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As noted previously, ' the RDF of the random
network gives good agreement with those obtained'
for amorphous Si or Ge. As is the case, the
peaks in G(r) for the model (Fig. 3) are expected
to be sharper than those shown for amorphous Si
since the experimental G(r) for Si includes broad-
ening due to the-rmal, experimental, and mathe-
matical:-effects. Significantly, the widths of the
second peaks, which depend on bond-angle distor-
tions, are similar when thermal and other broad-
eniI1g effects are rem. oved. '

That region of the RDF of the model between
the second and third major peaks is of special
interest since the Si RDF of Moss and Graczyk4
shows a small relative maximum at an r about
twice the value of the maximum of the fir.si peak.
Because of the limited size of the model, the
statistical fluctuations which 'are readily evident
in Fig. 1 make it difficult to determine whether
the model exhibits thi. s behavior. Figure 2, how-
ever, suggests that the model may have a simi-
lar behavior while the G(r) of Fig. 3, since it

includes the term [p(r) —p, ], magnifies the sta-
tistical fluctuations. From Fig. 2 it is clear,
however, that the dip between the second and
third major maxima will be different than that
between the first and second or between the third
and fourth.

The coordinates and identification of the first
neighbors of the atomic positions comprising the
model are available on an individual basis from
the authors.
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The effect of crystal-field levels on the elastic constants has been measured for the
singlet ground-state system PrSb. The results can be accounted for quantitatively.
Elastic-constant measurements in double-hexagonal close-packed Pr reveal also
strorg crystal-field effects.

In rare-earth compounds the ground-state mul-
tiplet of the rare-earth ion is split typically of
the order of several hundred wave numbers by
the crystal field. The effect of these split levels
on thermal, magnetic, and electric properties
is well documented. ' In this communication we
would like to show the effect of these crystal-.
field levels on the elastic constants for the case
where the lowest level is a singlet state. We
show experimental results for two representa-
tive samples: PrSb, where the crystal-field ef-
fects dominate exchange effects, and double-hex-
agonal close-packed (dhcp) Pr, where the ex-
change is not negligible. This is the first time

the effect of the crystal-field levels on the elas-
ticity alone has been observed, neglecting com-
plications due to exchange and quadrupole-quad-
rupole interaction, which can result in magnetic
and structural transitions.

A study of this simple situation is worthwhile
for the proper understanding of more complicat-
ed cases: (I) In cases where the ground-state
level is orbitally degenerate, there occurs often
a structural transition (the cooperative Jahn- Tel-
ler effect) which is accompanied by a softening
of a symmetry elastic constant. This effect has
been observed now in several cases (e.g. , DyVO4,
TbVO„NiCr204). ' In some cases (DySb, TmCd),
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where the excited crystal-field levels are close,
the effect of these has to be taken into account
for a quantitative interpretation of the experi-
ment. ' (2) There are indications that for singlet
ground-state systems, exhibiting a ferromag-
netic ordering, the effect of phonons on the col-
lective excitations may have an important influ-
ence. ' (3) The strain-ion coupling constant de-
duced from such an experiment is of interest for
estimating structural transition temperatures
as well as spin-lattice relaxation times. ' (4) In
cases where the crystal-field levels hybridize
into electron bands, the strain modulation of the
crystal-field levels produces the deformation po-
tential. '

For our investigation the simple rocksalt-
structure compound PrSb has been chosen, which
is known to exhibit a singlet ground-state sys-
tem with negligible exchange. It was grown by
directional solidification in a large temperature
gradient in a sealed tantalum crucible. The
Pr"('H, ) state splits in the cubic field into the
levels (energies in degrees kelvin) I', (0 K), I;
(73 K), I'a (125 K), I', (239 K), as determined
by neutron-scattering techniques. + Elastic
measurements are shown in Fig. 1 for the c»

cy2 and c44 modes. Also shown for comparison
are results for LaSb, which has the same crys-
tal structure as PrSb, but no crystal-field levels
for the La" ion. Plotted are the temperature
dependences of the elastic constants relative to
the elastic constants at T =200 K. For this tem-
perature the absolute elastic constants are (in
10'~ erg/cc), for PrSb, c» —c»-11.0, c«-—2.0;
LaSb, c» —c»=7.2, c44=1.9. One notices from
Fig. 1 a normal behavior from LaSb as expected,
i.e. , an increase towards lower temperatures
and a flattening out below 20 K. In contrast to
this behavior the elastic constants for PrSb show
pronounced minima at 23 K for c» —c» and at
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FIG. 1. Elastic constant ratios c(T)/c(200 K) for cia
c f 2 and c44. Full circles, PrSb; open circles, LaSb .

For values of c(200 K) see text.

25 K for c«. The depth of these minima is about
3.7/o for c» —c» and 0.7% for c«. In both cases
the elastic constants at the lowest temperatures
(4 K) rise only to a fraction of the normal elastic
constant and become temperature independent
for T (8 K.

A theoretical description of these effects starts
by noting that for cubic symmetry c» —c» be-
longs to the symmetry strains s, =(&) ' (&„„—s»),
s3 = (-', )~1'(2s„—s„„—s„)which transform under
the two-dimensional representation F„c44be-
longs to s„, , s„,s„, (I,); and c»+c» belongs to
the volume strain &,„+s»+ &„(I'~). Therefore,
the strain-ion interaction can be written, in low-
est order,

H (cli c») = g21-( 11 c|2 )/N~ zi(s2 Ri sBO2$ )~

H'(c«) = g~(c«'/N)'I'Q; —2e„,(J„J,+J',J„);+ ~ ~ ~,

H'(c„+ 2c») = —g,[(c„+2c» )/Nj' 'NJ (e„„+e„+sg, ),
where c;, are the background elastic constants,
the 02'=J'„' —J,', 0,'=2J,2 —J„'—J,' are the Ste-
vens operators for the rare-earth ion. ' This in-
teraction Hamiltonian is the same as commonly
used for the cooperative Jahn-Teller effect. How-
ever, since the singlet ground state is well sep-
arated from the excited crystal-field levels, and
the matrix elements of H' between I, and the

next I, are zero, one does not get a structural
transition in this case. A rather unexpected re-
sult of the neutron-scattering study' was that the
crystal-field levels listed above for this metal-
lic compound fit a point-charge model very well.
Therefore, we can use the wave functions of such
a calculation also to determine the strain depen-
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dence of the energy levels":

(2)

where the E'(I,) are the energies listed above.
The elastic constants can be calculated by con-
structing the free energy from the &(I', , e) and
taking the second derivative. The result can be
expressed in terms of thermal averages of the
derivatives of these energies:
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FIG. 2. Calculated elastic constants (c —co) jg2co for
c&~ —c~2 and c44 for PrSb. g is the coupling constant g2
ol p3. cp is the background elastic constant.

where the third term on the right-hand side does
not contribute. The result of this calculation is
shown in Fig. 2. The bulk modulus does not show
a'ny temperature dependence in the approxima-
tion of Zq. (1). Clearly the results for c» —c»
and c4, exhibit the salient features of our exper-
imental results of Fig. 1.

For c» —c» the minimum in the theoretical
curve (Fig. 2) occurs at 24 K compared to the
experimental 23 K. Furthermore, for temper-
atures below the minimum the elastic constant,
both calculated and mea. sured, rises only a small
fraction of the total anomaly and becomes tem-
perature independent for T &8 K. Since the high-
temperature tail of the calculated anomaly is
still quite appreciable for T-300 K, it is diffi-
cult to make a complete quantitative comparison
for the whole temperature range. Note that the
absolute value of the elastic constants quoted

above for PrSb and LaSb are only known to about
I%%uc accuracy. From the experimental results of
Fig. 1 we estimate a coupling constant g, (c,/N)"'
-10 meV/ion. It is interesting to note that a
point-charge calculation gives 51 meV/ion.

For c« the agreement between theory and ex-
periment is less satisfactory. We get a calculat-
ed minimum at 60 K compared to the measured
one at 25 K. We determined c,4 from two exper-
iments for (110)- and (100)-axis propagation with
identical results, excluding possible errors due
to misalignment of the transducers, The magni-
tude of the elastic anomaly for c44 compared to
c» c» is roughly the same both expe rimentally
and theoretically. The measured coupling con-
stant is g, (co/N)'~'-4 meV/ion compared to a
point-charge estimate of 34 meV/ion. Higher-
order terms in the strain for both c» —c» and

c44 do not give contributions.
We have also measured other elastic modes

(c» and c»+c»+ 2c«) which exhibit similar fea-
tures as the symmetry modes discussed above.
In fact, the size and the temperature dependence
of the anomaly agrees quite well with what one
expects from calculations based on the three
symmetry modes of Eq. (1).

Next we show experimental results for dhcp
Pr. The crystal we used for these measure-
ments was eut from the same batch as the one
used for other experiments. " In Fig. 3 we show
temperature dependences for two elastic con-
stants: a longitudinal (c») and shear wave (c«)
propagating along the hexagonal c axis. For c33
one notices an elastic anomaly below l60 K.
Similar to the case of PrSb one notices a mini-
mum of about 5% in c» at about 30 K. Again be-
low 30 K the elastic constant does not regain its
full value. The c44 mode shows an anomaly of
somewhat different nature" as shown in Fig. 3.

It is clear that these elastic anomalies can be
explained along the same lines as for PrSb. How-
ever, because there are two inequivalent sites
for the Pr ions, because the crystal-field levels
are not very well known (although the ground
state is a singlet for both sites), and because ex-
change interactions are not negligible in this
case, we do not try to interpret these results
quantitatively. "

There remains the interesting question of the
existence of a magnetic phase transition in dhcp
Pr. Polycrystalline Pr shows a magnetic phase
transition at -25 K; however, in single-crystal
Pr, neutron measurements failed to detect any
long-range order down to 1..7 K.""On the oth-
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fully acknowledged. We are very much indebted
to the U. S. Bureau of Mines, Reno, in particu-
lar Dr. P. H. Henrie and Dr. M. M. Wong, for
supplying us with high-purity Pr metal.¹teadded. ---J. D. Greiner, R. J. Schiltz, J. J.
Tonnies, F. H. Spedding, and J. F. Smith (to be
published) have also measured the elastic con-
stants of dhcp Pr with very similar results.
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FIG. 3. Temperature dependence of c33 and c44 for
dhcp Pr. The inset gives three runs (three different

symbols) for the sound-velocity change AV/V of the c&3

mode below 5 K.
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er hand, hyperfine specific-heat measurements
indicate an ordered state in the 100-mK region. "
In the inset of Fig. 3 we show elastic-constant
measurements for the c» mode from 5 down to
&.4 K. Shown are measurements from three dif-
ferent runs. All of them show a very small anom-
alous decrease below 3 K with a slope of &V/V
-2x10 ' per degree. No measurable attenuation
change accompanies this small anomaly. While
this feeble indication is no clear-cut proof for
the existence of an induced magnetic phase tran-
sition, it nevertheless suggests an anomaly for
T &1.4 K. It should be noted that for singlet
ground-state systems undergoing exchange-in-
duced ordering, the anomalies of the thermody-
namic quantities at the transition temperatures
are appreciably reduced in magnitude.

In conclusion, we have shown for the first time
the influence of crystal-field levels on elastic
constants in a situation (PrSb) where there are
no competing influences due to exchange inter-
actions or softening of elastic modes. These ef-
fects can be satisfactorily explained. We also
have shown results for a more complicated situ-
ation, where these other effects can no longer
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