VoLUME 32, NUMBER 20

PHYSICAL REVIEW LETTERS

20 May 1974

Proton Magnetic Form Factor in Asymptotically Free Field Theories

A. De Rfijula*
Lyman Labovatory of Physics, Havvard University, Cambridge, Massachusetts 02138
(Received 26 March 1974)

Asymptotically free field theories of the strong interactions make specific predictions
for the breakdown of scaling in deep inelastic electroproduction. I propose to use the
Bloom~-Gilman local duality connection between inelastic structure functions and elastic
form factors to predict the high-g® behavior of the magnetic form factor. The results
agree with experiment but are not a conclusive test of asymptotic freedom.

Two virtues of asymptotically free gauge field theories of the strong interactions® are that they are
not free field theories and that they make predictions which are not asymptotic. The prediction! for
inclusive electroproduction is that the fixed-¢g* moments of the structure functions decrease logarith-

mically:
1 2 /a2y \=a,?
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The exponents d,’ are explicit model-dependent functions of n. The unknown coefficients A4, conceal
our ignorance of strong-interaction dynamics. The quantity A? sets the scale, and is a free parameter
to be determined by experiment. Equation (1) is correct to first order in renormalization-group—im-
proved perturbation theory. For it to be a good approximation the reference momentum transfer g,
must be large enough for the running coupling constant g to be small.? If the model of strong interac-
tions is color SU(3) with three quartets of quarks,® the effective expansion parameter is
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For ¢?/A*2 5, the right-hand side is 0.3 and one
can expect perturbation theory to start making
sense. We restrict ourselves to this twelve-
quark model in what follows. This is no great
loss of generality, since the results will depend
much more on the arbitrary parameter A than on
the group-theory details (as long as asymptotic
freedom is maintained).

The available experimental information on elec-
troproduction? does not extend over a large
enough range of ¢2 for the logarithmic effects of
Eq. (1) to be significant. On the other hand, the
elastic magnetic form factor of the proton is
known with precision over a larger range (up to
q® =20 GeV?). We propose, as an indirect way of
hunting the logarithm, to use the local duality
hypothesis of Bloom and Gilman® to predict the
high-¢? behavior of the elastic form factor from
the expression, Eq. (1), for the structure func-
tion.

Bloom and Gilman, carrying the spirit of finite-
energy sum rules to its extreme, propose the
following connection between the conventionally
defined F, structure function and the elastic form
factors®:

S rtas way (dx/ 2 )F,(x,4?) = G3(g?), 3)

(¢%/A? large). 2)

where x is the “improved” scaling variable
x=q*/(g* +W?), (4)

and W, is some fixed value of the final hadron
mass, close to the pion-nucleon threshold. The
form factor G(¢?) is related to the familiar® mag-
netic form factor via

“-2 +q2/4m2

) g ram

G’(4?), (5)
where p is the nucleon magnetic moment, and
we have used the “form-factor scaling law”

G u(4*)=Gg(q®). We are concerned with large ¢2,
so that reasonable deviations from this law are
irrelevant, and G, ~G.

To predict the form factor via Eq. (3) it is
enough to know the threshold behavior (x-1) of
the structure function., The predictions of asymp-
totic freedom are particularly simple in this re-
gion. The large-n moments of F(x,q,?) at a mea-
sured ¢, are sensitive only to the behavior of
the structure function near x=1. Conversely,
the reconstruction of F(x,q?) near threshold from
its moments [as predicted by Eq. (1)] only re-
quires the knowledge of the high-7 moments. In
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the model we are considering, and for high n, the dominant’ moments are simply*

d,~£1n(n +2),

(6)

an approximation which is already better than 5% at n=6. Let a, be the leading power behavior of

F,(x,q7) as x~1:

lim F,(x,q,%) = a(l = x)%o,
X =1

(M

We now compute from Eq. (1) the leading power behavior a = a,+ 6a at a slightly higher ¢*= g2+ 6¢°.

This is simply done by writing

I(ag)= ['%"(1 = x)*dx=nIT(a,+1)/T (2 +ay+2), (8)
- _ agesa g, nIT(@g+0a+1) [ln(qz/Az):,'d"
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and comparing the two expressions for I,(a) at some large finite n. Using the moments of Eq. (6),
we find
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In practice this approximation turns out to be excellent over a wide range of ¢?.> Combining Egs. (3),

(5), and (10), we obtain
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where g, is chosen to normalize® G at ¢% = q;2.
The asymptotic behavior of the form factor is of
the form (Ing?)~1"?2 10

We know from the electroproduction data that
some sort of approximate scaling has already
set in at ¢ =5 GeV2, We choose this to be our
reference point ¢,2, and proceed to compare Eq.
(11) with the proton data. In so doing, three re-
marks are in order.

(i) The sensitivity of Eq. (11) to reasonable
changes of W, in the vicinity of the pion-nucleon
threshold is very small for ¢*>5 GeVZ. We
choose W; to equal the mass of the first pion-
nucleon resonance, the value advertised by
Bloom and Gilman.

(ii) Equation (11) is very sensitive to the pres-
ence of the 6a term predicted by the asymptoti-
cally free theories (6a =0 for exact scaling).

(iii) For the success of an eventual fit to be at
all meaningful, it is necessary that the error in
the input @, be considerably smaller than the
slowly varying function 6 in the ¢ range under
consideration. In the example below, 0< b«
<0.30. The form F,(x)=a(l — x)*0 provides a
good fit to the Stanford Linear Accelerator Cen-
ter—-Massachusetts Institute of Technology (SLAC-
MIT) data® for 1>x>0.5 and values of ¢* of the
order of 5 GeVZ2. The result (a,=3.004+0.009)
justifies our analysis.

In Fig. 1, we compare Eq. (11) to the data,
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FIG. 1. Magnetic form factor of the proton normal-

ized to the dipole fit. Comparison between the predic-
tion of Eq. (11) and the data (Ref. 6).
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normalizing both to the usual dipole fit
D(q?)=[1+4/(0.71 GeV?)| " 2p.

Predictions are shown for different choices of
A2, The meaning of A? can be read in Eq. (2) that
relates it to the effective perturbation-theory ex-
pansion parameter. A value A>=1 GeV? (0.2 GeV?)
corresponds to scaling being approximately true
(to within ~30%) at ¢2=5 GeV? (1 GeV?).

The agreement of the data and the prediction
is satisfactory. We can safely state that there
is no contradiction with the combined hypothesis
of asymptotic freedom and strong local duality.
Unfortunately, we cannot conclude that the loga-
rithmic deviations from exact scaling predicted
by asymptotically free theories have been ob-
served, since we rely so heavily on the Bloom-
Gilman hypothesis.

With A2 known, we can predict the deviations
from scaling in high-¢? electroproduction. For
instance, the structure function F,(x=0.2, ¢*
=40 GeV?) would be down relative to its value at
¢* =5 GeV? (¢?=1 GeV?) by an amount of ~10%
(40%) for A2=1 GeV? (0.2 GeV?).

I am indebted to S. L. Glashow and H. D. Polit-
zer for very useful discussions, and to L. R.
Sulak for his help in analyzing the SLAC-MIT
data.

After the completion of this work we learned
that D. J. Gross and S. B. Treiman have recently
treated the same problem.
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The breakdown of Bjorken scaling in asymptotically free gauge theories of the strong
interactions is explored for its implications on the large-q® behavior of nucleon form fac-
tors. Duality arguments of Bloom and Gilman are invoked to relate the form-factor be-
havior to the threshold properties of deep inelastic structure functions. For very large
q2 the form factors are predicted to fall faster than any inverse power of ¢°.

In a recent paper’ by one of us the breakdown
of Bjorken scaling was investigated in the context
of asymptotically free gauge theories of the strong
interactions.?® An asymptotic extrapolation for-
mula was obtained that expresses the deep in-
elastic structure function F,(w, ¢% at one value
of ¢° in terms of the function F,(w, ¢’?) at another
value, ¢’?, of the momentum-transfer variable

—vprovided both ¢® and ¢’ are large enough to be
in the “asymptotic” region. It was shown that
deviations from scaling are expected to be es-
pecially large in the vicinity of threshold [w =(2v
+m?) /q*~1].* Here we wish to explore the con-
sequences which this breakdown of scaling would
suggest for a related topic: the ¢ dependence

of elastic and transition form factors of nucleons.
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