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Brewer and Edwards is in fact the critical veloc-
ity of the modified Vinen theory. This interpreta, —

tion of the data is completely consistent with pre-
vious work on the normal-fluid turbulent transi-
tion in He II' and should provide a proper frame-
work for further work in the area. We empha-
size that the critical relative velocity of the mod-
ified linen theory is one of the very few critical-
velocity phenomena in He II for which there is a
satisfactory theory.
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Intermolecular and second-order light scattering in the condensed phases of hydrogen
at para concentrations ranging from 25% to 96% have demonstrated the existence of under-
damped short-wavelength collective excitations in the liquid phase over this concentration
range and their relation to phonon excitations in the solid.

Recent studies of the rare-gas solids and liq-
uids have established the utility of higher-order
inelastic light-scattering processes for the in-
vestigation of short-time, short-wavelength lat-
tice and molecular dynamics. ' For example,
second-order Raman scattering in the solid and
intermolecular light scattering in the liquid have
been applied to all the rare-gas materials in or-
der to study the density and temperature evolu-
tion of excitations having wavelengths on the or-
der of interparticle separation. " The behavior
of these excitations upon melting has thus been
explored thoroughly. " Thus far, with the excep-
tion of helium, all liquids have exhibited inter-

molecular spectra which are centered at zero
frequency shift and decay essentially exponential-
ly in frequency [I (v) =I,e "~] at a. characteristic
rate 6 which depends simply on density, tempera-
ture, and the parameters of the intermolecular
potential. +' This behavior is consistent with the
interpretation that the scattering occurs from
pairs of overdamped density fluctuations whose
individual wave vectors are essentially equal and
opposite. Indeed the intermolecular ("two-roton")
spectrum in liquid He can be semiquantitatively
explained as arising from the same process
where the excitations are underdamped. ' ' Until
quite recently the only liquid known to exhibit
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long-lived short-wavelength excitations was He,
and consequently it was expected to be the only
liquid to exhibit a nonexponential intermolecular
light-scattering spectrum. Recent inelastic neu-
tron studies have established strikingly the exis-
tence of relatively well-defined density fluctua-
tions of very short wavelength (K=1 —2 A ') in
pure parahydrogen (J = 0). However, because of
the large incoherent scattering from the ortho-
hydrogen (J =1) species, a study of the concentra-
tion dependence of these modes —particularly
their observation in normal hydrogen (75% ortho)—was not possible by neutron scattering.

In this Letter we report a variety of new as-
pects to the light-scattering spectra in both liq-
uid and solid hydrogen over a concentration range
between 25% and 96% parahydrogen at tempera-
tures between 9 and 23 K. Our observations in-
clude (1) a markedly nonexponential intermolecu-
lar spectrum in liquid hydrogen, which becomes
increasingly obscured by anisotropy or "Rayleigh-
wing" scattering as the ortho concentration is in-
creased; (2) two-phonon Raman scattering in sol-
id hydrogen; (3) phonon sidebands on both the

S,(0) and So(l) rotational transitions in the solid,
and their changes upon melting; and (4) the de-
pendence of (1) and (3) upon ortho-para concen-
tration.

Experiments were performed using a system
previously described, ' with the exception that a
new sample cell with improved window configura-
tion to minimize fluorescence was employed for
most of the liquid measurements. All spectra
were obtained using a 4880-p argon laser with
typically 200 and 40 mW, respectively, for liq-
uid and solid runs. Temperature was monitored
with a calibrated carbon resistor and was accu-
rate to better than 0.1'K.

Parahydrogen was prepared by liquefying nor-
mal hydrogen in the presence of a ferrous-oxide
catalyst. Concentration of the final sample was
conveniently measured in situ spectroscopically:
g =~~C/(1 —C), where C is the para concentration
and R the ratio of S,(0) to S,(1) integrated intensi-
ties.

Figure 1 shows the low-frequency portion of
the depolarized X(Yx~)Y spectrum of liquid hydro-
gen under different conditions of temperature and
parahydrogen content. In Fig. 1(a) the intermolec-
ular spectra from 95.6% parahydrogen are shown
for three different temperatures. The weak line
at 270 cm ' is the S,(0) transition from hydrogen-
deuteride impurities. In all cases an exponential
tail develops out beyond 100 cm '. However, at
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FIG. 1. Depolarized intermolecular scattering in
liquid hydrogen. (a) Temperature variation in 95.6%
parahydrogen. (b) Variation with ortho-para composi-
tion at constant temperature (15'K). Vertical displace-
ments of the spectra have been made for clarity.

where c is the velocity of light, and c and a are
the Lennard- Jones intermolecular potential pa-

lower frequencies the spectra fall well below ex-
ponential and at 14.4'K a hint of a decrease in in-
tensity at low frequency can be seen. This be-
havior is in marked contrast to the situation in
the classical rare-gas liquids, ' where the ex-
ponential behavior persists down to the lowest
frequencies observed (5-10 cm '). Indeed the
liquid-hydrogen spectral shapes imply even bet-
ter-defined short-wavelength excitations than
were observed in the solid classical rare gases
at temperatures above about two thirds of their
melting temperatures. ' As 7 is increased, the
integrated intensity increases (by about 30% for
a 55% increase in T). At the sa.me time the ex-
ponent 6 decreases from 75 cm ' at 14.4' to 62
cm ' at 22. 5'K. These values of A are uncertain
by about +3 cm ' due to subtraction of the fluo-
rescent background (-3% of the maximum inter-
molecular intensity). It is interesting to com-
pare the observed value of b, with that predicted
by the empirical formula deduced from experi-
ments on classical fluids":
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rameters. For parahydrogen at vapor pressure
and 15'K, Eq. (1) predicts b, =31.6 cm ', suggest-
ing that some quantum corrections are required.

Two phenomenological quantum corrections
have occurred to us. First the replacement in

Eq. (1) of the effective thermal velocity, - (kT)'",
by a zero-point velocity, Po= k/Mzo, expresses
the physical expectation that for pT ~ &TO=,MV0'
the spectrum should be temperature independent.
Second, quantum effects on corresponding-states
expressions for transport coefficients have been
phenomenologically expressed' in terms of the
deBoer parameter (A, *) = k /o; M;e; as

o.,(T*,p*) 1,S inn.

o.,(T*,p*) &A*'
1 & +g g2

This relates two materials at the same corre-
sponding temperature and density having differ-
ent quantum behaviors. Taking Eq. (1) to apply
to the hypothetical substance "classical" hydro-
gen (i,e. , A* = 0) and replacing o by b, ' we com-
pute b, H

c'(1+1.22) for temperature T ~T, We.
have also assumed that 9 Inb, '/BA*' can be evalu-
ated graphically as done in Ref. 8. For example,
(9 Inq/sA*')A. &„~=—0.41. Of course b, A.

*' = -A~'(H, )
= —2, 98. Taking ro = (p/M) '~3 we find for hydro-
gen (A* = 1.73) at 15'K at saturated vapor pres-
sure that &0= 13'K so the additional correction
(T,/T)'" is rather small here. The result of
both corrections is a calculated 6„=-65 cm '
which, considering the crude nature of these cor-
rections, is in fairly good agreement with obser-
vation. Although phenomenologieal and semiquan-
titative at best, such corrections appear to ex-
tend Eq. (1) successfully into the quantum re-
gime. Some confidence in these corrections can
be gained by the application of the same proce-
dure to the case of liquid He' (A* = 2.67). There
Surko and Slusher' have observed a nearly tem-
perature independent b, (=34+3 cm ') at constant
density (0.18 g/cm ) for temperatures between
2.2 and 21'K. Equation (1) predicts at 5'K a val-
ue 6„, =11 cm ', which, of course, should
vary like T"'. The corrections discussed above
produce a temperature independent 6 = 40 cm ',
which again is in fairly satisfactory agreement
with experiment.

The effect on the liquid-hydrogen spectrum of
increasing orthohydrogen content is illustrated
in Fig. 1(b) where 25%%uo-, 80%%uo-, and 95.6%%u~-para-

hydrogen spectra at T = 15'K are compared. The
high-frequency behaviors are virtually identical,
whereas the striking emergence of the strong
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FIG. 2. Solid-parahydrogen Raman spectrum at 11'K.
(a) Logarithmic intensity scale for comparison of fea-
tures differing greatly in intensity. Q) Linear-scale
spectrum for one- and two-phonon processes. Dashed
curve, theory for polycrystal as described in text.

low-frequency "Rayleigh wing" is seen with in-
creasing orthohydrogen content. We note that
this 6J =0, ~~ 4 0 spectrum has an indistin-
guishably different shape from the 4J = 2, ~~~
o0 transition fS,(1)] centered at 586 cm '. lf
this single ortho-molecule orientational scatter-
ing line shape is subtracted without adjustment
in intensity from the total spectrum, the dashed-
line extensions in Fig. 1(b) result T.his implies
that the ortho molecules contribute to the inter-
molecular spectrum on an equal footing with the
parahydrogen molecules, and, further, that their
contributions to the liquid's high-frequency dy-
namics are essentially identical to the parahydro-
gen. In other words, normal hydrogen as well as
parahydrogen sustains well-defined short-wave-
length excitations, which are not strongly coupled
to the rotational modes.

We now turn to the spectrum of solid hcp hydro-
gen, and confine our attention here to the essen-
tially pure para ca,se. Figure 2(a) shows the en-
tire solid spectrum of interest on a logarithmic
intensity scale at 11'K. The most prominent fea-
tures are the E2 phonon at 38 cm ', the unre-
solved S,(0) triplet at 355 cm ', and the S,(1) line
at 586 cm '. All of these have previously been ob-
served' " and will not be discussed further here."
The new features of interest are the two-phonon
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spectrum and the phonon sidebands to the 4J = 2

transitions. The S,(0) phonon sideband peaks at
40-50 cm ' above the center of the S,(0) transi-
tion and extends out at least for another 100 cm '.
A similar sideband to the S,(1) transition can be
seen in normal hydrogen. " The sideband shapes
are not simply those expected from the one-pho-
non density of states in hcp hydrogen. A peak at
40-50 cm ' in the one-phonon density of states
would arise from T' zone-boundary TA phonons
(according to the neutron scattering" in hcp hy-
drogen), but should be accompanied, if not over-
shadowed, by higher frequency features. Whether
selection rules governing the simultaneous exci-
tation of one phonon and one AJ = 2 rotational tran-
sition can explain the observed shapes is a mat-
ter for future theoretical consideration.

Of greater interest is the two-phonon spectrum
shown in more detail on a line&~ intensity scale
in Fig. 2(b). This spectrum is somewhat simi-
lar to that in hcp He', for which both calcula-
tions" and observations' are available. Inelastic
neutron scattering in hcp He'" and hcp p-H, "
reveal very similar phonon dispersion curves.
We have invoked this similarity to produce the
dashed theoretical curve in Fig. 2(b), where we
have reproduced the calculated two-phonon spec-
trum" for polycrystalline hcp He' scaled in fre-
quency by approximately a factor of 4 Ithe ratio
of the observed Z, phonon (38 cm ') frequency
in hydrogen to that (9.5 cm ') in helium'j. The
agreement is quite satisfactory~ndeed better
than the agreement between the same theory and
the observed He' spectra. ' For example, the
spectral strength lies dominantly in the correct
position (80-180 cm ') and the high-frequency
excess scattering (above the predicted 24-cm '
cutoff) is much smaller than in He. ' There is
even a reasonable suggestion of the predicted dip
in intensity near 120 cm '. The fact that hydro-
gen is so much stronger a scatterer than He sug-
gests that it might be a more convenient testing
ground for theories of lattice dynamics in quan-
tum crystals and that experimental effort direct-
ed toward single-crystal spectroscopy, particu-
larly under pressure, would be worthwhile.

Finally, we compare the intermolecular scat-
tering in the liquid and the second-order scatter-
ing in the solid parahydrogen. Above 150 cm '
the two spectra are essentially indistinguishable.
This is quite similar to the previous observations
on melting the classical rare-gas solids. 4 As
with them, the intensity in the low-frequency por-
tion of the spectrum increases in hydrogen upon

melting —but not by so much as to impart an ex-
ponential shape to the spectrum. Instead the ef-
fect of melting in parahydrogen is intermediate
between the classical Ar' and the fully quantum
He. ' It is entirely consistent with the broadening,
but not the disappearance or overdamping, of the
solid-zone-boundary phonons upon melting. Qual-
itatively, this behavior may be said to arise be-
cause, like He, hydrogen melts at a much lower
fraction of its Debye temperature than do any of
the classical materials. Pressure studies, where-
in the Debye temperature may be significantly al-
tered, should further clarify the important ques-
tions of collective modes in liquids and their re-
lation to phonons in solids, and perhaps even
point toward a microscopic understanding of
melting. Finally, the qualitative, but neverthe-
less striking, correlation between the behavior
of short-wavelength excitations and the value of
the deBoer parameter strongly suggests the ex-
tension of these experiments to the study of ortho-
deuterium (A* = 1.223).

We are grateful to P. C. Hohenberg for com-
ments on the manuscript and to H. I . Carter for
technical assistance.

T. J. Greytak and J. Yan, Phys. Bev. Lett. 22, 987
(1969}.

2B. E. Slusher and C. M. Surko, Phys. Bev. Lett. 27,
1699 (1971).

J. P. McTague, P. A. Fleury, and D. B. DuPre,
Phys. Rev. 188, 303 (1969); W. S. Gornall, H. E. How-
ard-Lock, and B. P. Stoicheff, Phys. Bev. A 2, 1288
(1970).

4P. A. Fleury, J. M. Worlock, and H. L. Carter,
Phys. Bev. Lett. 30, 591 (1973).

P. A. Fleury, W. B.Daniels, and J. M. Worlock,
Phys. Bev. Lett. 27, 1493 (1971).

M. J. Stephen, Phys. Bev. 187, 279 (1969).
'K. Carneiro, M. Nielsen, and J. P. McTague, Phys.

Rev. Lett ~ 30, 481 (1973).
S. A. Rice, J. P. Boon, and H. T. Davis, in SimPl e

Dense I'/uids, edited by H. L. Frisch and S. W. Salsburg
(Academic, New York, 1968), p. 956.

C. M. Surko and R. E. Slusher, in Proceedings of the
Thirteenth International Conference on Low Texnpera-
ture Physics, Boulder, Colorado, 1973 (to be published).

I. F. Silvera, W. N. Hardy, and J. P. McTague, Dis-
cus. Faraday Soc. 48, 54 (1969); W. N. Hardy, I. F.
Silvera, and J. P. McTague, Phys. Rev. Lett. 22, 297
(1969).

S. S. Bhatnagar, E. J. Allin, and H. C. Welsh, Can.
J. Phys. 40, 9 (1962).

' We will discuss temperature and concentration ef-
fects on the 44=2 transition line shapes in a separate



VOLUME pl, +UMBER 15 PHYSICAL REVIEW LETTERS 8 OCTOBER 1975

publication.
M. Nielsen, Phys. Bev. B 7, 1626 (1973).
N. B. Werthamer, B. L. Gray, and T. R. Koehler,

Phys. Rev. B 4, 1324 (1971).
' R. A. Reese, S. K. Sinha, T. 0. Brun, and C. R.

Tilierd, Phys. Rev. A 3, 1688 (1971).

Mode-Coupling Saturation of the Parametric Instability and Electron Heating*

J. J, Thomson, R. J. Faehl, and W. L. Kruer
University of California, Lawrenoe Livermore Laboratory, Livermore, California 94550

(Received 13 April 1973)

By solving the hydrodynamic equations for the parametric instability including mode-
coupling terms, we predict the saturation level and turbulent spectrum for the oscillating
two-stream instability. Coupling the electron distribution function to the spectrum with
the quasilinear diffusion coefficient gives the heating rate and high-energy tail formation.
These predictions agree with the results of particle simulations.

A problem of considerable interest to laser
fusion is the possible formation of high-energy
tails on the electron distribution function due to
parametric instabilities. These tails have been
observed experimentally" and in simulations. '
Energetic electrons so formed may lead to ser-
ious preheat and decoupling problems in the de-
sign of pellets. We report here a one-dimension-
al analysis of the saturation and heating mech-
anism for the parametric instability at the criti-
cal density (laser frequency equal to the plasma
frequency). The analysis is based upon mode-
coupling saturation of the linear instability and
subsequent electron heating by quasilinear dif-
fusion due to the saturated spectrum.

Previous authors have considered saturation
of the decay instability in a plasma with compar-
able electron-ion temperatures. ' The dominant
nonlinearity for the plasma waves is then their
nonlinear Landau damping on the ions, a process
which only spreads plasma wave energy to higher
phase velocities. (When T, »T;, this process
goes over into the resonant coupling of plasma
waves by ion acoustic waves. ) In these analyses
electron-ion collisions play a central role as the
process by which energy is coupled from the
waves into the particles. In general, however,
plasma wave energy spreads to both lower- and
higher-phase-velocity waves. Coupling of ener-
gy to lower phase velocity can result in the trans-
fer of energy from the waves into the particles
by Landau damping. Hence a stationary nonlinear
state is possible even when collisions are negli-
gible. Since the energy transfer is via Landau
damping, the particle heating will be character-

ized by the formation of high-energy tails.
The nonlinear evolution of the parametric insta-

bilities driven by an electric field oscillating
near the plasma frequency has been extensively
investigated in computer simulations. They show
that for laser field intensities rP= E,'/4vnT, -& 1,
the instability saturation is simply determined
by electron trapping in the unstable plasma waves
(E, is the laser field amplitude; n is the electron
density). However, for g «I, trapping does not
occur. In this regime the plasma wave energy
saturates at a level several times the pump field
energy [see Fig. 1(a)]. The particles heat linear-
ly in time, principally because of generation of
suprathermal tails on the distribution function.

In order to discuss a specific instability, let
us consider the case in which the laser frequency
equals the electron plasma frequency. Then only
the oscillating two-stream instability occurs.
In this case simulations show that, after satura-
tion, the plasma wave spectrum (lE,'I) assumes
an approximate k ' shape for wave numbers great-
er than the linearly most unstable mode (Fig. 2).
The heated-electron distribution function has a
central Maxwellian, an exponential tail, and then
a sharp drop (Fig. 3). Our analysis will predict
all these basic features observed in the simula-
tions.

Since the fluctuating fields in the saturated state
become as large as the pump field, this suggests
that mode coupling may be the saturation mech-
anism, We apply Nishikawa's ordering scheme'
to the hydrodynamic equations for electrons and
ions, but without neglecting the products of pairs
of fluctuating quantities. The following equations


