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A spinning neutron star surrounded by a magnetosphere is widely accepted as the basic
pulsar model. We have obtained a self-consistent numerical solution for the case when
the rotation and magnetic axes are aligned. The field lines close even beyond the light ra-
dius Rl, and with Crab»pulsar parameters 5& 10 erg/sec are carried away by relativis-
tic particles. An equatorial region of high-energy density is found near R& which could
be the region of observed radio emission.

The assumption of a conducting neutron star' and an imbedded magnetic field fixes the star boun-
dary conditions for the electromagnetic field. There is more freedom in the choice of the equations
describing the particle motion in the magnetosphere and the appropriate physical boundary conditions.
%e have chosen relativistic fluid equations to describe the average particle motion, and they together
with Maxwell's equations form the following closed set whose self-consistent solution should describe
the behavior of the magnetosphere:

Bn, /Bt= —V (nv), +rtV'n, , B(mnv), /Bt= —V (mnvv), +en, (E+c iv, xB)+rtV'(mnv). ,

c 'B]3/8 t = —V x E, c ' BE/9 t = V x 8 —4se[n, v, —n v —t)V (n, - n ) ] /c.
The subscripts + refer to the positively and neg-
atively charged particles, n and v are particle
density and velocity, and the relativistic mass is
m=m, y. The same absolute charge t. =4.8x10 "
esu has been assumed for both particle species.
The artificial diffusion term qV n in the continu-
ity equation and the corresponding terms in the

other equations are small (rt=lo 'Ri'0, where
Ai = c/0 is the light-cylinder radius, c the speed
of light, and 0 the angular velocity) and have
been introduced to improve numerical stability.
The pressure term has been omitted from the
momentum equation because it is either small
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compared to the Lorentz-force term or small
compared to the inertial terms.

For the inner boundary conditions it is assumed
that, depending on the sign of the normal compo-
nent of the electric field, either positively or neg-
atively charged particles are emitted, with a ve-
locity proportional to b(E b), where E is the elec-
tric field and b the unit vector in the direction of
the magnetic field B. Any particles striking the

inner boundary are absorbed. Vacuum conditions
are assumed to apply to 8 on the outer boundary
at R, =4R~, and the radial velocity condition

v„'(R,) ~ 0 is required of both species of particle.
For convenience the inner boundary is taken at
R, = 0.2R~; and, provided the magnetosphere
there is a good conductor, the same boundary
conditions can be used for the fields as if the

boundary were on the star surface. The particle
density on the inner boundary is taken close to
the values corresponding to the solution of an

equivalent perfect-conductor problem, i.e. ,

n = (4wec) 'V ~ [r x Q) x B]

at r =R,. In order to allow for possible unsteady
flows, the initial conditions assume the star at
rest in a vacuum surrounded by a dipole magnetic
field. The star is then put into rotation around the

dipole axis, its angular frequency increasing lin-
early with time until a final value is reached:

&u(f) =Qt/T for 0 ~ f ~ T,

=0 for t &T.

This is reflected in the boundary conditions for
the electromagnetic fields on the inner boundary,
which in spherical polar coordinates become

B„(R,) = B~(R~/R, )'2 cos 6', E~(R, ) = 0,

E (R ) = —w(t)B„(R )R sin8,

where B~ =Be(R~) Equati. ons (1) have been solved
numerically as a function of time using a spheri-
cal polar mesh of typically 20&& 200 mesh points
and a leap-frog explicit finite-difference scheme.
The time step ht was such that. 600ht = 7. and
8004t = T, ~here 7 is the final steady period of
rotation T =2m/Q. Typically, the region of com-
putation was 0 ~ 6 ~v/2 and 0.2R~&r ~4R~. As-
suming values of B~ of up to 10' 6, the equations
could not be solved numerically for the actual
electron and ion rest masses. The rest masses
m, for both particle species were therefore given
increased and equal values for the purposes of
the calculation, but subject to the condition that
the inertial terms were, on average, not more

than 5%%uo of either of the two almost-canceling
terms in the Lorentz force in regions where the
relativistic factor y = [1—(v/c)'] "' ~ 2. Specifi-
cally, we make m, a function of space according
to m, = (a/Q)eBe/e with o = Q(eB e/m, c) '=0.05.
The effect of this choice can be illustrated by the
error it produces in the radial component of the
electric field on the equator. In a steady state,

m,yv„'/er+E„+v Be/c= 0.

Inserting the exPression for m, we find E„=(rQBe/
c)(l —ay). Similar estimates can be made in

other regions of space and one finds that the dif-
ference between values given by our equations
and those obtained by solving E+vx 8/c = 0 is
around 5%%uo for y =1. The latter equation, however,
is not valid beyond r =R~, while the accuracy of
our equations improves with increasing y, the
least-accurate region being that where 2 ~y ~ 5.
Since the results indicate particle energies up to
10"eV, the errors introduced by our "large*'
mass are small compared to assuming negligible
inertial terms beyond R~. In this way the model
has become independent of R~ and B~, provided
B is not too low.

The pattern of flow reached at one rotation pe-
riod past the end of acceleration (t = T+ r) is
shown in Fig. 1. While the "polar" particles [neg-
atively (positively) charged if the angular fre-
quency vector is parallel (antiparallel) to the
magnetic moment] are seen to follow the "field
lines" B„e= a„B„+XeBe, the "equatorial" parti-
cles cross them beyond R~ and to a smaller ex-
tent for r & R~. This seems unavoidable since
the last field line which closes within R~ and de-
limits the corotating "quiet zone'~' connects to
the inner boundary in the negatively charged re-
gion as can be seen by comparing Fig. 2 with Fig.
3, Note that the dividing neutral line is 10' clos-
er to the equator than the 8= 55' line which would
obtain for a perfect conductor, while the charge
densities are fractionally lo~er than the perfect-
conductor values. It is also found that the radial
velocity on the equator increases from virtually
0 at 0.8R~ to 0.5c at 1,2R~, while the azimuthal
velocity t'~ is greater than rQ up to r =0.95R~
where it reaches the maximum of 0.95c, In con-
trast, the "polar" particles are being accelerated
more gradually, i „ increasing approximately as
i, = 0.5cr/R~ which incidentally results in n(0= 0)
-1/r', as in the perfect conductor case, except
that the falloff is sharper for small r, and as a
consequence the densities beyond r =0.5R~ are
down by a factor of 4 on the perfect-conductor
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FIG. 1. Flow patterns for (a) "polar" and (b) "equatorial" particles at time t =T + T presented as projections of
the respective velocity fields onto the r Bpla-ne. The arrows are given by 0„e——(0.125/c}(a„v„+aeve), and the empty
regions signify zero densities. Here a„and ae are coordinate-system unit vectors.

values.
We find that the flow patterns are almost steady

in the polar and equatorial regions and that the
fluctuations in the total particle fluxes between
Ri and 3R~ are less than 15%. There are, how-
ever, oscillations around zero radial motion in
the equatorial "quiet zone" and the region close
to the neutral (zero charge) line appears to be
unsteady. It is not yet possible to say whether
this is a permanent feature, but the fact that the
magnetic field lines cross the neutral line at a
rather large angle may require flows across the
field lines, which implies a nonzero E~ and the

lack of a steady solution. While the existence or
nonexistence of a truly steady state remains to be
proved, the mean values around which oscilla-
tions occur have been established, The flows
beyond A~ appear particularly steady, thus enabl-
ing us to determine particle and energy fluxes.
We find that with 0=200 and B~=10'G (Crab pul-
sar parameters, apart from uncertainty in Bi)
that a total of 2 x 10"particles/sec cross the out-
er boundary, and the energy loss is 5&& 10~ erg/
sec. The magnetic field is twisted in the p direc-
tion in accordance with the corresponding torque.
The maximum energy of the equatorial particles
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FIG. 2. Field lines of B„~=a„B„+a&&0at t=T+ 7..
These are shown rather than the projection of the field
lines of 8 in order to facilitate comparison with Fig. 1,
since the origins of the projected velocity vectors all
lie in a y = const plane. Dashed lines, static magnetic
dipole field lines corresponding to the magnetic induc-
tion field B at t=0.
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FIG. 3. Contours of charge densities in the &~ plane.
Solid and dashed lines refer to the signs of charge cor-
responding to the "equatorial" and "polar" species,
respectively. The numbers beside the contours are in
particles/cm .

1021



UMBER 18VOI.UME )2, N LETTERSAL REVIEWPHYSICA

art romf m providing 5x ]0~7

db thb nebula as requjr
odel

18 e
articles o

nclude
t 'b ted among p

e would conc
trs u

I evidence one
s. Fi-

on 0
atorial par ticles ar s.

ed in a thantat
1ring 0 I.&

h t I-etic leof the fac
li ht radius, t e lu-gopen a or
result of our cornd important re

ar axis is foun
sive an i

along the polar '
nhe otential drop a

st up to the ou erbe relatively sm
I ulation. There '

to

lt do ot d
b h t' 'tial conditions uantly on the in& i

xam ination,
C

its a more
ra olate all of t eentire y s

blique one,r arallel -rotator m
into accoun

eems plausi ei " e latter i see
of

ra i
ring should ege

th S i 8
ensity.

e ' esearchrateful to e ' e
d its Atlas Compu e

excellent computingaking available exce

till iver 20
.00.50.502.

as a function of
e 0 2Rz -r-2. 2Rz

.sit surface as a
rdinates in the range 0the polar coordina

The maximum ls. ':.,I-.s to 2.8x 1correspon s

31 (1968).ld, Nature (Lonndon) 218, 73
J. Pethick, and D. 'n, e2G. Baym, C. J. e ', . n

).don
Annu. Hev. As ro .. H,uderman, Ann .M.

h s. J. 157,
427 (1972).

Julian, Astrop y .4P. Goldreich and%. H.
869 (1969)

149 (1971).Lo
~

. 157,
P ini, NatureF. ac' ',

Astrophys.7 . P. Ostriker an

unn and J. P. s
728 (1969).

~V. G. Endean and J. E.
348 (1970).

1 (1955).'OA. J. Deutsch, Ann.

merwhich equalsera e energy w

d not
t avis about wx

r 8=2m or
ur aver-

RI.
article mas,s we es lm

a
d been the

age energy
'isont e

f th t e particle mfactor of 2.
ht have been g

' e
btt c Ir mig

C
ecause of be e

e al term. e " ar
R region bec

m
g

1

2 or-u b them is down y
I.tude. Th

iooft ee

bula Since the"or thene a ' et f tthe way o
main ac

field un er s

A view of the
face is s

of th lt
energy-

t'c neutronthat pulsars are agn
are the im

th
eetlc
r sur ace,f e0 Go th tr -Bxl

uum rota-
1' ht radius or

one could say athat the res Ittor models~, one

1022


