ :A;l;q)" (3)

z =Bl/3x’ k2=B -2/3k.L2; O.=B"2/3r-, M=AB '1, (5)
Equations (3) and (4) now become
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These equations can be solved by treating the pump field as well as ¢ (damping plus growth rate) as
perturbations. To lowest order we have

(o) (8509 oo

which differs from the usual linear turning-point (Airy) equation only in the presence of the last term,
do,/dz, which arises from the charge bunching produced by particle motion along the density gradient,
Such an effect is often neglected in the weak-inhomogeneity case. Equation (8) has an integral solution
of the form

0, 92) = f_'{::dt explzt — §t% - 3 In(t® - £?)], 9)

where ¢>0. The logarithms in the ¢ plane are defined by the branch cuts; one runs from { =% to =, the
other from ¢ =—% to — =, Asymptotically, ¢,(%(z) differ significantly from the Airy solution only for
z>>0, where the ¢,(9(z) behave like e™*/Vz.

Knowing the zeroth-order solutions ¢,(%(z), we now seek solutions to Eqs. (6) and (7) of the form

oo -
0.(2) =, " dtexplzt - &° - $ (2 - KA1, (). (10)
The equation that governs f, (f) can be obtained by substituting (10) into Egs. (6) and (7) and eliminating
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f-(t). The equation that results is

%f,,(z’s) + {Mzgg-jsl_—zg)—z -0® +0[£g(s)} - %(%g)a +%<di:2g>}f+ (is) =0, (11)

where s =-it and g(s) =1n[s/(s>+%?)]. In Eq. (11), we can get rid of the terms involving g(s) by assum-
ing k2>1 [i.e., the perpendicular wavelength 27 /&, being much smaller than the characteristic Airy
scale length (L/kp?)*/3]. The above condition also ensures that f,(¢) is a slowly varying function in ¢
(or ¢s) provided that both M2%/k? and o? are at most of order unity.

f(is) being a slowly varying function in s allows us to evaluate ¢,(z) in (10) for large negative values
of z by the method of steepest descent. The result is

©+(2) = (le] +£?) "1/2Vm 2] "2/4{exp(3in /4) exp[(2i/3) |2>2]f, (i ]2]*/2)
+exp(in /4) expl- (2i/3) |e]*2]f (= ile|*®)}.  (12)

Boundary conditions for ¢, (z) require |zI73/%|f,(+4|21*/?)| to vanish with increasing |z| for z <0. Howev-
er, f.(¢s) in general tends toward e*°® as |s|—». Given M and k% we therefore have an eigenvalue
problem for ¢®. The WKB approximation together with the linear—turning-point techniques allows us

to solve Eq. (11) for M2%/k? - 0?> 1, yielding the eigenvalue conditions:

fsfzds[MZsz/(s2 R =g 2l 2= (), n=1,2,..., (13)

where s,>s,>0 are two linear turning points at which the integrand vanishes. From (13) we see that
higher eigenmodes have lower growth rates (or larger damping). The maximum growth rates obvious-
ly occur when |IM?/k? — ¢%|< 0%, in which case the WKB approximation is not valid unless M2/k2>>1.
Note, however, that around the trapping region (in s space!) we can approximate Eq. (11) by expanding
M?s?/(s® +k®?)? around s=+k. The equation that results is just the harmonic oscillator equation, which
yields the following eigenvalues for the growth rate:

1
Yo__ Y E n+z

—fo -
W, cuo+4(41moTe)“2k")H)(1 M

1/2
) , n=0,1,2,.... (14)

The homogeneous threshold is recovered if we let M « L — «, When the plasma is significantly inho-
mogeneous, M must exceed n =3 in order to have an instability. This gives the inhomogeneous thresh-
old condition

Ez2/4mn,T,> (n +3)%(k,L) 2(kirp) %, n=0,1,2,.... (15)

Note that because of the assumption %k, > %,, which rules out an instability with long wavelength, (15)
should be regarded as a sufficient condition for instability but not necessary. Equation (15) can be
more simply expressed in terms of the zeroth-order electron oscillating velocity, V,=(c/4)(k.L)?,
with ¢ being the speed of light. In comparison, the Raman 2w, instability has a much higher thresh-
old, V,=0.52c(k,L) %/®. However, once the thresholds are exceeded, both instabilities grow at nearly
the same growth rate, y =(V,/c)w,,/2, which is also the growth rate for both instabilities in a homoge-
neous plasma.

The eigenamplitude can also be obtained for [(2kp2/3k,2L)x +11<<1 as follows:

04 n6)=A;(2kp2/3L) 3y exp{~ £ (kp2V,y/k 1) [3k 2L/2k %) ~x ]}
X H,((8k 2V /3k ,c)2(3k 2L /2kp2 = %)), n=0,1,2,..., (16)

where A;(¢) and the H,(£) are the Airy function

and Hermite polynomials, respectively. Equa- | plasma the marginal stability condition including

tion (16) shows that the usual Airy behavior of frequency mismatch has the approximate form

the electron plasma waves are modified by a :

100% modulation of its envelope. Such a phenom- [v?+ (Aw)z'lm/w’: (Vo/C)k kL /K,

ena should be easily detectable in the laboratory. where K2=k % +Fk,% and Aw is the frequency mis-
Hindsight allows us to interpret the threshold match. Assume now that the homogeneous condi-

condition (15) in a simple way. In a homogeneous tion can be generalized to the inhomogeneous
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case with Aw being replaced by the average mis-
match due to density inhomogeneity. Clearly, if
I is the characteristic wavelength of the unstable
waves, then (Aw) should be approximately given
by (\p/l)*w,. However, from hindsight we see
that [/ is nothing but the typical Airy scale length
(L/kp?)*/3. This together with the generalized
marginal stability condition immediately gives
Vo,/c=> (k,L)™*, provided that 2,/ <1. The last
condition is the same as %2%>1 which we used in
deriving Eq. (12). The above simple argument
seems to be sufficiently general for various tem-
poral instabilities in an inhomogeneous plasma
and should deserve further investigations.

The electrostatic 2w,, instability clearly would
appear to be an important nonlinear absorption
mechanism for plasma heating both in controlled
thermonuclear reactions and in laser-pellet ex-
periments because of its low threshold and large

growth rate. It is especially attractive in the
sense that the unstable products will eventually
be locally absorbed by the plasma near the cutoff
because of strong Landau damping in the under-
dense region.
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Turbulence generated by a rapidly imploding current sheath in a high-voltage 6 pinch
has been investigated by CO, laser scattering and by emission spectroscopy of forbidden-
line satellites in helium. Waves indicative of a saturated ion-sound instability are seen
in the current sheath. In a region well behind the sheath, waves are seen with wave num-
bers near kp. These waves may be the result of mode coupling from short—wave-num-
ber turbulence generated earlier by the passage of the current sheath.

Plasma-heating turbulence has been seen in
several laboratory experiments featuring the ap-
plication of rapidly rising current pulses to low-
density (n,=10'® cm %) plasmas.? Plasma heating
results from instabilities of the current stream
which transfer energy to plasma waves followed
by decay via mode coupling and damping into ther-
mal energy. Several instabilities have been pro-
posed as mechanisms by which heating may oc-
cur.?2”5 We report here the use of scattering of
CO, laser radiation (10.6 um) from a low-g [B
=nkT(B%/87) '] turbulent 6-pinch plasma to mea-
sure the spectra of density fluctuations. The
scattering is supplemented by measurements of
the magnitude of the electric field fluctuations
by helium satellite spectroscopy. These obser-
vations provide a direct way to study the proper-
ties of the instabilities.

The experiments were done in the Maryland

138

fast 6 pinch which has been described elsewhere.®
Conditions just prior to the heating pulse are n,
=1.6x10"® ecm™, 7,=0.5eV, and B,=175 G. The
magnetic field which excites the instabilities
reaches 1500 G in 280 nsec, and may be either
parallel or antiparallel to the bias field B,, Mea-
surements were attempted in hydrogen, deute-
rium, helium, and argon plasmas using both par-
allel and antiparallel configurations. The largest
and most consistent scattered signals were seen
in the parallel-bias helium case on which we re-
port here.

The Debye wave number kp=(4mne2/kT,)"? is
determined at one radius (» =13 cm) by measur-
ing the electron temperature and density by Thom-
son scattering of ruby laser light. Because of a
very high level of plasma radiation, the scattered
light was collected at an angle of 20° to the inci-
dent beam direction by a lens immersed in the



