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sions of heavy ions with heavy atoms must be
worked out in detail before any final interpreta-
tion of the data can be made. This present Let-
ter is directed at pointing out these uncertainties
in the interpretation of the available data, and the
need for such detailed calculations. Experiments
which selectively emphasize the high-energy part
of the spectrum would clearly make the identifi-
cation of MO x rays more reliable. ' Such mea-
surements are in progress at our laboratory.
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Total cross sections for the ionization of atomic hydrogen by electron impact are calcu-
lated using the Glauber approximation. These cross sections are compared with the re-
sults obtained by the Born approximation and with experimental results.

Calculations of atomic ionization by electron
impact have found useful applications in analyz-
ing the effects of radiation on a variety of mater-
ials. Most of these calculations' are based on
the Born approximation for direct Coulomb ion-
ization established by Bethe. ' In this paper we

apply the more rigorous Glauber approximation'
to the ionization of atomic hydrogen by electron
impact to compute the total cross section as a
function of the energy of the incident electron.

The Glauber approximation has been derived
in a number of ways. Conceptually, it corre-
sponds to a "rigorous" distorted-wave Born ap-
proximation which approximately includes mul-
tiple scattering and is approximately unitary. It
is a member of the class of eikonal approxima-
tions where straight lines have been chosen as

trajectories. With an appropriate choice of the
projectile trajectory, the Glauber approximation
reduces to the Born approximation at high ener-
gies.

There have been a number of applications' of
the Glauber approximation to scattering process-
es in atomic physics involving transitions from
bound atomic states to bound atomic states. In
the case of atomic hydrogen, the mathematical
technique introduced by Franco' and refined by
Thomas and Gerjuoy' for bound-state transitions
has been used by McGuire et aE.' to derive ex-
pressions for excitation to continuum states, i.e. ,
ionization.

For ionization from the ground state of hydro-
gen by electron impact, this scattering ampli-
tude' is given by
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A (f, k) =1, A, (l, k) = —1/k(l+1), A„(l, k) =[(2l +n+1) n] '[- (2/k)A„, -A„,], 5, =argy'(l+1 —I'/k)

Here q is the momentum transfer, ko and b are the momentum and impact parameter of the incident
electron, k is the ionized electron's momentum, and s is the impact parameter of the atomic electron.
By use of the technique of Thomas and Gerjuoy' the integral expression for the I, 's may be evaluated
analytically, so that the total cross section may be expressed as
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~min l=O e=-&

where it is useful to perform the integrations in
the order shown for computational efficiency. '
The cross section is dominated by the / =1 par-
tial wave. For the energy range considered here,
i.e. , E,&100 eV, the partial-wave series is ter-
minated after the l = 3 partial wave. In this ener-
gy range the L = 3 partial wave is never greater
than 5%, down by a factor of 5 from the f =2 par-
tial wave, so it is expected that the inclusion of
a larger number of partial waves in the calcula-
tion should change the results by at most ~ 2%.
This is the largest numerical error.

The expression for the f, 's of EIl. (1) is not
directly applicable to the evaluation of total cross
sections since the infinite series

Io „d""ls
Q A„(l, k) (-k)"

merically by Rhomberg's method on an IBM 370/
158 computer. The calculation of a cross section
in the Glauber approximation at each energy took
approximately 50 sec as compared to approxi-
mately 1.5 sec for the Born approximation.

Glauber cross sections computed by the above
procedure are presented in Fig. 1 as are the cor-
responding Born calculations. These are com-
pared with the experimental data of Fite and
Brackmann" and Boyd a.nd Boksenberg. " Also

1.2-

is divergent for E,&13.6 eV. The functional de-
pendence on k of the coefficients A„(f,k) may be
separated out, giving an infinite series

oo d" Ilm
( kPnj dgll+Jn=0

(3)

where the coefficients C„are given by an infinite
convergent sum depending on l and the deriva-
tives of the II 's. Although the series of EIl. (3)
is still divergent, the method of Pade approxi-
mants" may be applied to give a rational approxi-
mation which is convergent for much laxger val-
ues of A. Using this method convergent scatter-
ing amplitudes may be practically obtained for
F-, & 70 eV. For values of 4 corresponding to ~,
~ 70 eV appearing in the cross section integral,
which occurs only for E & 80 eV, the Glauber
amplitude is replaced by the Born amplitude.
Very little error (less than 1%) is introduced in-
to the calculation as a result of thj.s replacement,
because the predominant portion of the cross sec-
tion, as a function of 0, occurs at very much
smaller values of E„ i.e. , E„~25 eV. Integra-
tions accurate to within 1% were performed nu-
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FIG. 1, Total cross section for the ionization of atom-
ic hydrogen by electron impact versus projectile energy.
The electrons are considered distinguishable, Data
were extracted from Refs. 11 and 13. The Born calcula-
tions are described in Ref. 1 and 'CM' represents our
Glauber calculation.
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TABLE I. Total cross sections (in units of mao~) for
the ionization of atomic hydrogen by electron impact as
a function of the energy of the projectile.
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cross sections are presented in Fig. 2 in which
exchange effects have been approximately includ-
ed" by limiting the maximum value k may take
in the integration to

(4)

The correct expression for the cross section
would contain interference terms and would take
the form
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FIG. 2. Total cross section for the ionization of atom-
ic hydrogen by electron impact versus projectile ener-
gy. Exchange effects are treated approximately {cf.
text). Data are the same as in Fig. 1. The Born-ex-
change calculation is described in Ref. 13 and 'GME"
represents our Glauber calculation with exchange.

e= J'dms(O, /k, ) |'d@,[if(k, kg)i —IRef ~(k, kg)f (kg, k)],

where kf is the final momentum of the "incident"
electron. Geltman" has made a comparison of
the cross sections obtained by considering the
electrons as indistinguishable [implying that each
nonordered set of energies (E„Ef) is to be count-
ed only once, thus introducing the. limit given by
Eg. (4)] and the cross sections given by Etl. (5),
where in both cases the Born amplitude is used
for f(kf, k). Both results are roughly similar,
with the cross section given by Eq. (5) being
slightly the larger for E,&35 eV and being the
smaller of the two for larger energies. Although
there is no rigorous reason to expect the Glauber
cross sdctions to follow the trends just described
for the Born cross sections, we have used Eg. (4)
to estimate the effects of exchange since it is
computationally impractical at present to include
the interference term in Eq. (5). Numerical re-
sults are given in Table I.

It will be seen that at low energies the Glauber
results lie below both sets of experimental data,

very much in analogy with the results of Tai et
al."for excitation of atomic hydrogen by elec-
tron impact. In this low-energy range there is
no rigorous justification for our results. In the
range 30 «Eo & 100 eV the results presented here
are superior to the corresponding Born calcula-
tions. %here the effects of particle indistinguish-
ability have been included, Fig. 2, the Glauber
results are seen to lie between the two sets of
experimental data.

Since the Glauber approximation is more rig-
orous than the Born approximation, it is not sur-
prising that the Glauber calculations lie closer
to experiment than the Born results. Further-
more, it is encouraging that the Glauber method
is also computationally practical.
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%e report the first ESR signal of an excited crystalline state (Fe) in a metal (PdEr}.
The intensity of the 16 isotropic resonance compared to the I'8&~ resonances of the
ground-state quartet allows the determination of the energy scaling parameter of the
crystalline field. A more precise value is deduced from the splitting of the transitions1-2 and 3 4 of the I'8&~~ ground state: %'= —0.163+0.015'K, in accordance with the
work of Praddaude.

The effect of excited crystalline-field states
on the relaxation rate of the ground-state mul-
tiplet has recently been observed in dilute al-
loys. Davidov et a/. ' measured the temperature
dependence of the Er" ESR linewidth in AuEr
and from this deduced a value of the energy se-
paration 6 between the F, ground-state doublet
and the first-excited I', '} quartet. In a previous
paper Devine, Zingg, and Moret' measured the
ESR in PdEr single crystals. The ground state
of Er" was found to be a F,"}' quartet. We have
since observed a new resonance signal in PdEr,
whose g value and temperature behavior indicate

that it is due to the first-excited I', doublet. The
amplitude of the signal is related to the energy
separation between the I', 3 and j.", levels, and
allows a direct determination of the crystalline-
field energy scaling parameter W.

The Er" free ion has a 4=~5 multiplet ground
state which reduces in a cubic crystalline field
to three I", quartets, one I', doublet, and one
I', doublet. Devine, Zingg, and Moret' observed
all possible transitions in the I", '~ ground-state
quartet and interpreted them with the effective-
spin-Hamiltonian formalism' (8= —,). They found
anx value as defined by Lea, Leask, andWolf4


