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The theory of infrared absorption by an array of independent, anharmonic oscillators
is discussed. When the oscillator potential is the Morse potential, the theory provides
an excellent description of the temperature dependence of the absorption coefficient at
10.6 pm in NaCl and NaF reported by Harrington and Hass.

There has recently been interest in the mech-
anisms for absorption of infrared radiation by
insulating crystals at frequencies high compared
with the Reststrah/ frequency. In the vicinity of
the CO, -laser line at 10.6 pm, and in alkali-ha-
lide crystals where the electronic band gap is
very large, the principal contribution to the ab-
sorption coefficient from the bulk of the crystal
comes from multiphonon processes in which five,
six, or perhaps a larger number of phonons are
created in the absorption process.

Quite recently, Deutsch' has completed a de-
tailed experimental study of the frequency depen-
dence of the absorption coefficient in several al-
kali-halide crystals at room temperature. Sev-
eral groups have addressed the theory of the ab-
sorption process by models that differ significant-
ly in physical content. ' ' All of the theories
which have been applied to the analysis of the
data presume that anharmonic effects on the lat-
tice motion may be treated by perturbation meth-
ods. One then predicts that for temperatures T

large compared to the Debye temperature HD, the
contr ibution to the absorption coeff icient from
processes which involve n phonons should vary
with temperature like T" '.

A recent experimental study of the temperature
dependence of the absorption coefficient e at 10.6
pm in several alkali halides has been reported by
Harrington and Hass. ~ These authors find that n
varies with T more slowly than 7'" ' in the crys-
tals examined by them. The. purpose of this pa-
per is to apply the simple theoretical model de-
veloped in our previous paper~ to an analysis of
these data.

In our previous paper, we replaced the crystal
by a set of N classical, noninteracting anharmon-
ic oscillators, where N is the number of unit
cells in the crystal. Each oscillator has a re-
duced mass m, and a transverse effective charge
q. If the crystal is illuminated by radiation with
the electric field E(t) =E,cos~t, then the time-
and ensemble-averaged rate at which energy is
absorbed by a single oscillator is given bys

dS u& 'E'" I
dt 4m'Z „nfl 0

dE e set„'(E)5((u —n(u(E)),

where P = 1/ksT, Z is the partition function for a single oscillator, the period T(E) of the bound orbit
of energy E is written T(E) = 2@/~(E), and ts'„(E) is a measure of the amplitude of the nth harmonic in
the orbit of energy E. If Pz(t) gives the time dependence of the momentum in the orbit of energy E,
with the origin of time chosen so that the particle is at a classical turning point at t = 0, then

6'„(E)= [2/T(E)]f, dtPz(t) sin[ere(E)t]. (2)

The virtue of the model is that exact expressions for e may be obtained with it, even when the os-
cillator motion is very anharmonic. For the Morse potential V(x) =D(1 —exp[a(x —x,)]] we previously
obtained exact expressions for cu(E) and 6'„(E), although we found n only when kBT was small enough
for the oscillator motion to be treated as nearly harmonic. In this paper, we work with the full form
of e, without this last assumption. In our earlier paper, we found

(u(E) = (u, (1 —E/D)"',

2n(2rnE) 2 D &~+ ~'
4'„(E)=
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where v, =a(2D/m)'" is the frequency of the oscillatory motion, in the harmonic approximation. Equa-
tions (3) and (4) may be inserted into Eq. (1), and the integration carried out. We make one simplifi-
cation in the exact result. For kBT «D, a limit that applies to our discussions here, the partition func-
tion is well approximated by the result Z=2vk~T/ru, obtained from the harmonic approximation. In
the results that follow, we use this form for Z. Then if we let $ =v/v„and n is the first integer
larger than (, we find

exp — 1 ——
2 pg (5)

At fixed frequency, the temperature dependence
of the absorption coefficient is controlled by the
single parameter D/kB T, which for the case of
NaC1 may be obtained from our earlier work. ~

In the limit nk& T «D, the nth term in Eq. (5) con-
tributes to the absorption coefficient a term well
approximated by the form

(6)

This expression is identical to that produced by
the quasiharmonic approximation utilized earlier
by us. ~

In Fig. 1, we present a calculation of the fre-
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FIG. 1. Frequency dependence of the absorption coef-
ficient for a Morse-potential oscillator at T =800 and

900'K, with a D chosen for NaCl.

quency dependence of the absorption coefficient
for the model for T = 300'K and T = 900'K, from
Eq. (5). We have used the value of D obtained
for NaCl from our earlier work, and have ad-
justed the absolute value of n to fit the 10.6- p,m
data of Harrington and Hass at 900'K.

Several features of these results deserve com-
ment. For T=300'K, then=3termin Eq. (5)
produces a very sharp peak centered a bit below

( = 3. This peak is quite narrow and well defined,
as one would expect in the quasiharmonic approx-
imation. For $ near 5 or 6, the effect of anhar-
monicity is severe enough that e varies smooth-
ly with frequency, displaying only gentle shoul-
ders as a reminder of the sharp structure pres-
ent in the quasiharmonic approximation. By the
time T= 900 K, the theory produces a very smooth
dependence of e with frequency.

These calculations suggest that for large val-
ues of ~/ru„even at room temperature, the lat-
tice motion cannot be regarded as nearly harmon-
ic, so the absorption coefficient cannot be cal-
culated by perturbation-theoretic methods which
treat the anharmonic terms in the crystal Ham-
iltonian as small. This is also clear from the
data of Harrington and Hass, which we shall see
are well fitted by our model, since the data show
very large departures from the T" ' behavior
cited earlier.

It must be emphasized that at fixed T, the rel-
ative importance of the anharmonicity increases
as ar/~, increases. If we examine the absorption
coefficient for the model near the Reststxahl re-
gion [the Reststrakl absorption is described by
the term n=1in Eq. (5)], then the parameters we

employ produce rather modest anharmonic ef-
fects. For example, at temperature T, the Best-
strakl peak occurs very close to ~, =a&, (1 —kBT/
2D), where ~0 is the Reststrakl frequency at T=O.
For our parameters, at room temperature k&T/
2D =—0.03 for NaC1. The half-width at half-max-
imum is also close to ksT/2D in magnitude, and
increases linearly with T As the par.ameter a&/

~, increases, each successive peak shifts to low-
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FIG. 2. Temperature dependence of the absorption
coefficient at 10.6 pm in (a) NaCl and (b) NaF. The
solid curve is calculated from the Morse potential and

the dashed curve from V(x) =bx +a/x .

er frequency by a fractional amount that increases
with increasing order, and the width of each fea-
ture described by the terms in Eq. (5) increases
rapidly enough so that by the time $ = 6, the ab-
sorption coefficient varies smoothly with fre-
quency at room temperature.

In Fig. 2(a), we compare the temperature de-
pendence of the absorption coefficient at 10.6 pm
obtained from our calculations with the data of
Harrington and Hass. The theory has been fitted
to the data at 900'K and gives a very good account
of the observed temperature dependence for all
but the lowest temperature. In his previous work,
Deutsch has reported a value of 0.001 cm ' for
the absorption coefficient at room temperature,
while the value reported by Harrington and Hass
is larger by a factor of 2.7. Thus, near room
temperature, the absorption coefficient measured
by Harrington and Bass presumably contains an
extrinsic contribution which is dominated by the
intrinsic contribution at higher temperatures. If
we accept Deutsch's value as the correct one at
room temperature [see the closed circle in Fig.
2(a)], then we may fit a to within a factor of 2

over the entire temperature range.
Our model also predicts the absolute magnitude

of the absorption coefficient. The rate at which
energy is absorbed from the field is found by
multiplying Eq. (5) by the number of molecules K
(equal to the number of unit cells) in the crystal.
Then upon dividing by the time-averaged energy
VeQ, '/8n stored in the field, where e, is the
high-frequency dielectric constant, and dividing
by the propagation velocity c/eo"', one obtains
the inverse of the length d required for the ener-
gy density in the beam to decay to 1/e of its ini-
tial value. This quantity is the absorption coef-
ficient e measured in the experiments. The mag-
nitude of n may be estimated in the multiphonon
regime from dielectric-constant data' once D is
known, since e, -e, =4mnq'/m for ionic crystals.
For NaCI, the theory predicts that at T= 900'K
the absorption length should be 0.011 cm ' at
10.6 p,m, while the data show it to be 0.020 cm '.
Our model thus gives an absolute value for e in
good accord with the data.

In Fig. 2(b), we compare the temperature de-
pendence predicted for the absorption coefficient
at 10.6 pm with the data on NaF. Again we ob-
tain an excellent fit for 500'K &T &1200'K. The
theory does poorly for T & 500'K, presumably
because OD =490'K in NaF, and our classical
model is inapplicable for T ( HD. In Fig. 2(b),
we have chosen DN, F =D~,ci, and adjusted the
magnitude of the absorption length to fit the data
at 700'K. For NaF, t —= 3.96 at 10.6 pm. The
value selected for D predicts the coefficient of
linear thermal expansion for the crystal to be
38&10 ' K ' when T&OD, if we use our earlier
procedure to make this estimate. ~ This value
is in excellent accord with the measured value
of the thermal-expansion coefficient. ' From the
dielec tr ic —constant data, the theory predicts the
absorption length to be 1.2 cm ' at 900'K, while
the measured value is 3.4 cm '. Thus, while
the absolute value for n in NaF agrees less well
with the data than in the case of NaCI, the theory
gives reasonable semiquantitative agreement.

One can inquire about sensitivity of these re-
sults to the details of the potential. To test this,
the dashed curve in Fig. 2(a) gives the depen-
dence on T for a at 6m, for the potential bx'+a/x'
examined previously, with the fit to the room-
temperature data carried out as in our earlier
paper. This potential also provides a reasonable
fit to the data, so the deta, iled form of the poten-
tial does not seem to be critical.

Thus our model gives a good account of the
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dependence of a on T in aIkali ha1ides through
the use of only a. single parameter whose value
may be checked through use of data on the ther-
mal expansion coefficient. Quite recently, Sparks
and Sham' have extended their earlier work' to
account for the variation of a with T. Their start-
ing Hamiltonian is more comp1ete than ours since
it includes phonon dispersion, but they ca1culate
e by a perturbation method which introduces high-
er-order anharmonic effects phenomeno1ogically
only through a temperature dependence of the pho-
non frequencies. The two theories agree in the
one important regard that in the multiphonon re-
gime large deviations from the 7.'" ' law come
from large anharmonic corrections to the pertur-
bation-theory resu1t for e.

We are indebted to Dr. J. A. Harrington for
sending us his data in advance of publication, and
for useful discussions. We are a1so grateful to
Dr. M. Sparks for many useful conversations.
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Interference between Coulomb and nuclear excitations for inelastic deuteron scattering
has been observed for a number of nuclei. Most data are in qualitative, although not
quantitative, agreement with collective-model distorted-wave Born-approximation pre-
dictions of constructive Coulomb-nuclear interference; excitation functions for the first
2+ states of N =82 nuclei, however, show destructive interference not predicted by the
collective model.

There has recently been considerable interest' "
in the study of interference between Coulomb and
nuclear processes for inelastic scattering. The
most striking result of these studies has been the
remarkable success of the collective model" in
the distorted-wave Born-approximation (DWBA)
description of the data; Coulomb-nuclear inter-
ference for cy particles, ' ' 'He, ' ' and more re-
cently for heavy ions" "is well described pro-
vided that an adequate number of partial waves
is included.

In order to examine the validity of the collec-
tive model for deuterons, excitation functions at

back angles have been measured for inelastic
deuteron scattering from ' Fe, oNi, Cd,
'"Ba, '""'"'Sm, and '"Os. Data were obtained
at back angles so that the maximum Coulomb-
nuclear interference will occur near the middle
of the energy range of the FN tandem accelerator.
Scattered deuterons were observed using a posi-
tion-sensitive proportional counter" on the im-
age surface of an Enge split-pole spectrograph.
Results for low-lying 2' and 3 states of ' Ba
and '"'"Sm are presented here; the other re-
sults will be published elsewhere.

Optical-model parameters used in the analysis


