
VoI.UME 31, NUMBER 5 PHYSICAL REVIEW LETTERS 30 JUr.v 1973

E,. = —0.6 eV in addition to a peak near —1.3 eV,
suggesting that the two highest filled bands are
split near the edge of the Brillouin zone; such
splitting would support the use of Bloch functions
in the description of the VB states. "
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The lattice instability of TmUO4 near its cooperative Jahn- Teller phase transition is
shown to be a competitive process involving distortions of B&g and Bzg symmetry. In or-
der to understand the soft-mode behavior, we must consider the spin-lattice coupling of
the entire J =6 ground multiplet of the Tm + ion. Axial magnetic fields are found to af-
fect dramatically the soft acoustic-mode behavior.

In this Letter we report experimental and theo-
retical results concerning the dynamic behavior
of acoustic phonons near the tetragonal-to-ortho-
rhombic cooperative Jahn-Teller phase transition
in TmVO, (T,= 2.1 K). The crystallographic
point group for T & T, is D4„, and the Tm" site
symmetry is D,„.Our principal findings are
these: (1) The soft acoustic mode [with strain
e(B, }—= e» transforming as xy, and elastic con-
stant c«] exhibits considerable structure in its
temperature dependence for T =40K, . This struc-
ture is found to be a consequence of the Jahn-
Teller interaction of the strain with an excited
doublet with E symmetry (26~138 cm ') of the
Tm' ' ground multiplet (4= 6). (2) The acoustic
mode corresponding to the e(B, g)

—= (e» -e»)/2
strain transforming as x' -y' [elastic constant
(c» —c»')/2] competes with the B, strain to de-
termine the space group of the distorted low-tem-

perature phase. This elastic constant [(c» —c»)/
2] softens by 18.6k (in absolute value as much as
c«}as the transition is approached from above.
However, at T, the crystal becomes unstable to
the B, strain and consequently distorts according
to a B, strain. This distortion stabilizes the B,
mode, thereby arresting the softening of (c»
—c»)/2, which is then found in the distorted
phase to be both temperature and magnetic field
independent. (3) Because the Zeeman splitting of
the ground doublet by axial magnetic fields of a
few kilo-oersteds is comparable to the Jahn-Tel-
ler splitting of this doublet, the elastic proper-
ties are found to be extremely sensitive to fields
of this type. In particular, c« is zero along the
phase boundary in the H-T plane, and (c» —c»}/2
exhibits a sharp kink at the phase boundary.
(4) Elastic modes for which the spin-phonon in-
teraction has no nonvanishing matrix elements
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between the components of the ground doublet are
found to exhibit no anomalous dependence on tem-
perature for T» T, . These include c«, c», and
(c»+ c»)/2 corresponding to strains with E,

.1, and A, symmetry, respectively.
The tetragonal crystal field acting on the Tm'+

ion in TmVO4 lifts the thirteenfoM degeneracy of
the J= 6 ground multiplet into seven singlets and

three doublets. ' The lowest level is a doublet
and the first excited state is a, singlet at -54
cm '. The total splitting of the multiplet is
-350 cm '. For simplicity we outline initially
the necessary theoretical results for a simple
doublet (pseudospin = —,') described by Pauli opera
tors 0." The Hamiltonian for the coupled spin-
lattice system is taken to be4'

H= —a Q J,(ll')o, (l)o,.(l')- Q 7i,.o',.(l)e, + 2 Q c,"e,.',
i=1,2
lil

i= 1,2
l

j= 1,2

The adiabatic and isothermal elastic constants
are equal.

In Figs. 1 and 2 the experimental behaviors of
c«(i=2) and (c» —c»)/2 (i=1) versus tempera-
ture are shown. The frequency of the measure-
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where i=1, 2 correspond respectively to lattice
distortions of B, and B2 symmetry. The pseudo-
spin-strain coupling constant is 7i, , and J,.(l/')
describes the pseudospin-phonon (both optic and
acoustic) interaction. ' Since both B, (i = 1.) and

B, (i= 2) lattice distortions enter the Hamilto-2g
nian in an entirely symmetric way, the resultant
Jahn-Teller distortion of the crystal is a compet-
itive process. %hich of the two distortions actu-
ally occurs at T,=2.1'K is determined by the
magnitude of the respective spin-lattice coupling
constants and not by symmetry. A straightfor-
ward calculation of the elastic constants in the
undistorted phase and in the mean-field approxi-
mation leads to

c,.(T, H=O)=c,. [1 —G,./(T —A,.)], i=1, 2, (2)

where

G,. =2q,.'/c, "and A, = Q J,(ll').

ments was 30 MHz. Transverse elastic waves
propa, gating along the [100] and [110]axes, po-
larized perpendicular to the (001)axis, were
used to measure c«and (c» —c»)/2, respective-
ly. Because of the extremely high attenuation,
c«could not be reliably measured below 4.2 K.
There was no significant change in the attenua-
tion of the mode corresponding to (c„—c»)/2
over the entire temperature region. Also shown
in Figs. 1 and 2 are the best least-squares fits
of the data by Eq. (2) on allowing the parameters
c,.", G, , and A, to vary. [In Fig. 2 the theoreti-
cal result that (c» —c»)/2 is constant in the dis-
torted phase is used in the fitting procedure. ]
The best values of the parameters found for c«
are c, =1.683 x10" dyn/cm', G, =2.56 cm ', and
A2=1.40 cm ', from which the transition temper-
ature is calculated to be 1.68'K compared to the
actual transition temperature of 2.1'K. For (c»
—c»)/2 the best parameters are c,"=11.0x10"
dyn/cm', G, = 0.276 cm ', and X, = —0.336 cm ',
and the transition temperature is an experimen-
tally determined quantity. The good fit of the the-
ory to the data for T(10T, is an indication that
as long as only the lowest-lying doublet is ther-
mally populated, the Hamiltonian [Ecl. (1)] ade-
quately describes the behavior.
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FIG. 1. The temperature dependence of the elastic
constant c66. The dashed and solid lines correspond re-
spectively to the best fits of the data by Eqs. (2) and (3) .
The parameters determined for the fits are given in the
text.
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FIG. 2. The temperature dependence of the elastic
constant (ci|—ci2)/2. The solid curve is the best fit by
Eq. (2) with the parameters given in the text.
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For T « 10T„Fig.1 shows serious qualitative
discrepancies between theory and experiment for
c«. Such behavior has not been previously ob-
served at Jahn-Teller transitions. ' This cannot
be explained on the basis of a two-level system,
or by effects resulting from lattice anharmonic-
ity. The discrepancy can be eliminated by treat-
ing the spin-lattice coupling of the entire J= 6
Tm" ground multiplet. For the energies of the
levels within the multiplet we take the values
measured by Knoll for Tm" in YVQ4. ' By sym-
metry there are no nonzero matrix elements of
the spin-lattice interaction for B, or B, distor-
tions which involve any of the singlet levels.
These then enter only as statistical factors in the
calculation. Each of the three doublets (E sym-
metry) with energies 0, ~138 cm ', and =340
cm ' possesses nonzero spin-lattice matrix ele-
ments. We consider here only the two lowest-ly-
ing doublets, the third doublet being thermally
depopulated at the temperatures of interest. The
elastic constants are calculated to have the fol-
lowing form:

m=&
z —1 2 (3)

where A, = 2/Z T, A, =A, exp(- 2P ~), and A, = 4 [1
—exp(-2pA)]/2~. Z is the partition function for
the thirteen-level system, 2A =138 cm ' is the
energy of the excited doublet, ' and P=1/kT. The
three terms on the right-hand side of Eq. (3) for
m=1, 2, and 3 correspond respectively to the
contributions from matrix elements between the
components of the ground doublet, the excited
doublet, and between the two doublets. Using
G,,/G, , = A,,/A, , and G,, /G, , = A „/X,.„ i = 1, 2, two
of the parameters in Eq. (3) can be eliminated.
The best five-parameter fit of Eq. (3) to the data
for c« is shown as the solid curve in Fig. 1. An

excellent fit is obtained for c,"=1.933 &&10" dyn/
cm'; G» = 1.85 cm '; A» ———0.742 cm '; G»/G»
=40.8; G»/G»=5. 90. From these values and
Eq. (3) the calculated transition temperature is
2.06 K compared to the experimental value of T,
= (2.1 +0.05)'K. This good agreement is an excel-
lent check on the validity of the fit, and shows
that there is a non-negligible contribution to the
transition temperature (and to c,") from the dou-
blet at 2A.' Similar effects are expected to be

important in TmAs04 which possesses very low-
lying excited states. ' Moran et al.' and Luthi
et a/. ' have used the full J multiplet structure of
DySb and TmCd, respectively, to interpret their
results on the soft mode in these materials al-
though the structure observed here was not found.

The unusual structure in the temperature depen-
dence of c« for T ~ 10T, can therefore be defi-
nitely attributed to the Jahn-Teller coupling of
the strain wave with the doublet at 2A. The
strength of this coupling is found to be some 40
times greater than that of the ground doublet.
That this is not unreasonable can be seen from
the fact that the ground doublet consists predomi-
nantly (i.e., 80-90%) of I J,= + 5) states. ' There
are no nonzero matrix elements of the Jahn-Tel-
ler interaction between pure IZ, = x 5) states.
Therefore, the interaction for the ground doublet
is anomalously weak (note the low transition tem-
perature), and the large ratio G»/G» ——40.8 is
not surprising. In addition to the uncertainty in
the values of the parameters expected of a fit of
this type, additional uncertainty arises due to the
unavoidable neglect of the effect of lattice anhar-
monicity on the high-temperature behavior of c«.
However, this is expected to be a minor effect
since even at T = 300 K, c«(T) is clearly dominat-
ed by the Jahn-Teller coupling.

The behavior of (c» —c»)/2 for T &35 K is dom-
inated by lattice anharmonicity. Therefore, the
slight upward curvature found for 75 & T & 250 K
(not shown here) can only tentatively be ascribed
to the influence of the doublet at 2a. The stabil-
izing effect on this mode [e(B, ')] of the B, dis-
tortion at T, =2.1'K is clearly shown in Fig. 2.
Measurements made in the presence of an axial
magnetic field (not shown here) show that (c»
—c»)/2 is constant independent of H and T at all
points in the H-T plane corresponding to the dis-
torted phase. This is in agreement with the pre-
dictions of the mean-field theory.

The influence of an axial' magnetic field on the
elastic properties of TmVO4 can be readily cal-
culated by including the Zeeman interaction in
the Hamiltonian. For low temperatures (T«2cg,
and not too large fields, only the Zeeman split-.
ting of the ground doublet (g, =10.1') need be con-
sidered. Under these conditions the expression
for the field dependence of the elastic constants
in the undistorted phase is given by

G« tanh(g, p,HO/2k 'I) G;3
2g, p,,H, —A, , tanh(g, p,HO/2k T)

(4)
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the unambiguous influence of higher-lying states
on the soft-mode behavior near a cooperative
Jahn-Teller phase transition. Also, we have
shown that the mode softening is a competitive
process between the two symmetry-allowed lat-
tice distortions. The mean-field theory adequate-
ly describes both the temperature dependence
and field dependence of the elastic properties.
The latter can be predicted without any adjustable
parameters from the former.

We are indebted to F. Dacol, J. Cozzo, and
K. H. Nichols for expert technical assistance in
all phases of this work.

FIG. 3. The field dependence of c66 at 'l" =4.2'K (open
circles) and T=1.5'K (solid circles) for H II&001 &.

The dashed and solid curves are the expected theoreti-
cal behavior for the two cases. There are no adjusta-
ble parameters.

Since no new parameters are introduced by the
Zeeman interaction, and since all the other pa-
rameters of the theory have been determined by
the temperature dependence of the elastic con-
stants, the field dependence of c«and (c„—c»)/2
is completely determined with no adjustable pa-
rameters. In Fig. 3 the field dependence for c66
at 4.2 and 1.5 K is shown. The da. shed (4.2'K)
and solid (1.5'K) curves are calculated using the
parameters determined by the five-parameter fit
to the temperature dependence of c«(Fig. 1, sol-
id curve). The excellent agreement is remark-
able considering the absence of any parameters
(including the vertical scale) and the -1/o absolute
accuracy of the experiments. Some deviation at
high fields can be attributed to the Zeeman split-
ting of higher-lying states for which the g factors
are':unknown. Similar data for (c» —c»)/2 (not
shown here) exhibit equally remarkable agree-
ment with theory.

In conclusion, we have shown for the first time
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