
VOLUME 31, +UMBER 8 PHYSICAL REVIEW LETTERS 20 AUGUST 1973

gradient, it will be desirable to study' the rela-
tive sign of the Cd'" coupling constant in the met-
al as compared to that in an ionic crystal' so that
the sign of Q itself will not be involved.
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We consider the surfaces of the condensed phase of excitons in semiconductors, the
electron-hole liquid (EHI ). By using the theory of the inhomogeneous electron gas and
a variational technique we estimate the surface tension for the EHL in Ge to be 10 erg/
cm; the carrier density in the surface region varies on a scale of = 50 A. We suggest
an experiment to measure the surface tension of the EHL.

The condensation of excitons in certain semi-
conductors at low temperatures has been the sub-
ject of much recent interest. ' ' The metastable
condensed phase which results has become known
as the electron-hole liquid (EHL). A source of
particular fascination in the study of this phase
is its apparently unique microscopic structure:
Most current investigations' "' consider that
the EHL consists of two interpenetrating plasmas
(the electrons and holes) both of which have quan-
tum dynamics, in strong contrast with an ordinary
solid or liquid. The differences in microscopic

structure might be expected to affect, among
other things, the nature and properties of the
surface of the EHL.

In an ordinary metal the surface properties can
be understood by assuming the ions give rise to
a fixed potential in which the electrons move.
One then calculates surface energies, dipole
layers, etc. ' In the EHL the mass ratio of elec-
trons and holes is near unity. We might antici-
pate unusual surface energies and surface struc-
ture; very likely both components will have slow-
ly varying density near the surface, each density
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depending on the other, and we can expect the
dipole layer to be much reduced. In this paper
we will investigate these phenomena.

The calculation of properties such as equilib-
rium density and ground-state energy indicate
that the details of the band structure of the host
crystal play a central role in determining the
properties of the EHL."We will focus our at-
tention on the EHL in Ge; we must adopt a model
simple enough to allow us to proceed, and one
which takes sufficient account of the nature of
the host material. We allow for four isotropic

electron sub-bands, each with the density-of-
states mass m=0. 22m„ for the holes we use
only the heavy-hole band with mass M=0.347m, .'
We use units in which the mass unit is the optical
reduced mass p. = 0.46m„and R= e'/e = 1, where
e is the dielectric constant. The principal sim-
plification here is ignoring the large anisotropy
of the electrons.

To investigate the surface properties of the
EHL, we use the theory of the inhomogeneous
electron gas, "in which the ground-state energy

!
F. of the system is expressed as a functional of
the densities of electrons and holes. We write

& =P; 7', [n, ] +Q. ,X,.[n]+ 2+,~fd'r, d'r~ . e,e„n,n~/e!r. , —r„!+E, [n,].
Here the index j runs over sub-bands occupied by electrons and holes; e, =+e is the charge associated
with the particle, and n, the number density. The functionals T, , X, , and E„represent the kinetic,
exchange, and correlation energies, respectively.

In the following we will neglect E,. We can write the kinetic and exchange energies as a sum of
functionals each depending on the electron density in the corresponding sub-band. An explicit form of
the functional can be obtained in terms of a gradient expansion of the densities of electrons and holes. "
For each sub-band, we have

fd'r (yAn, '~'+ Bn,~') + fd'r !Vn, !'(yCn, '+ Dn ~') + ~ ~ ~ (2)

where, defining q=( 3n')~', we have A=3q'/10, B=—3q/4m, C=,'2, and D=7/4 23m .7lThe coefficients
A, C and B, D refer to the gradient expansion of the kinetic and exchange energies, respectively. Also,
y = p/m for the electron bands, and Iu/M for the holes. We terminate the gradient expansion in Eq.
(2) after the terms in IVn, l'.

We will at first assume that the third term in Eq. (1), the Hartree energy, is so large that the liquid
is forced to be everywhere neutral. Then E can be expressed entirely in terms of the hole density n,
which is 4 times the electron sub-band density:

E = fd r [(1/4 m + 1/M) pAn, '~'+(1/4~'+ 1)Bno~ ]

+ fd'r!Vn, !'[(1/m+1/M) pCn, '+(4'~'+1)Dn, ~']. (3a)

We can then define new coefficients A. ', B', C', D' and write

E= fd'r(A'no' '+B'no ')+!Vno! (C'no '+D'no ~'). (3b)

Consider a situation in which the EHL fills half of space, x &O. Deep within the material the ground-
state energy per pair j and the hole density p7, can be easily expressed in terms of A' and B' (the
gradient terms vanish in the bulk material). From Eq. (3b), P = —B"/4A'; pg, =(—B'/2A')'.

The surface energy is then given by F. —PÃ, where E is the energy of N electron-hole pairs in the
semi-infinite EHL calculated from Eq. (3b), and jX is the energy these N pairs would have had in an
infinite medium. This quantity is to be minimized with respect to n, (r), keeping N fixed. To minimize
we choose

n, (r) = n, /[1+ exp(nx)],

where n is a variational parameter. Then the surface tension, or surface energy per unit area, is

y = —Pf„dx [1+(n, /fl, )'~' —2(n, /r7, )~']+ f„dx (dn, /dx)'g.

(4)
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Here g, the coefficient of the squared gradient,
is exactly as in Eq. (3b). Using Eqs. (3b), (4),
and (5) the minimization is simple and can be
carried out analytically. The result is

y = —2Pp7,, +, '&v, n = ~,~'(/v; (6a)

(6b)

(6c)

$ =(9 —3 ln3 —v3m)/2 =0.1314;

v'= C '/2A' —9D'/5B'.

For our model of Ge, we find

p, = —0.6= —1.2 Ry*

n=0.92(a*) ' (i.e., r, =0.64),

y=0.04=0.08 Ry*/(a*)'=1x 10 'erg/cm',

u '=0.29a*=50 A.

Here a* is the Bohr radius associated with the
exciton, and Ry* the exciton binding energy. "
We have taken Ry*= 2.65 meV and a*= 1077 A.'

We have checked the validity of using Eq. (4)
for the functional form of the variational density
by converting our minimum condition to an Euler-
Lagrange equation and solving numerically. The
results are essentially the same. We checked
that the one-dimensional semi-infinite problem
gave the same surface energy and surface thick-
ness as a three-dimensional drop of finite radius.
The results were identical for drop radii greater
than around 10 Bohr radii. The assumption of
local charge neutrality was checked by introduc-
ing two independent density profiles, one for
electrons and the other for holes, each of the
form of Eq. (4). A numerical minimization leads,
again, to essentially the same results as Eq. (6)
with the scale of surface thickness of both dis-
tributions close to 1/o. . The calculated dipole
layer is very small and does not significantly
alter the surface tension.

One result of our use of the Hartree-Fock ap-
proximation is that the calculated binding energy
~I7I,

~
is less than one would obtain by including

correlation effects. ' We do not feel that this
invalidates our calculation of surface properties,
because the correlation energy is expected to
vary much more slowly as a function of density
than the kinetic or exchange energies. One indi-
cation of this is that the calculated density n,
agrees rather well with the calculation of Brink-
man and Rice, ' for example.

We cannot justify on theoretical grounds the
validity of terminating the gradient expansion at
second order terms. One indication of trouble is
that n/k~ =1, so that the criterion of a "slowly
varying density"" is not met. We believe, how-

(u = (By/pR') '~'. (9)

Here p is the mass density of the fluid in the drop
and R its radius. Using y from Eq. (6) we find
e =10' sec '. In fact, it is far from clear that
hydrodynamics is applicable here. Nevertheless,
even if we are in the collisionless regime it is
reasonable to expect that the mode still exists,
though perhaps with a frequency somewhat shift-
ed from Eq. (9). An estimate of the symmetric
breathing mode of the droplet (also on a hydro-
dynamic model) indicates a frequency around 50
times higher than the capillary mode; consequent-
ly, the assumption of incompressible motion in
the calculation of Eq. (8) should be valid. In the
collisionless limit, the capillary mode can be
thought of as a transverse acoustic plasmon,
with restoring force provided by the surface ten-
sion. Such a mode could be Landau damped; we
have not as yet obtained an estimate of the damp-
ing.

If the quadrupole mode could be excited, we
might expect to observe resonances at ~, i.e.,
in the radio-frequency range. It is easy to show
that an external uniform rf electric field should

ever, that the simple gradient expansion gives a
reasonable approximation to the actual surface
tension; this point will be the subject'of further
study. Such an approximation appears to work
for other surface problems such as chemisorp-
tion on metal surfaces. "

It would be extremely interesting to measure
the surface tension of the EHL to compare with

Eq. (7). An indirect estimate can be given by
considering the classical condition for the stabil-
ity of a droplet: A droplet is stable free of a
nucleation center only if its size exceeds a crit-
ical size":

2y

nP, Tin(f /a )

Here P is the pressure and P the vapor pres-
sure. If the logrithmic term is of order unity in
a given experiment, and 7=1 K, we would ex-
pect droplets to be stable if r &10 ' cm. Elec-
tron-hole droplets are usually observed'" with
x=10 4-10 ' cm.

A direct measurement also seems possible by
exploiting the existence of the shape oscillations
of droplets known as capillary modes. The low-
est frequency mode of this type has quadrupole
symmetry; the drop oscillates between a "pan-
cake" and a "cigar" shape. Hydrodynamic theory
gives for the frequency of the oscillation"
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couple nonlinearly to the oscillation. The mech-
anism may be visualized as a modulation of de-
polarization factors due to changes in shape of
the highly conducting droplet. The resulting term
in the Hamiltonian is proportional to BE,', where
B is the amplitude of the oscillation and E, is
the external field. We expect to observe resonant
absorption, or (in the presence of a static applied
electric field in addition to the rf field) resonant
second-harmonic generation, both at an applied
frequency of ~/2. Estimates. of the amplitudes of
these processes indicate that they could be ob-
servable. If so, the frequency of the resonance
would provide information about y via Eq. (8),
and the width could, assuming small damping,
reflect the size distribution of the electron-hole
droplets. "

One of the authors (I .M. S.) would like to ac-
knowledge a helpful conversation with G. W. Ford.
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We report experimental evidence for a strong spin-orbit effect on the Si valence band.
A theoretical evaluation of this effect on the hole mobility in the range of temperatures
between 12 and 200 K is consistent with band-structure calculations, cyclotron-reso-
nance measurements, and transport properties.

The small value of the spin-orbit energy in Si
(6=0.044 eV') introduces a strong nonparabolici-
ty of the two degenerate valence bands in a re-
gion near —,'A. This effect, theoretically predict-
ed by Dresselhaus, Kip, and Kittel' and by Kane, '
has not yet received full experimental evidence, '
mainly because of the great difficulties met in in-
vestigating regions of k space away from critical
points.

The aim of this paper is to present new experi-
mental data whose theoretical interpretation, in
the light of the existing theories, seems to give
unambigously evidence for the nonparabolicity of
the Si valence band. This evidence arises from
an anomalous behavior which has been experimen-

tally found here in the temperature dependence
of the hole mobility p. between 20 and 30'K (see
Figs. 1 and 2). At these temperatures, provided
the crystal is so perfect that only acoustic scat-
tering is effective in determining the low-field
transport properties, theory predicts a T '"
temperature dependence for p, in spherical and
parabolic bands. On the contrary, we have ob-
served a strong deviation from this slope in the
above temperature range, as is shown in Fig. 2.
In Fig. 2(b) we have reported the beha. vior of
d(in', )/d(lnT) as a function of T. Its peak can be
correlated in detail to a band-structure effect
which is expected to occur in the Si valence band
because of its small spin-orbit energy. In fact a


