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Sum-rule techniques are used to evaluate total p -capture rates. They turn out to be
strongly dependent on the mean nuclear excitation energy, whose behavior along the nu-
clear table is discussed.

As is mell known, total p. -capture rates A~„,
can be roughly thought of as proportional to
Z, &&'=RZ', where Z is the number of protons
and R a factor describing the overlap of muon
and nuclear wave functions. However, as can be
seen in Fig. i, a plot of Z, «'/A„, exhibits a wide
variation over the nuclear table. This effect has
been attributed by Primakoff' to nuclear correla-
tions. Anyway, results obtained by this method
are critically dependent on the value assumed for
a parameter 5„measuring nuclear correlations,
which enters the rate in addition to an average

neutrino momentum (v,). The value of 5. is ob-
tained by a "best fit, " about which individual nu-
clei may of course fluctuate. Later attempts
along this line have failed to improve the situa-
tion substantially. '

The aim of this work is to show that the gener-
al features of the process can be explained by
the variation along the nuclear table of the aver-
age momentum of the emitted neutrino, on which
total capture rates are strongly dependent. The
corresponding value of the excitation energy in
daughter nuclei is in agreement with the hypoth-



VoI.UME 31, NUMBER 16 PHYSICAL RKVIKW LETTERS 15 OCTOBER 1973

FIG. l. Ap /Zg ff versus Z. Experimental values
of A~, are taken from Ref. 11 and Zg ff from Ref. 8.
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esis of Foldy and Walecka' and with shell-model
calculations on the relative contribution of dif-
ferent multipoles in the capture mechanism, and
affords a deeper understanding of nuclear-struc-

5.ture effects in the process. We perform our cal-
culations within the framework of the closure ~

~

approximation, but use sum-'rule techniques to
overcome the uncertainties connected with the 0

difficult evaluation of nuclear correlations.
Let us use the following simplified formula for the total capture rate:

I e
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~e, = "Le„'J"—;l&tIEe, eeel-ie„e;le(e)lell',

which can be easily obtained from the usual expression' through the following approximations: (a) ne-
glecting relativistic effects (they give contributions that can increase the rate by -10%6); (b) assuming
M v' =M„' =M ~' (this actually overestimates M „' and M~' by 10-20%).' These two effects partially
compensate, so that the overall agreement can be estimated to be better than 10nje. The muon wave
function y(x) has not been extracted from the matrix element; as we shall see this will affect the re-
sult in the high-A region.

The form factor appearing in (1), G„,'= Gv'+ 3G„'+ G~' —2G„G~, is only slightly dependent on the
neutrino momentum and can be treated as a constant; evaluating it for an average value 2= 85 MeV,
withg„/gv= —1.23 and G=1.023&&10'M ' (M is the nucleon mass), we obtain G„,'= 5.85x10 "M '. On
the contrary, the remaining part of (1) can be expressed as a rapidly varying function of the mean neu-
trino momentum.

In a transition from
~
a) to ~b), momentum and energy conservation give

v~l, —fN
p

—E ~
—(Eb —E~), (2)

where E„&,& is the total energy of the corresponding nuclear state and e, is the binding energy of the
muon in the E orbit of the mesonic atom. We are interested in the mean value of E, —E, that can be
defined through the relation

A"—'~(b~g~,.- exp(-iv x,.)q(x,.))a) ~'.

Here we have replaced v„with v=—m„—e, = E in the numerator in order to make possible the calcula-
tion. In fact, using closure we get the following sum rule:

2+ (E, —E,) )(b
~ g ~; exp(- i v x, )y(x;) ja) I' = —(a I [[H, Q exp(- i v x,) (p(x, )], Q exp(iv x,.)y (x,)] (a). (4)
i=1 g=I j=1

This is valid for a nuclear Hamiltonian H = 'I'+ V, i.e., kinetic energy and signer potential, and holds
true to a good extent also in the presence of additional exchange potentials. Their influence will be
discussed later. Therefore we obtain

2 2 Z

A„,= -2 "- ——,(a~[[H, Q exp(-iv x,)y(x,)], Q exp(iv x,)] )a).
i= I j =I

(5)

As we neglected the Coulomb potential in the Hamiltonian, the mean excitation energy E has been re-
placed by E'= E+Ec, where Ec is the Coulomb splitting between analog states in parent and daughter
nuclei.

The commutator in (5) can be easily calculated if only the kinetic energy and Wigner potential are
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taken into account. The result is

G ' 1 4 z
A„=-2' ~ ——', &aIZ q'(~;)+=. (&;v(~;)l' Ia&.2g 2M E V

Remembering that

m„a)'
&aIQ y'(x, )Ia) = -"- — z„,',

i=1

and defining
2 2

1&~'= &ale (&;v(~;)J'Ia&&aIZq'(~;) Ia& ',
i= 1 i= 1

Eq. (6) becomes

G „.'(ttt „o.)' v'

(8 )'M (m — E — ) "' ' ')' (7)

This equation gives the total capture rate as a function of the mean neutrino momentum v (only) or,
equivalently, as a function of E'.

The parameter Z, «has been tabulated, ' and A. can be calculated using an approximate expression
for cp(x). ' The term containing X would not have been present had we averaged y(x) over the nucleus
as in the usual procedure; it turns out to be very small for light nuclei, but increases to 15k for heavy
ones.

The contribution from exchange potentials, V'" =g...(V,,M+ U;„+V, , ), i.e., Majorana, Heisenberg,
and Bartlett terms, is given by

&aI[[V'", Q exp(-iv x,)q(x;)], Q exp(iv x,.)y(x,.)jIa)

= IpI,,'&aIQ Q Iexp( —iv x,.) —exp(-iv x,.)I'(V, , + V, ,")Ia).
i=1 &=1

Expanding the exponential we get

Iexp(- iv x,) —exp( —iv x,.) I'= v'(x, —x„.)' ——,', v'(x,. —x,.)'+ ~ ~ ~ .
The contribution of the P' term has been evaluat-
ed by Bethe and Levinger" to be about 4lPO of the
diPole stt'eath, but the v' term that here is still
relevant reduces the contribution to about 30/p.
Higher-order terms are negligible. We stress
the fact that exchange contributions depend es-
sentially on &I(x, —x,.)'V, ,'"I), i.e., on the interac-
tion range and not on the nuclear radius. There-
fore, their importance relative to the dominant
matrix element, which depends on the latter, is
decreased in high nuclei.

Going back to Eq. (7), experimental values of

A„,
"can be used to determine F.'; the results

are shown in Fig. 2 for a wide range of nuclei.
The general trend of the plot can be explained as
follows:

(i) In light nuclei the value of E' agrees within
experimental errors with the giant-dipole-reso-
nance energy, according to the hypothesis that
the capture process here occurs essentially
through dipole excitation. The contribution of ex-

change forces would slightly raise E', as a mat-
ter of fact, multiplying the right-hand side of

j(E'
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FIG, 2. E' obtained from Eq. (7) versus Z. The
quoted errors are those coming from experimental un-
certainty in ~&~.
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Eq. (7) by a factor 1.3 would increase F.' by -3
MeV.

(ii) As Z increases, E' rises gradually because
of a larger contribution from higher-order mul-

tipoles which become predominant in heavy nu-

clei. This can also be seen from the value of
vR, -1.4 in "Ca and 2.5 in ' 'Pb, and is con-
firmed by shell-model calculations. ' Here ex-
change effects are not expected to be large be-
cause of the small relative contribution of the
dipole term to the total transition strength. The
smaller slope for very heavy nuclei can be prob-
ably explained by a hindrance of higher-order
multipoles due to phase-space conditions.

Finally, we want to comment on the present
approach. Since Eq. (7) has been obtained in a
model-independent way and since the value of E'
is not sensitively affected by exchange forces,
we stress the importance of this parameter which

appears to be the most natural one for p, capture.
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Differential cross sections and analyzing powers for inelastic scattering of 24.5-MeV
protons from 3 S have been measured, with special attention to the excitation of states
which occur in the two-phonon region. The coupled-channel theory is used to interpret
the excitation of the two-phonon. states. An appreciably better fit to the data for the ex-
citation of the second 2 state is obtained if a small admixture of the one-phonon state is
assumed. However, a strong component of a 4+ one-phonon state needs to be admixed to
the 4+ two-phonon state.

Various studies of s-d shell nuclei, theoretical
as well as experimental, appear to indicate a
transition with increasing A from pure rotational
spectra to spectra of an anharmonic vibrator.
The success of an interpretation in terms of the
collective model is rather surprising in this re-
gion of light nuclei where one might expect indi-
vidual-particle aspects to be dominant. The
structure of sulfur remains a very puzzling one
and we present here a tentative description of
the first six states.

In the region of mass A = 30-38 where the ap-
plication of the vibrational model has been pre-
viously suggested, "we have begun a study of
"S and "Sby inelastic scattering of polarized
protons at 24.5 MeV. We have obtained good fits
to the cross sections and analyzing-power mea-

surements of the first 0', 2', and 3 states of
"S and "Sby a coupled-channel analysis using
the vibrational model. ' This model predicts in
its simple form a triplet of two-phonon states
(J =0', 2', 4') at around twice the energy of the
one-phonon state. The states at 3.78 MeV (0"),
4.29 MeV (2'), and 4.46 MeV (4') have been ten-
tatively identified by previous lifetime measure-
ments' and (d, d') scattering4 as the two-phonon
states of S.

In general, data for two-phonon states are
rather sparse, since the cross sections are low
and spacing of the states is small, requiring
good energy resolutio~. However, these states
represent a crucial test of the validity of the
model.

The details of the experimental setup of the ex-
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