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We report nonlinear studies of the Weibel instability of a relativistic electron beam in
a plasma, If #,<n,, the beam splits into self-pinched filaments at density n,. These
filaments then recombine into a single dense beam, from which the return current is ex-
pelled. The ratio of final magnetic to final streaming energy is O(v/y), and significant

plasma heating occurs.

We report here on new nonlinear studies of the
Weibel instability'™ of a relativistic electron
beam propagating in a plasma. We find that the
instability produces beam filamentation,® plasma
heating, and ultimately beam recombination into
a single self-pinched non-current-neutralized
filament. The beam in this final state cannot
propagate if v/y >1, where v is the number of
beam electrons per classical electron radius
e?/mc® of beam length.

In this paper, we consider only the model of
an initially homogeneous, spatially infinite, col-
lisionless, charge- and current-neutral system,
with beam propagation velocity {, and plasma
return current flow at d,, along a guide field §‘.
Beams of finite cross section will be studied in a
subsequent publication. We neglect ion motion,
and consider only electromagnetic modes with K
normal to §,, Ej nearly parallel to &,, and By
normal to both i, and Ej.

The nonrelativistic linear dispersion relation
has been studied extensively.** Relativistic
corrections, we find, are straightforward. We
cite here only two limiting cases of the disper-
sion relation. For a cold, weak beam (w,<w,),

w?= - w, 2B, 1+ w,?/k%c?) 1+ Q,7, (1)

where w ?=4mn,;e*/my;, Q; =eB,/my;c, n; is

density of species j=b (beam) or p (plasma elec-
trons), and ny;=(n;)=n,;({=0). For a weak mono-
energetic beam with a Maxwellian thermal spread
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w, = (V) <c of transverse velocities, and with
B, =0, Vlasov theory yields

Z'(w/kw,) = - (w,? +k%cHw, “Hw,/u,)? (2)

The waves are always purely growing. Increas-
ing B, stabilizes long-wavelength modes; all
modes are stable if Q, >w,. Transverse beam
temperature stabilizes short wavelengths (see
particularly Ref. 2). Equation (2) indicates com-
plete stability if w,/u,2 w,/w,, but a more ac-
curate treatment shows continued instability at
a drastically reduced growth rate.

We have used the two-dimensional relativis-
tic, fully electromagnetic particle code RECRAD®
to simulate this instability. The code permits
spatial variation only in the plane normal to v,,,
but utilizes all three components of ﬁ, E, J ,
and V. Periodic boundary conditions are em-
ployed. Table I summarizes the parameters
characterizing four simulations. In all cases,

TABLE I, Parameters for each of the four simula-
tions.

Case 0/ Mpg Qp/wy wy/ Uy Yo
A 9 0 1074 2.5
B 9 0 0.1 2.5
c 9 0.78 1074 2.5
D 1 0 1074 1.02
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FIG. 1. Electron density in the plane normal to Uy, at the times indicated. Row Al, beam electrons, case A;
row A2, plasma electrons, case 4; rows B, C, D, beam electrons, cases B, C, D,

the system is initially homogeneous and charge
and current neutral, the box size is 64 X 64
cells, ¢/w, =5 cells, and v/y=0.58 (correspond-
ing to one box of the periodic system).

Figure 1 shows the time development in con-
figuration space. For cases A and B (weak, un-
magnetized beam), the purely growing perturba-
tions center on points of enhanced beam density,
which magnetically attract nearby beam electrons
and repel plasma electrons. Thus, the beam
splits into filaments, each of which self-pinches.
However, n, +n, remains roughly uniform at
the density of immobile ions, preserving quasi-
neutrality. The mode spectrum grows exponen-
tially, in good agreement with linear theory.
When n, reaches n,, +1,,, plasma electrons are
totally excluded from the filaments, and further
pinching would produce strong opposing electro-
static fields. Self-pinching and linear mode
growth thus end abruptly, as seen in Fig. 2,
e.g., case A at w,t=60.

However, the essentially incompressible fila-
ments are still subject to mutually attractive
Lorentz forces, shielded by plasma return cur-
rent, which flows in a sheath of thickness ~c/w,

outside each filament, as shown in Fig. 3. Thus,
the filaments proceed to coalesce into a continual-
ly decreasing number of larger filaments, until
eventually the beam recombines into a single
filament, free of plasma electrons and still self-
pinched to the background ion density.

The ratio of magnetic to streaming energy is

Wy/ Wy ~(1/N)(v/7),

where N is the number of filaments at a given
time. At the end of linear growth, N~L?/1?,
where L is the initial beam diameter, and the
mean filament separation ! is essentially equal
to the longest wavelength strongly represented
in the spectrum, which can be estimated from
linear theory. For case A, theory predicts /
~2.5¢/w, and Wy/Wy=0.02, in qualitative agree-
ment with Fig. 1, case A, and Fig. 2. For case
B, only modes with kc/w, < 1.6 are unstable;
consequently, filamentation occurs on a broader
scale, only four filaments develop, and the linear
stage continues to a larger level of W

Each time filaments coalesce, W jumps as
seen in Eq. (3) and Fig. 2, which are in qualita-
tive agreement. The coalescing filaments bounce

(3)
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FIG. 2. Time dependence of Wg, case A, solid line;
plasma thermal energy W,, case 4, long-dash line;
10Wg, case B, dot-dash line; and 10W,, case B, short-
dash line, all in units of the initial beam energy.

through each other in a series of damped oscil-
lations. According to the simple picture of a test
charge moving within a uniform current filament,
Wy should oscillate harmonically with period 74
=7v2(y/Bw,) ="7.2w, "* for case A or B, in good
agreement with Fig. 2,

When N finally is reduced to 1, Wg/W;~v/y.
(Note, however, that cases A and B have been
run only until N=2.) The plasma is heated (main-
ly normal to U,) to an extent comparable with the
increase in Wy, at least in the particular simu-
lations done thus far (simulations varying v/y
are in progress). Beam transverse kinetic en-
ergy also increases comparably. Thus, we ex-
pect that a beam with v/y > 1 should divide its
energy among magnetic field, plasma heating,
and beam transverse energy, and fail to propa-
gate further. It is possible that the propagation
length can be adjusted by choosing B, appropri-
ately.

In previous one-dimensional simulations,* by
way of contrast, a sheet of plasma current is

trapped between each pair of beam current sheets.
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FIG. 3. Contours of total current density J, in the
plane normal to U, for case A at time wy =220, The
three solid-line contours indicate relative values J,
=3, 2, and 1, while the dotted contours indicate J,
=—0.4, — 0.3, and — 0.2, The curve shown is a plot of
dg(x), taken along the dot-dashed horizontal line, Note
that J, is positive within current filaments, negative in
their return current sheaths, and zero elsewhere.

Thus, coalescing is impossible in one dimension,
and the prevailing mode structure at the end of
the linear stage persists indefinitely.”

Different types of structure are seen in cases
C and D. In case C, the beam at first forms a
connected network rather than breaking into fil-
aments, but filamentation does occur later, and
the nonlinear stage is qualitatively similar to
cases A and B. In case D, where ny,=n,,, dis-
tinct filamention never occurs, although the spa-
tial scale of the connected structure grows in
the nonlinear stage until it is box limited (the
analog of reduction to one filament). There is,
in fact, no reason (if n,, ~n,,) why a thin neck
connecting incipient filaments should be broken,
since the magnetic pressure is weakest at such
a point (Eig is in the x-y plane, and the curvature
is outward at a neck). A low-density beam be-
comes filamentous only because it shrinks to a
small cross-sectional area.

It is important to note that current neutrality
of the system as a whole is nof preserved during
the development of the Weibel instability of a yel-
ativistic beam. Since axial momentum #,my,u,
+n,my,u, is constant, the net current

I=n,ebu,(1-y,/v,) (4)
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grows as the beam slows down. This effect char-
acterizes any process that transfers momentum
between particle streams of like charge but dif-
ferent effective mass. In an actual experiment

in linear geometry, an equal return current is
necessary to avoid charging the end plate, but
typically this current can flow partially in exter-
nal conductors.

During the early part of the nonlinear stage,
when there are many filaments, it is qualitatively
reasonable (and in moderate agreement with
simulation) to treat the development statistically
as continued growth of modes with long wavelength
A, L=zx>»Il. Thus, the time scale for this stage
is a few linear growth periods for modes with
A~L. When only a few filaments remain, such
a treatment is obviously inappropriate. If each
filament were fully current neutralized, the time
required for coalescing of these last few filaments
would become exponentially large for filament
separation >>c/w,,. However, we expect the fi-
nal recombination, in an actual experiment, to
be dominated by the long-~range unshielded at-
tractive force due to overall current non-neutral-
ity. The characteristic time, i.e., the time for
coalescing under this force of a pair of filaments
separated by distance L, is 7= (myL?/r,28%)"?

X (1-a)'w,”!, where a=ny,u,/n,,u, is the frac-
tional current shielding. Conservation of axial
canonical momentum B, - eA/c indicates that the
change in beam momentum is (6p,,)~(w,L/4c)?
X N~1p,, from which %, and « can be estimated
via Eq. (4).

The coalescing of the last few filaments is much
slower than this estimate in the present simula-

tions, for two reasons. In the presence of a net
current, Maxwell’s equations are inconsistent
with periodic boundary conditions. Thus, the
code must introduce a fictitious, spatially uni-
form return current chosen to preserve current
neutrality, negating the effect of Eq. (4). Further-
more, a periodic simulation system, unlike an
actual beam of finite radius, can reach a sym-
metric, latticelike state. This effect dominates
cases A and B. Further coalescing then depends
on symmetry-breaking perturbations, and is
much delayed. Therefore, the present simula-
tions give only an upper bound on beam recom-
bination time in a real experiment. Further sim-
ulations are in progress, involving beams with
finite cross sections, and metallic rather than
periodic boundary conditions.
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Superconducting tunneling experiments on double-hexagonal close-packed La show that
the ratio 2A,/kT, increases with pressure. The low-frequency part of the phonon density
of states shifts to lower energies. Phonon softening is thus, at least partially, respon-
sible for the strong increase of the superconducting T, with pressure.

For several years the electronic structure of
lanthanum metal has been a matter of unsettled
controversy. Up to the present time La is often
conventionally regarded as a pure sd-band tran-
sition metal of the third column of the periodic

table, not significantly different from scandium
or yttrium.! On the other hand, the idea had
been advanced a decade ago that a 4f band may
favorably influence the superconductivity of La.?
Experimentally, it has been shown that La is
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