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Nonequilibrium molecular dynamic simulation of liquid argon yields the strain-rate de-
pendence of shear viscosity. Near the triple point the apparent viscosity dec&eases with
increasing strain rate; the extrapolated zero-gradient viscosity is consistent with the
equilibrium Green-Kubo viscosity calculated by Levesque, Verlet, and Kurkijarvi. At
higher temperatures along the saturated vapor pressure line, our results are insensitive
to the strain rate and agree well with experimental data for liquid argon.

We have developed a nonequilibrium molecular-
dynamic method to simulate directly dense -fluid
transport. ' The shear -viscosity coefficient is de-
termined from a Couette flow where the bounding
planar fluid walls have steady relative velocity.
Systems of 108 and 216 Lennard-Jones particles
have been simulated' for real time durations (for
argon) of 10 "sec. The average flow velocity
has a linear profile, and when divided into the
wall shear stress determines the Newtonian
shear-viscosity coefficient q= —P„,/u„, . In—Fig. 1
our results are compared with experimental ar-
gon shear viscosity' ' along the saturated vapor-
pressure line of argon. The overall excellent
agreement indicates successful simulation of non-
equilibrium Couette flow with few-particle sys-
tems.

More extensive calculations have been made in

the triple-point region for comparison with a re-
cent equilibrium molecular -dynamic calculation
by Levestlue, Verlet, and Kurkijarvi (LVK).'
These equilibrium calculations use the Green-
Kubo relations to relate the transport coefficients
to time correlations of the equilibrium fluctua-
tions. An 864-atom Lennard- Jones system was
studied for 10 ' sec (for argon} with a shear-vis-
cosity coefficient of i)a'(m e} '"= 4.02 a 0.3 and
thermal-conductivity coefficient of Ao'(m/e)'~'/0
= 14.8 at Ao'/V = 0.8442 and k 7/e = 0.772 (for ar-
gon, a'= 8.405 A and e/k = 119.8'K).

Our nonequilibrium results for shear viscosity
at the triple-point region depend upon the velocity
gradient u„,. See Table I. Thus while the highest
velocity-gradient result is below the experimen-
tal argon results, the lowest velocity-gradient
result approaches the equilibrium molecular -dy-
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TABLE I. Calculated nonequilibrium shear viscosity
as a function of velocity gradient.
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FIG. 1. Experimental argon shear-viscosity coeffi-
cient along saturated vapor-pressure line. Boon, Le-
gros, and Thomaes (Bef. 4) used a capilary viscometer
with accuracy better than 3/p, De Bock, Grevendonk,
and Herreman {Ref. 3) used a torsionally vibrating pi-
ezoelectric quartz crystal; and Hellemans, Zink, and

Van Paemel (Bef. 5) used an oscillating-disk viscome-
ter with accuracy better than 2/p. Lennard- Jones shear-
viscosity coefficient calculated with molecular dynamics
(a. =8.405 A, e/k=119. 8'K). The nonequilibrium calcula-
tion used 108 atoms with a reduced velocity gradient of

u, L(m/kf") / =~; a time step of At=0.002L(m/ki') /2

and 8000 times steps constitute one run. Filled circles,
four-run viscosity averages with a vertical line connect-
ing extreme viscosity values. The mean viscosities
(in millipoise) and temperature values are 3.57 at
84.1'K, 1.65 at 103'K, 1.17 at 116 K, and 0.54 at 146'K
for reduced densities N(o/L)3 of 0.85, 0.76, 0.69, and

0.48. Flagged filled circles, six-run viscosity averag-
es at reduced velocity gradients of u«L(m/kT)' =4, ~,

and 4 (order of increasing viscosity). Half filled cir-
cle, the equilibrium molecular-dynamic result of LVK

(Bef. 6).

Fitting our results with other functional forms
(linear and quadratic in gradient') produces stan-
dard errors larger by at least a factor of 10.
The relaxation time corresponds to over 10 times
the period of an Einstein oscillator in a face-cen-
tered Lennard- Jones crystal at this same densi-
ty, vE-—0.80v(m/e)'i'. The non-Newtonian flow

found here in a monatomic fluid at high rates of
strain corresponds to that found in laboratory ex-
periments on more complicated molecules. '

Our zero-gradient shear-viscosity coefficient
at the triple point is consistent with the Green-
Kubo value calculated by LVK. The equilibrium
molecular -dynamic thermal-conductivity coeffi-
cient is about twice the experimental argon val-
ue, ' whereas the measured quadratic temperature
profile in our nonequilibrium results implies a
thermal-conductivity coefficient smallex than the
experimental results (within 15 to 50/o for the
range of gradients treated here).

Additional equilibrium molecular -dynamic cal-
culations along the saturated vapor -pressure line
at higher temperatures would be most welcome.

namic result of LVK, which is significantly above
experimental results. The three calculated points
at the higher temperatures do not indicate such a
large velocity-gradient dependence.

Our apparent viscosity results (ri—= —P /u„, )

can be described by Eyring's theory of non-New-

tonian viscous flow:

7) = qo sinh '(vu„, )/Tu„, .

Fitting our triple-point results with this func-
tion indicates a zero-gradient viscosity of g,
= 3.88(me)'"/v' and a relaxation time of w= 13.5o

x(m/~)'", with a standard error of 0.0026. Fit-
ting only the lowest three velocity-gradient re-
sults produces very little change in the above pa-
rameters (3.87, 13.3, and 5&&10 ', respectively).

*Work performed under the auspices of the U. S.
Atomic Energy Commission.

)Work done in partial fulfillment of the requirements
for a Ph. D., University of California at Davis, Depart-
ment of Applied Science, at Livermore.

W. T. Ashurst and W. G. Hoover, Bull. Amer. Phys.
Soc. 17, 1196 (1972); W. G. Hoover and W. T. Ashurst,
ibid.

W. T. Ashurst and W. G. Hoover, Sandia Laborator-
ies, Livermore, Report No. SCL-DC-720305, 1973 (to
be published) .

3A. De Bock, W. Grevendonk, and W. Herreman,
Physica (Utrecht) 37, 227 (1967).

J. P. Boon, J. C. Legros, and G. Thomaes, Physica
(Utrecht) 33, 547 {1967).

5J. Hellemans, H. Zink, and O. Van Paemel, Physica
{Utrecht) 46, 395 (1970).

207



VOLUME 31, NUMBER 4 PHYSICAL REVIEW LETTERS 23 JUz.v 1973

6D. Levesque, L. Verlet, and J. Kurkijarvi, Phys.
Bev. A 7, 1690 (1973).

We thank F. Bee for calling Eyring's work to our at-
tention. See for instance, F. H. Bee, T. Bee, and
H. Eyring, Ind. Eng. Chem. 50, 1036 (1958). H. Eyring,

D. Henderson, B.J. Stover, and E. M. Eyring, Statisti-
cal Mechanics and Dynamics (Wiley, New York, 1964),
p. 462.

B.J. Bailey and K. Kellner, Physica (Utrecht) 39,
444 (1968).

Long-Time Behavior of the Velocity Autocorrelation: A Measurement*

Yong Wook Kim and Joseph E. Mattag
department of physics, Lehigh University, Bethlehem, Pennsylvania 18015

(Received 19 March 1973)

The persistent velocity autocorrelation, first discovered by Alder and Wainwright
through molecular dynamic computations, is confirmed experimentally in gaseous air
and argon for the first time. Analysis is based on hydrodynamic considerations.

The long-time behavior of the velocity autocor-
relation function has in the past few years been
a center of considerable interest. A slowly de-
caying tail with a t '~ dependence (where t de-
notes time) was initially discovered by Alder and
Wainwright' in the course of molecular dynamic
computations. Many investigators' ' have sub-
sequently shown by a number of methods that
such a behavior of the velocity autocorrelation
for large times is consistent with both kinetic
and hydrodynamic theory. The persistent auto-
correlation is thought to be related ultimately to
the collective effects of the surrounding fluid,
specifically, in the form of vorticity. ' " Such a
long-time behavior has been deduced for the

Brownian as well as molecular motion in fluids.
We wish to report in this Letter on the first lab-
oratory confirmation of the Alder-Wainwright
effect.

The design of the experiment is based on the
following analysis: Along the line of reasoning
first suggested by Alder and Wainwright, ""
Zwanzig and Bixon, ' and Widom' (see also Ref. 6
for a general treatment), we have obtained the
t '~' dependence by making a provision for the
time-dependent nature of the fluctuations. The
motion of a small sphere of mass m and radius
R moving with a small velocity in a fluid at rest
in the absence of external force satisfies the
modified Langevin equation""

m dy/dt = —6pqRV(t) —', 7LR'p dV/dt ——6R'(gg p)'~ f (t —s) '~[dV(s)/ds] ds+ f(t),

where q and p are the shear viscosity and density of the fluid, respectively. The third term on the
right-hand side of Eq. (1) is called the Basset term. The last is the fluctuating force in the fluid.

For a particle of 2.02 p, m diam moving in gaseous air or argon with an initial velocity of the order
of 10 cm/sec, it can be shown that f(t) is negligible. Along the direction of the particle motion, Eq.
(1) can then be written as

dV/dt= —o.'V(t)/T —P(w~) 'L'f (t —s) 'i'tdV(s)/ds]ds, (2)

where o = (1+mf/2m) ', T = m/67nIR, mt = —', 7LpR', and p = 3f o.(1 —o)]'+. It can also be shown that the
velocity autocorrelation function satisfies a differential equation which is exactly identical in its phys-
ical origin and structure to Eq. (2). The only difference between the two is that the fluctuating force
in Eq. (1) becomes exactly zero upon taking an ensemble average in constructing the velocity autocor-
relation function, whereas in obtaining Eq. (2) f(t) has been neglected.

The initial condition for V(t) is V(t = 0) = V„but Eq. (2) must be supplemented by a boundary condi-
tion determining V(t) for t &0. The two extreme cases are (i) V(t) = 0 for t &0, (ii) V(t) = V, for t&0.
Case (i) corresponds to the situation in which the sphere gains a finite velocity instantaneously at t = 0
through a spontaneous fluctuation. The computation by Alder and Wainwright satisfies this boundary
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