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introduced by multiple scattering.

The precision obtained in the intermediate-mo-
mentum range compares favorably with the one
obtained in the small-momentum range. In an
experiment based on Eq. (5) only one sample is
needed and the result is independent of polydis-
persity. In contrast, the experimental determi-
nation of v derived from relation (2) requires
several samples, with well-defined molecular
masses,

The value of v obtained in good solvent in this
experiment is consistent with results obtained

using relation (2) and other experimental methods.

The value of v obtained in the bulk indicates the
absence of an effective excluded-volume interac-
tion over a large range of distances. A remark-
able fact is that there is no deviation from the
1/q? law for ¢ values as high as 0.1 A",
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The threshold is derived for parametric excitation of Alfvén waves in a uniform plas-
ma in which the background magnetic field is modulated sinusoidally in time. Including
the plasma pressure we show that ion acoustic waves can also be excited directly. Both
cases are absolutely unstable for any interaction length. Finally, we analyze the subse-
quent decay of the excited Alfvén wave into an ion acoustic and another Alfvén wave.

The growth rate for the parametric excitation
of Alfvén waves was calculated by Vahala and
Montgomery.! The Alfvén waves were excited by
oscillating the background magnetic field. This
phenomenon was later observed experimentally
by Lehane and Paoloni.? The purpose of this Let-
ter is threefold; first, we derive the Alfvén wave
instability threshold; second, we show that by
taking the plasma pressure into account not only
Alfvén waves may be excited directly but also
ion acoustic waves; third, we obtain the thresh-
old for the subsequent decay of the finite ampli-
tude Alfvén wave so excited into an ion acoustic
wave and another Alfvén wave.
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We shall follow Vahala and Montgomery' and
use simple magnetohydrodynamic equations with
the addition of a plasma pressure term and re-
sistivity. These equations are the following:

poV/ot +p(T+V)V==Vp+u, (VXB)xB; (1)
aB/8t = VX (VX B) = (0/1) VX (VX B); )
ap/dt +V+ (pV)=0; (3)

we take the equation of state to be p =c2p.

The model considered by Vahala and Montgom-
ery! was that of a uniform column of plasma of
radius a with a uniform magnetic field pointing
in the z direction. The source of energy for the
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parametric excitation was then a perturbation to plasma density. This zero-order (or oscillating
the background magnetic field which was approx- equilibrium) solution is not affected by the inclu-
imately uniform spatially, but periodic in time. sion of plasma pressure. It is also unaffected by
This perturbation to the background magnetic the resistivity term provided v/w,=< w,2a*/c?,
field then formed the new “oscillating equilibri- where v is the electron-ion collision frequency
um” whose stability properties were then exam- and ¢ and w,, have their usual meaning.

ined. Vahala and Montgomery constructed the Let us now calculate the threshold for the exci-
following equilibrium: tation of Alfvén waves by the modulation of the

equilibrium state. The ordering chosen by Va-

B, =1, B1+€Reexp(—iw,t)], hala and Montgomery allows one to consider Alf-

Po=Po[1 + € Re exp(- iwot)], v,=0, véeraves which propagate only in the direction
of B, and whose wavelength is long compared
where w, is the modulation frequency and € is a with the plasma radius. For simplicity we con-
small parameter measuring the percentage mod- sider waves polarized such that B, = (B,, 0, 0).
ulation of the uniform magnetic field and mean | Now taking the x components of Eqs. (1) and (2)
we obtain
v, B,dB 8B,
_x. 2025 - _n -
ot " 5= Po Relexp (- iw t)] TR Relexp(-iw,t)]—* ol (4)
9B _n 9B, 9B v
oot 3 - _1 .
TR B,—%=€B,Relexp(-iw t)] , (%)
where we have included only those terms which {
couple the modulation to the Alfvén waves. ble solution when the amplitude of the modulation
We now put Egs. (4) and (5) into the coupled- exceeds a threshold value given by
mode* * form using the selection rules w,~w, P T T R
+w, and k,=k, +k,, where k2,=0 and (w,,k,) and (3€)*(zwo)* =y 4 + (29 )%, 9)
(w,, k,) are the frequency and wave number of the where we have used the fact that w, =w,~w,/2.
two Alfvén waves we are investigating. The minimum threshold occurs for perfect
The Alfvén wave solution B, varies approxi- matching (¢ =0) and is

mately as Re expli(k,z — wlt)], where w, = Ik, IC, .
and C , is the Alfvén speed. The wave equation €min=Wol1/oC " (10)
obtained from Egs. (4) and (5) describing the cou- Well above this threshold the growth rate of the
pling of this wave to the second Alfvén wave B, two excited Alfvén waves is

and the modulation is

Y= €w0/8 , (11)
a.}il_n.b__kzczb*-tw : s :
YRt 2#0> g =24 p *e (6) which is the result obtained by Vahala and Mont-
2 gomery.!
where b,(?) is a slowly varying amplitude (com- Now consider the second possibility, i.e., the
pared with w,) given by B, (z,t)=b,(t)expli(k,z excitation of ion acoustic waves by the modula-
-w,t)] and ¢= w,—w, —w, Similarly, the equa- tion of the equilibrium state. In this case, it is
tion for the second Alfvén wave, obtained from the modulation of the average density which cou-
Egs. (4) and (5), is ples to the acoustic waves. Again we consider
o kb € B.2C .2 waves which propagate along the uniform mag-
<at +—22u-;>b =i —1-—5- b *e i ¥ (7) netic field. The wavelength of the excited acous-
“1 tic waves depends on the value of B (=2umn«kT, /
where b,(t) is the slowly varying amplitude of B?). The ion acoustic wave number £, must sat-
wave B, defined as for wave B,. (Note that w, isfy k;a~6B""%, where 6 is aw,/C , and has been
= |k,|C, and k,=-k,, from the matching condi- assumed to be O(e2),
tions.) Equations (6) and (7) yield the dispersion The equations required to describe this pro-
relation cess are the z component of Egs. (1) and (3).

@) [N.B.: We have added a phenomenological colli-
sion term to the z component of Eq. (1) in order
where y ,=k,%n/2,. This equation has an unsta- to simulate the damping of the ion acoustic mode. ]

(=@ +iy )@ +iy ) + (3€)°w,w, =0,
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We now proceed as for the previous case using
v, as the wave amplitude and calculating the per-
turbation to the two acoustic waves which vary
as v,, ~ Re expli(k,z — wg, £)] and v,,~ Re expli(k 2
- wgt)], where wg ,= Ik, ,lc,. The resulting
coupled-mode equations are

8 v € wow
_— - - —f— —0s2 * -1
(at+2>V1 i3 0o V,*exp(-ip,t), (12)

(%+§>V2=-i§%gi:k V,*exp(-ig,t),  (13)
where V , are the slowly varying amplitudes of
the acoustic waves v,, , defined as for the pre-
vious case, and ¢ =w, - wg —w,,, where we have
again used the selection rules w,~wy, +wg, and
0=k, +k,,; v is the phenomenological collision
frequency. (It is expected that the main damping
mechanism of the ion acoustic waves will be ion
and electron Landau damping.) The analysis of
Eqs. (12) and (13) proceeds as before giving as
the threshold for instability

(€/4Pwi=yE+ (@ /2), (14)

where y,=v/2. The minimum threshold is again,
for perfect matching (¢,=0),

Gmin=4ys/w0' (15)

The growth rate of the two ion acoustic waves
(one traveling in the +z direction the other in the
-z direction) well above threshold is given by

y = (€/4)w,, (16)

This process excites ion acoustic waves of fre-
quency w,/2 (the same as the Alfvén waves) but
usually with a much shorter wavelength than the
Alfvén waves, unless 8~ O(1).

In other parametric instabilities, where ion
acoustic waves are excited, only a small fraction
of the pump energy goes to the acoustic wave
(because of the Manley-Rowe relations). How-
ever, in the direct excitation we have described
the energy from the pump flows entirely to the
acoustic waves. (The competition for the pump
energy would be between different parametric in-
stabilities rather than the decay products of one
instability.) In view of this, the instability de-
scribed above could be an important plasma heat-
ing mechanism.

We now describe the subsequent decay of the
excited Alfvén waves into another Alfvén wave
and an ion acoustic wave. For a low-f plasma
this process produces a long-wavelength, low-
frequency, ion acoustic wave, compared with the
ion acoustic wave excited directly. The decay of
an Alfvén wave in the manner described was first
analyzed several years ago by Galeev and Oraev-
skii.® However, they gave only the initial growth
rate whereas we shall calculate the threshold
both for the decay instability and a purely grow-
ing (or modified decay®) instability which is a
magnetic analog of the oscillating two-stream
mode.”

We again obtain coupled-mode equations for
the nonlinear interaction of Alfvén and ion acous-
tic waves, giving the dispersion relation

(R+06+i7,)(2=0+iy,) (2 -w2+2iy,Q)+Kb/w, =0, 17)
where

K=k |k, R 2C 52 |0,12/4poty, Vo=k2N/ 21y, O=w, —w,, N=w-5,
and where we have taken the usual selection rules. In order to satisfy these relations for Alfvén and
ion acoustic waves we have taken k, >0, k,>0, #,<0; and w, ,  are all positive. The amplitude of the

Alfvén wave (a standing wave) excited by the modulation of the equilibrium state is denoted by 5,. We
have therefore taken our pump wave b, to be

b,@z,t)=Re{b, expli(k,z - w, )] +b, expli(k,z + w, t)]};

w, and k, are the respective frequency and wave
number of the excited Alfvén wave and v, is its and
damping factor. Equation (17) is exactly the form
of Nishikawa’s model dispersion relation.” Us-
ing his result we can immediately write down the
minimum thresholds for the purely growing and
decay instabilities, respectively,

K, =4w,w,y,¥,(1 —y2/4w?), (19)

where Eq. (19) is only valid for y, <w,. The
threshold for the decay mode is lower than that
for the purely growing or modified decay insta-
bility.

K, =20 w,v, (18) The threshold for the decay of the excited Alf-
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vén wave can be written in terms of 1b,1/B,. If
we compare the threshold value of this quantity
with the minimum threshold for the initial exci-
tation of the standing Alfvén wave, we obtain

bel/EBo~ (chs/cA'Vz)Uz-

If B<<y,/vs, then the excited Alfvén wave will de-
cay at a much lower value of |b,!/B, than the ini-
tial amplitude of modulation. In this case the de-
cay of the Alfvén wave into another Alfvén wave
and an ion acoustic wave will be an important
saturation mechanism for the original Alfvén in-
stability. Comparing the threshold values of €
required for the excitation of Alfvén waves and
the direct excitation of ion acoustic waves, Egs.
(10) and (15) show that the Alfvén threshold is
much lower. However, if € is well above both
thresholds then we can see from Egs. (11) and
(16) that the ion acoustic growth rate is double
that of the Alfvén instability.

We have also considered the spatial dependence
of these two instabilities. In both cases the two
excited waves travel in opposite directions and
both instabilities are absolute. Also, in both
cases, the pair of excited waves have equal and
opposite group velocities. If we follow the anal-
ysis of Kroll,® it turns out that both cases are
absolutely unstable for any value of the interac-
tion length L, i.e., there is no critical length!
(N.B.: This result is only true for a uniform
plasma.)

Summarizing the main results of this Letter
we have shown that by modulating the background
magnetic field sinusoidally in time both Alfvén
and ion acoustic waves can be excited. We have
calculated the threshold values for the percent-
age modulation of the magnetic field for these
two cases. For a low-B8 plasma the ion acoustic
waves excited will have very short wavelength in

comparison with the Alfvén waves. In addition,
the ion acoustic instability may be an effective
method for heating a plasma since the pump en-
ergy flows entirely to the acoustic waves. Pro-
vided T,>T; in the experiment of Lehane and
Paoloni,? the acoustic waves should have been
produced in their experiment. Both the Alfvén
instability and the ion acoustic instability have
been shown to be absolutely unstable. In both
cases there was no critical length. Finally, we
have calculated the threshold value of the ampli-
tude of the Alfvén wave excited for further decay
into another Alfvén wave and an ion acoustic
wave. The ion acoustic wave excited in this de-
cay has a wavelength comparable to the Alfvén
wave.

An extension of this work to two dimensions
will be forthcoming. This will be more readily
comparable with experiment and may also be of
relevance to experiments on transit time mag-
netic pumping.
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