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I analyze Graham's theory of the threshold region of the convection instability in a fluid
layer heated from below. I consider the situation where vertical boundary walls insure
that a single spatial mode dominates in the threshold region. Equilibrium properties and
the temporal correlation times for both the amplitude and intensity of that mode are pre-
sented.

In an incisive analysis, ' Graham has introduced
a generalized thermodynamic potential which gov-
erns the stability, the dynamics, and the fluctua-
tions in a fluid layer heated from below near the
onset of convection. Graham's formulation incor-
porates both fluctuating forces and the relevant
nonlinearities of the hydrodynamic equations to
describe the appearance of finite-amplitude con-
vection at the Bernard point. With this theory we
can understand the detailed dynamics of fluids
for Rayleigh numbers in the immediate neighbor-
hood of the critical Rayleigh number which marks
the abrupt appearance of convection in the linear
theory. ' In this note I apply Graha, m's theory to
the experimentally realistic situation of convec-
tion in a fluid layer enclosed by rigid vertical
walls. I present detailed results on the equili-
brium and dynamic behavior of the fluid through-
out the convection threshold region.

For experimentally realizable convection cavi-
ties, the horizontal dimensions are much smaller
than the correlation length of fluctuations near
the Bernard point. Thus the rotational and trans-
lational symmetry in the fluid plane is effectively
broken. To analyze the spatial dependence of the
fluid flow one must then calculate the normal
modes for the particular geometry of the convec-
tion cavity. ' While the details of such a. calcula-
tion are indeed complex, the general features
are clear. For example, in a rectangular cavity,
rolls parallel to the short wall with a wavelength
near the critical wavelength (for the infinite-lay-
er problem) suffer the least damping. Thus by
properly choosing the dimensions of the experi-
mental cavity, one can insure that one normal

mode dominates in the threshold region. It is
just this one-mode case I investigate.

With the spatial dependence of the convection
determined from the normal-mode analysis, only
the amplitude, w, of that normal mode remains
as a fluctuating quantity. Thus Graham's func-
tional Fokker-Planck equation reduces to an or-
dinary Fokker-Planck equation' for the probabili-
ty density, Qw), of that one stochastic variable:

eg a eC ag—=-IW=——g +-
~w Bw Bw

where 4= w'/4 —aw'/2; w measures the ampli-
tude of the flow in units' such that the vertical
component of the fluid velocity is v, (x,y, z) =wU,
x+(x,y, z), with vo= (9Q/4rVP2)'"(v/f);

a = [ao]z = [(9m'/2P) (V/Q& )'"](B—8,) /ft,

measures the deviation from the critical Ray-
leigh number; i' measures the time in multiples
of [3(V/Qr)'"(1+P)/P](P/v); 4(x, y, z) gives the
spatial dependence of the relevant normal mode
and is normalized so that f4(x, i', z)'dV/V=1; and
r = J+(x,y, z)'dV!V~ 2 is the only quantity which
depends on the details of the normal mode (the
integrals extend over the entire convection cavi-
ty volume, V).

The equilibrium solution to the Fokker-Planck
equation is

Wo(w) =%exp(- 4) =X exp(- ll' !4+aw /2), (2)

where X normalizes the integral of So over all w

to unity. The mean intensity (I) (I =w'), the size
of its fluctuations, (&I') (&I = I —(I)), and the
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FIG. 1. Equilibrium properties as a function of
threshold parameter a: mean intensity, (P =(m ) (upper
right-hand seal—five times the upper left-hand scale);
mean absolute amplitude, (Ill) (lower right-hand scale);
and intensity fluctuations, (nI ) tupper left-hand scale).
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FIG. 2. Amplitude fluctuation times as a function of
threshold parameter a. T . is the correlation time.
T * measures the initial slope of the correlation func-
tion.

mean absolute amplitude (lw i) can be determined
from lV, by direct integration. Their values in
the threshold region are given in Fig. 1. The ap-
proximations (I) = —1/a, (dd') =2/a', and (lwI)
=1/(-a)" are valid far below the convection
threshold (a «0). Far above threshold (a»0),
(I)=a, (dI') =2, and (lwl) =a'" become valid ap-
proximations.

The temporal correlations in the fluctuations
can also be calculated from equilibrium aver-
ages. ' The initial derivatives of the correlation
function (w(t)w(0)) can be expressed in terms of
equilibrium averages, '

[d"(w(t)w(0))/dt" ]t, ,)
= Jdw w(- L)"wW(w), (3)

where L, the differential operator given in Eq. (1),
acts on everything to its right and the integra-
tion extends from minus to plus infinity. Since
these initial derivatives form a Stieltjes series,
one can approximate the correlation functions as
a finite sum of exponentials (chosen so that the
initial derivatives of the sum match the exact ini-
tial derivatives); one obtains thereby rigorous
upper and lower bounds to the correlation func-
tion to any desired degree of precision. The ef-
ficacy of such an analysis has been noted', a
more detailed discussion will be presented else-
where. A similar analysis applies to the inten-
sity fluctuation correlation function, GI(t)hI(0)).

The correlation time for amplitude fluctuations,

T = J, (w(t)w(0)) dt/(I),

is directly proportional to (I) far below thresh-
old and grows like'

dx t "dy exp[(y' x') /4-—a(y ' —x~) /2]

= v exp(a'/4)/2" 'a

far above threshold. Its behavior in the thresh-
old region is given in Fig. 2. The time scale de-
termined by the initial slope of the correlation
function,

T * = —(I)/[d(w(t)w(0))/dt] t, „,
is exactly proportional to (I). We get a more in-
tuitive grasp of the difference between T„and
T,* if we view the decay of the correlation func-
tion as consisting of two stages. First (w(t)w(0))
decays to (lw I)' on the time scale it takes for the
random variable to move toward a local mini-
mum of the potential 4. Next the correlation
function decays to zero on the time scale that ~
fluctuates to -zo. T * is sensitive to the first of
these stages, while T reflects both. Below
threshold, there is only one minumum of @' at
~ = 0, and the time scales of both states are com-
parable: Thus T and T * are coincident. Above
threshold there are two minima of the potential
4 at u =~a'". T ~ reflects the comparatively
short time necessary for se to reach a local mini-
mum, while T is dominated by the very long
time needed for jumps over the large potential
barrier between w =+a'" and w = —a'" (the time
between spontaneous reversals in the sense of
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FIG. 3. Intensity fluctuation times as a function of
threshold parameter a. Tz is the correlation time. Tz~
measures the initial slope of the correlation function.

rotation in the rolls).
The correlation time for intensity fluctuations,

T, =1"(~f(t)~f (0)) dt/Qe'),

is shown in Fig. 3 for the threshold region. Out-
side the threshold region, 1/lal is a valid approxi-
mation. The time scale determined by the initial
slope of the correlation function,

T,+ = —(Sf')/[d(~I (t)af (0))/dt]t, „,
is also shown in Fig. 3. The near equality of Tl
and Ti* indicates that the decay of the correla-
tion function is well represented by a single ex-
ponential.

Many aspects of these results reinforce the
analogy between the appearance of a dissipative
structure' (the convection cells) in this system
far from thermal equilibrium and the onset of a
phase transition in systems in thermal equilib-
rium. The fluctuations grow rapidly and slow
down (see Figs. 1 and 3) as threshold is ap-
proached. A symmetry breaking also occurs at
threshold. The large magnitude of T above
threshold reveals that the microscopic symmetry
between positive and negative w (the sense of ro-
tation in the rolls) is effectively broken on a mac-
roscopic scale. Moreover, since the size of the
transition region is exceedingly small by mac-
roscopic standards, the dissipative structure,
like a phase transition, appears abruptly at the
critical Rayleigh number.

The physical size of the effects described above
is determined by the scale parameters v„ fo,

and ao [defined following Eq. (1)]. The magnitude
of the convection velocity is given by ~'„while
to gives the time scale of the fluctuations. The
value of ao ' gives the size of the threshold re-
gion in terms of &, the fractional deviation of the
Rayleigh number from the critical Rayleigh num-
ber. Thus a, ' determines how precisely one
must regulate the thermal gradient to investigate
the threshold region. For acetone at 20'C, in a
cavity 1 mm thick and 25 mm' in volume, ' one
obtains F0=1.4X10 ' cm/sec; to=1.2X10' sec;
and a~"' =6.6&10 6. These values are typical of
normal fluids and suggest that a detailed experi-
mental investigation of the threshold region is a
demanding task. Nevertheless, a clever experi-
menter may find a way to reveal these interest-
ing phenomena.

It is a pleasure for me to acknowledge my debt
to Robert Graham both for sending me the results
of his research prior to publication and for sub-
sequent illuminating correspondence. I am also
grateful to J. B. Lastovka for many valuable dis-
cussions of the Bernard problem and, in particu-
lar, for discussions of his experiments on the
Bernard instability. I am indebted to Bell Tele-
phone Laboratories, Murray Hill, for their kind
hospitality for a portion of the time during which
this research was done. I wish to thank, in par-
ticular, Andrew D. Hall, Jr. , for insights into
the algebraic computer calculations using
ALTRAN.
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See, for example, S. H. Davis, J. Fluid Mech. 30,
465 (1967). Far above threshold, the nonlinearities in
the hydrodynamic equations alter, of course, the flow
pattern from that given by the normal-mode analysis of
the linear equations. In the threshold region, the prin-
cipal effect of the nonlinearities is to limit the ampli-
tude of the Qow. In any case our analysis is not pre-
dicated on the exact nature of the normal-mode analysis.
We only require that some single normal-mode describe
the spatial dependence of the flow pattern; the validity
of this hypothesis is an experimental fact.

This Fokker-Planck equation differs from the laser
Fokker-Planck equation in that the stochastic variable
zo is a single real number in the range minus to plus
infinity. The analog of the laser phase symmetry (in-
variance under translations in the plane of the fluid lay-
er) is destroyed by the presence of the vertical walls.
For a discussion of the laser Fokker-Planck equation
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have altered the scales of ~ and t as noted in the text.
%'e also characterize the deviation from threshold by a,
which differs from Graham's &. We repeat Graham's
notation for the reader's convenience: Rayleigh num-
ber R =gP&T/ /vx; Prandtl number P = v/x; Q = x (Q ~

+Q&)/(1+P); Q&=gpkT/pC&v 4T; Q&=kT/pv &; E and V,
thickness and volume of the convection cavity; DT, ex-
ternally maintained temperature difference between the
top and bottom of the convection cavity; T, average
f1uid temperature; (the following Quid properties have
their value for acetone at 20'C given in parentheses) p,

density (0.79 gm/cm ); C&, specific heat (2.18 J/g mC
deg); P, volume expansion coefficient (0.0015/C deg);
x, thermometric conductivity {1.04' 10 cm /sec); and
v, kinematic viscosity {4.11x10 ~ cm~/sec). The accel-
eration of gravity is g and Boltzm~»'s constant is k.
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8R. Graham, private communication. This is an ex-
pression for the spontaneous reversal time.

See, for example, P, Glansdorff and I. Prigogine,
Thermodynamic Theory of Stnccture, Stability, and
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Neutron inelastic scattering at a momentum transfer of about 15 A ' has been used to
measure the scattering 1aw ~(Q, ) with high accuracy for He at 1.2 and 4.2'K. At this
momentum trsnsfer the impulse approximation is nearly valid and momentum distribu-
tions for 4He can be determined direct1y from the data. The momentum distributions for
the two temperatures show features not previously observed and provide new information
to compare with theoretical results.

When neutrons are scattered with a sufficiently
high momentum transfer Q from a material, the
scattering may be thought of as taking place from
individual atoms and collective effects have little
importance. For most materials the value of the
momentum transfer Q needed to be in the single-
particle regime is prohibitively high; however
for liquid 4He, a material of extreme interest,
the value of Q necessary is about 15 A ', making
experiments difficult but possible with neutrons
available from a reactor. ' ' Two prior experi-
ments have been performed on 'He with momen-
tum transfers of this magnitude, the first by Har-
ling' with a time-of-flight technique and the sec-
ond by Nook, Scherm, and Wilkinson' with a
triple-axis spectrometer. The 'He momentum
distribution n~ depends on the derivative of the
scattering distribution and the experimental data
must have high accuracy and resolution to obtain
a satisfactory result for n~. Harling's data were
of sufficient accuracy to obtain bulk quantities
such as the average kinetic energy for the helium
atoms but were unsuitable for extracting detailed
information like n~. The Nook, Scherm, and
Wilkinson experiment concentrated around the

peak of the scattering distribution in order to ob-
serve Bose-Einstein condensation and was of
high accuracy in this region. However the data,
in the tails and part of the sides of the scattering
distribution were not of sufficient accuracy to
produce a reliable n~. The data presented in this
paper are of sufficient quality for the entire scat-
tering distribution that detailed information about
n~ is available for the first time.

n~ has been determined for two temperatures,
4.2 and 1.2'K. Both distributions show surpris-
ing structure and give information about 4He that
was not previously available. The 1.2' distribu-
tion exhibits a peak of 0.2 A that is clearly in-
dicative of Bose-Einstein condensation. The re-
mainder of the distribution shows structure that
has not been observed in previous calculations
for n~ and thus suggests that more refined theo-
retical work is necessary. The data at 4.2'K
show a large hump at a momentum of 2.25 A '
which is in the roton region of the excitation
spectrum. If a connection is made between the
excitation spectrum and n~, one is led to the sur-
prising conclusion that rotons persist as distinct
excitations at temperatures up to twice the tran-


