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It is difficult to compare the present theory
with experimental results because the experimen-
tal parameters are time dependent and uncertain.
However, if we consider the experiment of Ham-
berger et al. ,

' the value of v at the transition be-
tween the ion-sound and the two-stream instabili-
ty is around 0.015~~,. Since this should occur at
approximately v„=v~„ this corresponds to the
vv„/~~vr, =0.015 contour on the right-hand side
of the first diagram in Fig. 1. We see then that
there is at least rough agreement if the experi-
mental value of T;/T, is not too large

In conclusion we would say that the theory pre-
sented provides a simple description of ion-sound
resistivity based on the physical processes which
are known from numerical simulation to play the
dominant role.
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FIG. l. Effective collision frequency v given by
means of contours of constant vv~/~~vr, , and the elec-
trostatic energy of the turbulence 5' given by means of
contours of constant W/nmvz, ~, expressed as a percent-
age.
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In a heat-flow experiment at zero field we have found that the phase diagram of liquid
He below the second-order transition at Tc divides into two regions. In one the heat flow

is linear and enhanced by an amount predicted by a two-fluid model; the other shows non-
linearity, history dependence, and critical-velocity effects. The two are separated by a
line of thermal-resistance discontinuities which extrapolates to what may be a polycriti-
cal point at the line T, and possibly to the "B"feature at the melting line.

At temperatures below 3 mK, liquid ~He under-
goes a second-order transition over a broad pres-
sure range' to phases with extraordinary proper-
ties as shown by experiments both on' 4 and

off" the melting curve. The present measure-
ments are analogous to those of Brewer and Ed-
wards" on heat flow in capillary tubes containing
superfluid 4He, in which heat flows both diffusive-
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ly and hydrodynamically. Hydrodynamic heat
flow "results from the viscous flow of normal
fluid under the action of the fountain-pressure
differ ence resulting from a temper ature diff er-
ence. A counterflow of superfluid adjusts itself
to assure no net mass flow. The existence of
hydrodynamic heat flow rests on the validity of
the two-fluid model, and its measurement can
lead to a determination of the normal fluid vis-
cosity.

We have found in experiments in zero magnetic
field that for pressures less than 21.5 bar the
thermal resistance of a column of He decreases
essentially discontinuously as the temperature
decreases through the second-order transition at
T,. The magnitude of the ratio of the thermal re-
sistance just above to that just below T, is in fair
quantitiative agreement with that expected using
the two-fluid model. Between 21.5 bar and the
melting pressure the thermal resistance de-
creases much less rapidly as the temperature
decreases through T„ is history and heat-flow
dependent, and may show critical-velocity ef-
fects. As T decreases through a lower temper-
ature T» the resistance decreases raPidly and
becomes history and heat-flow independent. At
high enough pressures the "nonlinear" liquid may
be supercooled through T» so that the linear-
nonlinear transition is never observed.

These facts are depicted on a phase diagram in

Fig. 1 using both the magnetic temperature scale
T* and an absolute scale T„d based on zero-
sound attenuation in normal liquid as described
in earlier work. ' The region of extraordinary
behavior in the liquid is bounded by a line of sec-
ond-order transitions T, and by the melting curve.
It is divided into two parts, He-A and He-B, by
the line of thermal-resistance discontinuities
T». Although we are unable to detect an entropy
change at the AB transition, we nevertheless sus-
pect for the following reasons that the T» line
belongs on a phase diagram and may be a line of
first-order transitions terminating at a "polycrit-
ical" point (PCP) on the T, line. (1) It is possi-
ble" to supercool through T». (2) The line T»
extrapolates into the melting curve 0.5-0.6 mK
below the temperature where the line T, inter-
sects the melting curve; this is the approximate
displacement of the "B"feature from the "A" fea-
ture on the pressurization curve. ""(3) Where
the line T» extrapolates into the line T„ the
slope dP, /dT, either changes rapidly or is dis-
continuous with (dP, /dT, )&/(dP, /dT, )&

-—1.4.
Since T»* and T,* are determined using differ-
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FIG. 1. Partial phase diagram of He in zero exter-

nal magnetic field. Both measured magnetic tempera-
tures ~* and tentative absolute temperatures +sp„gd
(from Ref. 5) are shown.

ent criteria'3 and both are somewhat uncertain,
precise details of the phase diagram near the
PCP at 21.5 bar and 2.4 mK cannot be given.
Some features of the phase diagram were antici-
pated by Anderson and Brinkman. "

The demagnetization cell is shown schematical-
ly at the top of Fig. 2. The main refrigerant and
lower thermometer T,* is 13.56 g of cerium mag-
nesium nitrate (CMN) powder into which a hole
2 mm diam and 11 mm long has been drilled.
The upper thermometer T,* is 10 mg CMN pow-
der. The 2.0-mm-diam thermal-resistance col-
umn has a heater 18 mm above the main CMN.
The externally applied heat-flow rate is Q, . We
measured T2* —T,* with Q, constant as the cell
warmed under the residual heat leak, using dif-

0

ferent values of Q, on successive demagnetiza-
tions. Because of the different packing and shape
of the thermometers, T,* —T,* for Q, = 0 was
about 0.34 mK over most of the temperature
range. The temperature difference depended lin-
early on Q, above T,* and in the ~He Bregion-
except very near T,*; however, the response was
complicated in ~He-A and at T»*. In Fig. 2(a)
typical measurements in He Bnear T,* ar-e

shown. The important qualitative result is the

youse

in T,* —T,* on warming near T,*. Even for
Q, = 0 a rise is seen; this results from residual
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FIG. 2. Schematic cell diagram and typical examples
of experimental data. Qp=2. 8&10 3 erg/sec. In (b) the
change in ~&*-&&* is shown rather than T2~- T&~

since this figure demonstrates both linearity and his-
tory dependence.

heat leak down the column. Thermal resistance
starts to increase before T,* has reached T,*.
This onset temperature depends on Q,. Typical
results in He-A near T,* are shown in Fig. 2(c)
for the same values of Q, as above. Although the
thermal transition T,* is not broadened, the re-
sistive transition is broad, history dependent
(not shown), and shows a reproducible onset-tem-
perature feature (arrows) Typica. l dependence
of b, (T,* —T,*) on Q, near T»* is shown in Fig.
2(b). The upper and lower curves show both the
linear dependence of b (T,* —T,*) on Q, below
T„s*and the Q-dependent resistance which de-
velops when T,* reaches T„~*. For points just
to the right of T»*, T,* is increasing rapidly
with time; the ramp reflects transient, not
steady-state, response. The middle curve cor-
responds to a higher than usual minimum tem-
perature and shows no A-to-B transition, illus-
trating both supercooling and the history-depen-
dent resistance of ~He-A.

Because of probable difficulties with the tem-
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FIG. B. Thermal resistances at three pressures re-
duced using the measured resistance at 0,05 bar. (&&~)

is the average temperature in the column, referred
to the lower thermometer. In the region near Tc*
there are two phases in the column.

TABLE I. Analysis of thermal-resistance data using
a two-fluid model.

P
(bar) Expt.

R &*/R& +

Calc.
C

(mK)

18.8
18.2
19.9
20.8
28.0
81.9

1.5
2.0
2.8
2.4
2.8 ~

1.5
2.8
2.7
3.0
3.6
8.6

2.14
2.81
2.86
2.89
2.44
2.58

Extrapolated through He-A phase.

perature scale, quantitative thermal resistance
data at pressure I' were reduced by dividing the
measured resistance, R*(P)=—&(T2* —T,*)/&Q„
by that measured at 0.05 bar. The latter is prob-
ably proportional to T in the present temperature
range. " The results for three pressures are
shown in Fig. 3. No points are plotted in the tran-
sition region for 13.3 and 20.8 bar; the curve
shown for 31.9 bar has Q, =2.8&&10 s erg/sec, but
R* depends on Q and history in the aHe-A region.
Several observations may be made on the R* data.
(1) To compare with theoryp" using normal-state
properties, we extrapolated R*(P)/R*(0.05 bar)
into T,*. Experimental values thus obtained for
the ratio (R&*/R&*),„z, of the resistance just
above to that just below T,* for 'He-8 are given
in Table I. In the two-fluid model this ratio is
1+( /x),xwhere x, and x„are the diffusive and
hydrodynamic conductivities, respectively, at T,.
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One has

R&* 32 i t)~„32(qT')(t&„T)'

where yT is the normal-state entropy per unit
volume, d is column diameter, and rtT' and tt, T
are temperature-independent normal Fermi-liq-
uid transport quantities. '" Inserting the approx-
imately known values of these parameters into
(1) we find the results labeled (8&*/8&*)„„in Ta-
ble I. There is fair quantitative agreement, sug-
gesting that a two-fluid model may be valid for
~He-B. An alternative model, assuming diffusive
conductivity only with ~„proportional to the spe-
cific heat, does not seem to fit the data. Va1ues
of (R&*/R&*),„~, are subject to errors both in ex-
trapolation to T, and in a SHe resistance within
the main CMN, where heat flow will be diffusive
only. The latter effect varies like K„/v, and is
approximately 29o at the PCP; but for T/T, =0.8
and particularly at higher P (e.g. , sHe Bdat-a at
31.9 bar), the effect may be as much as a factor
of 2 and will help to improve agreement between
experiment and theory. (2) The magnitude and
temperature dependence of R* in ~He-B for the
small temperature range of the measurements
below T, are curiously close to those for low-
pressure He where z„T is constant. Assuming
mainly hydrodynamic heat flow below T„where
1&„ccTS'/q„ for entropy S and normal viscosity rt„,
a resistance linear in T suggests that q„has a
temperature dependence like (TS)' and thus like
(T/T, )' with a in the range' 7 to 10. (3) We draw
no quantitative conclusions on subcritical thermal
resistance of sHe-A but note that for small Q,
Fig. 2(b), the change in R* at the AB transition
is small, indicating similar resistances.

The onset of increased resistance in 3He-A at
points such as those marked by arrows in Fig.
2(c) shows an approximately linear relation be-
tween the total Q and the displacement between
the onset temperature and T,. This suggests,
after some calculation and again in the context of
a two-fluid model, a superfluid critical velocity
of about 10 ' cm/sec.

Interpretation of the wire-damping experiments'
is also illuminated by the present observations.
(1) The rapid increase of damping as T increases
near the B-A transition may reflect a transition
from subcritical to critical flow. ' (2) The histo-
ry-dependent damping in ~He-A may represent
critical flow conditions rather than thermal re-
laxation. (3) The damping probably cannot be

readily interpreted near "A" where the viscous
penetration depth is large. However, both near
the starting temperature in the liquid and in He-
B, the amplitude may be approximately propor-
tional to (p„t)„) ~'2, where p„ is normal-fluid
density. " Assuming that p„~ T/T, "and that
q„«: (T/T, )

' just below T„we find that at temper-
atures somewhat below the A-B transition the
wire's vibration amplitude should be somewhat
less than its value at 13 mK. This is in the range
of the observations.
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