
Vol.UMz 30, NUMazR 3 PHYSICAL REVIEW LETTERS 15 JANUARY 1973

Research under Contract No. N00014-67-A-0077-0010,
Technical Report No. 30, and by the National Science
Foundation through Grant No. GP 27355. Additional sup-
port was received from the National Science Founda-
tion (Grant No. GH 33637) through the Materials Science
Center, Cornell University, Report No. 1918.

D. D. Osheroff, B. C. Richardson, and D. M. Lee,
Phys. Rev. Lett. 28, 885 (1972).

2D. D. Osheroff, W. J. Gully, R. C. Richardson, and
D. M. Lee, Phys. Rev. Lett. 29, 920 (1972).

D. D. Osheroff, Ph. D. thesis, Cornell University,
1972 (unpublished); D. D. Osheroff, W. J. Gully, R. C.
Richardson, and D. M. Lee, to be published.

Even-L pairing is independently excluded by the exis-
tence of a NMR shift in the A phase (Ref. 2) which sin-
glet pairing cannot account for.

The measurements in Refs. 3 reveal only the relative
splitting of the A transition.

One should not overlook the possibility of degeneracy,
given the likelihood that the vl vary considerably with
pressure.

'We find a similar instability whenI. =3, but have not
demonstrated that it is not preceded by a different sec-
ond-order transitron.

A. J. Leggett, Phys. Bev. Lett. 29, 1227 (1972).
The temperature dependence well below the A2-A3

phase boundary is essentially that described by R. Hal-
ian and N. B. Werthamer [Phys. Rev. 131, 1553 (1963)].

For similar reasons we are unprepared to offer a
specific model for the B transition, since this requires
testing the stability of the best A3 phase well below the
normal- superfluid transition temperature, Some spe-
cific possibilities have been mentioned by P. W. Ander-
son and C. M. Varma (to be published) .

This formula and Eq. (3) have been somewhat simpli-
fied by using »T .
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In a cold beam-plasma system unstable for f&f«, two waves are launched, one at fq,
with large growth rate, and a small test wave at fr, with small growth rate. The wave at
fo saturates because of beam trapping, independent of the test-wave amplitude. After the
beam is trapped, the test wave ceases growing and exhibits amplitude oscillations inphase
with large wave. This is consistent with a linear interaction of the test wave with themod-
ified electron beam.

Recent work on cold beam-plasma instabilities
shows the trapping of beam particles in the wave
potentials to be the dominant nonlinear saturation
process. Gentle and Roberson' observed a nar-
row wave spectrum at the onset of saturation
which showed the amplitude oscillations charac-
teristic of beam trapping in a single wave. More
recently, Mizuna and Tanaka, ' Bollinger et al. , '
and Gentle and Roberson' observed changes in the
beam distribution function which are in good qual-
itative agreement with theoretical work, partic-
ularly recent one-dimensional computer calcu-
lations for beam trapping by a single wave. ' '

Of interest here is the subsequent nonlinear
development, which is not as clearly established.
Onishchenko et aE. ' and O' Neil, Winfrey, and
Malmberg discuss the later nonlinear picture
and state that eventually a broad wave spectrum
will develop governed by quasilinear theory.
There are several possible mechanisms to gen-
erate the broad wave spectrum, the most straight-
forward one being the continued growth of those
frequency components which are small at the

point of saturation of the principal wave.
In the present experiment we examined the be-

havior of a small-amplitude test wave (frequency
fr) in the presence of a large-amplitude wave
(frequency f,) in a cold beam-plasma system,
f„f~&f„. Briefly, we find that the test wave
does not continue to grow after saturation, but
remains small. Thus, the small components of
the spectrum do not lead to a transition to quasi-
linear behavior in a straightforward way.

The experiments were done in a machine de-
scribed elsewhere"; the system parameters are
as follows: axial background field B,= 180 6
(f„=0.5 GHz), plasma frequency f~ = 0.6 GHz,
plasma temperature -3 eV, beam energy 350 eV,
beam density n~ =2X10 Sn~, beam diameter
6 mm, plasma diameter 5 cm, and interaction
region -1 m (50 cm used in the experiment has
bn~/n~ &5'). The waves are launched from a
transmitter near the electron gun and detected
by a movable axial probe and tuned receiver. In
this experiment the beam density is kept small
enough so that amplif ied noise does not grow to
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observable size within the machine. Under ex-
perimental conditions perturbations within a
frequency band from 600 to 760 MHz are spatial-
ly amplified. Two waves are launched, E, at f,
= '110 MHz with linear growth rate y, =1 dB/cm
(maximum growth rate in the band) and Er at
fr = 670 MHz with yr = 0.5 dB/cm.

The z dependence of the amplitude of the two
waves is shown in Fig. 1 for several input powers.
Curve A shows the principal wave E,. This re-
mains constant for all test waves shown. There
is evidence for trapping after saturation although
the amplitude oscillations are superimposed on a
decay which is not completely understood at pres-
ent. Curves B, C, and D show the axial depen-
dence of the test wave E~ in the presence of E,
for three different incident powers. The position
of saturation and the subsequent amplitude oscil-
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FIG. &. Spatial dependence of wave amplitudes. Curve
A, principal wave at f0=710 MHz. Curves~, C, and
D, test wave at fr=670 MHz at relative input powers 0,
—5, and —10 dB, respectively. Curve E, repeat of
curve B with principal wave absent.

lations do not change and aII of these match close-
ly the corresponding features of the principal
wave. Curve E shows the z dependence of E~
when Eo is absent Here the saturation amplitude
is much larger and occurs much later. This
leads us to the conclusion that the saturation of
the test wave in B, C, and D is completely deter-
mined by the nonlinear behavior of the principal
wave.

The experiment suggests that when a single
wave grows to large amplitude any other wave
with small amplitude is inhibited from further
linear growth. Presumably Eo saturates as a re-
sult of single-wave beam trapping since it is un-
affected by E~. Since the test wave has small
amplitude everywhere, it is reasonable to con-
sider its behavior as linear. Using these two
assumptions we present a picture which we be-
lieve qualitatively accounts for the competition
process.

The tmo waves do not interact directly, but
through a wave-particle-wave process. Upon
saturation the principal wave traps the beam and
the electrons oscillate in the wave potentials. E~
then interacts with the modif ied distribution func ™
tion and the growth characteristic is locally de-
termined by the beam at that point.

Just at saturation the electrons have undergone
one half-cycle of oscillation. E, begins to damp
and the beam is nearly monoenergetic at a veloc-
ity smaller than the wave velocity. E~ also damps
since the linear interaction of a beam with a wave
faster than the beam results in damping.

After the electrons have undergone one cycle,
the beam is again monoenergetic, but now with
its original velocity. Here the linear beam-test-
wave interaction results in growth. In this way
E~ follows E, through the changing beam distri-
bution.

These arguments rely on the wave velocities
being approximately equal, but smaller than the
unperturbed beam velocity. The phase velocities
v, and v~ mere obtained in the linear region by
means of interferometric wavelength measure-
ments, with the result that v, =0.97v~ and v~=
= 0.98v~ (a 1/0), where v~ is the unperturbed
beam velocity. Although the accuracy is poor,
the wave with larger growth rate is consistently
found to have the smaller phase velocity. One
might thus expect that E~ should damp before Eo,
since the average beam velocity falls below v~
first. This tendency is observed in the experi-
m.ents in Fig. 1. Curve A is maximum at z =45
cm while the corresponding maxima of B, C,
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and D are near z = 42 cm, approximately two
wavelengths earlier. However, detailed analysis
of effects such as these must be deferred until a
quantitative theory is developed.

The competition or mixing between waves, de-
pending on relative amplitude, has been found to
be an important aspect of the nonlinear behavior
of two waves. We believe that these processes
may be important in the nonlinear development
of many waves, for example, the suppression of
"noise" in a beam-plasma system by strong beam
modulation. " Further work, both theoretical
and experimental, is obviously needed in this
area.

Concerning the general decay after saturation,
there are two effects not included in present sin-
gle wave trapping theory. The wave above the
cyclotron frequency used here has an apprecia-
ble transverse electric field and is subject to
cyclotron damping, either of which could be re-
sponsible for loss of energy from the wave. The
test wave has proved useful in estimating the
trapped particle bounce frequency, since the test
wave amplitude oscillations are less obscured by
the decay. If the test wave interaction is truly
linear as proposed, it may be generally useful
as a beam diagnostic.
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The resonant nonlinear interactions of two waves with the gyromotion of the electrons
stabilize the high-frequency modes of the E && B electron drift instability, but further desta-
bilize the low-frequency modes. However, the total wave energy is stabilized by this
mechanism, whereas wave-wave scattering processes transfer energy from the unstable
region of the spectrum toward the nonlinearly damped one. The predicted turbulence lev-
el at IC = lib. n is in good agreement with experimental results.

Electron Bernstein waves are destabilized
through their interaction with resonant ions if
their direction of propa, gation in the electron
frame is parallel to the current flow and if they
have positive energy in this frame. ~3 This only
occurs when the wave frequency is sufficiently
close to a harmonic of the electron cyclotron fre-
quency. Because the growth rates are large com-
pared with the ion cyclotron frequency, the ions
can be assumed to have straight-line trajectories.

The main properties of the E xB electron drift
instability in plasma, s with T; -T, are a,s follows:

(1) The real part of the linear dispersion rela-
tion has a discrete set of roots (branches). The
frequency of the modes with maximum linear
growth rate is given by

(,(n)=no+a( „(r,) (n=~1, 2, ...), (la)

&~ (n) —= (2v) "' (1. +h'Z ')-' «nnQ

lk)c, D

where 0, c, , and AD are respectively the elec-
tron gyrofrequency, thermal velocity, and Debye
length. We assume throughout that I h I c, /0» l.

(2) The linear growth rate is maximum when


