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We discuss the two-stream interaction of relativistic electron beams with a plasma in
the nonlinear regime supported by computer simulation experiments.

For relativistic electron beams with current I
in excess of the critical Alfvdn current J„, i.e.,
I /Iz ——v/y»1, the dominant mechanism by which
the beam transfers its energy to the plasma is
expected to be that due to the turbulent decay of
the return current proposed by Lovelace and Su-
dan. ' Here we use conventional notation: v=Ax„
where W is the number of beam electrons per
unit length and x, is the classical electron radius;
y is the beam energy in rest mass units. On the
other hand, for beams with v/y-1 the competing
process of the electrostatic two-stream interac-
tion becomes important. The present Letter is
devoted to a discussion of the two-stream inter-
action, supported by computer simulation studies
for a homogeneous beam-plasma system.

The gross magnetohydrodynamic stability of
the beam can be assured on the time scale of the
two-stream instability provided the beam propa-
gates along a guide magnetic field such that the
beam kinetic-energy density is less than the mag-
netic energy density. ' In addition, the beam ve-
locity distribution is assumed to satisfy b.v„/c
«y, (nb/2n, ), where n, and n, are the respec-
tive beam and plasma particle densities, Av~~ is
the velocity spread in the direction of the aver-
age beam velocity vo, and yc=(1- vos/c2) ~'2.

Furthermore, we shall assume a one-dimension-
al spectrum for the unstable waves. There are
four situations where the last assumption is valid:
(i) beam propagation along a sufficiently strong
magnetic field; (ii) 6v~/c (n, /2yon, ) ', which
reduces the growth rates of modes with finite"
h~ below yo ~(n„/2n, )~'s, where b, v~ is the veloc-
ity spread perpendicular to vo; (iii) the plasma

density profile has a minimum at the beam axis,
and waves with finite 4~ will be reflected towards
the direction of beam propagation; (iv) the beam
has been modulated at a wavelength for maximum
growth of the two-stream instability.

Under the above restrictions, the dispersion
relation for electrostatic waves is

1 - (de /(d —co ~ /(4) - hvo) = 0,

where ~,'= 4mn, e'/n and tv, '= m4n, e'/y, '
r.nAfter

X e-folds in amplitude, the width of the unstable
spectrum predicted by (1) is bh/ho-y, '(n, /2n, )'"
xIV "', where h, =co,/v, is the wave number cor-
responding to the most unstable wave. It is clear
that the spectrum can be very narrow when a
high-energy beam interacts with a cold plasma.
In this case, the spectrum may be approximated
by a single wave with wave number ko, the so-
called single-wave model.

There are two main questions to be resolved:
(i) the maximum intensity to which the unstable
waves grow in the two-stream instability phase
of the interaction, and (ii) the rate of energy
transfer to the plasma after wave saturation. To
characterize the strength of the interaction, we
define the parameter S=—Pc yo(n, /2n, )"s. Several
investigators have examined the regime 8 «1.
From a quasilinear analysis of a one-dimension-
al spectrum Fainberg, Shapiro, and Shevchenko'
obtain for the saturation amplitude

while Kovtun and Rukhadze' obtain W = 0.198S
using the single-wave model for the interaction.
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xb r(x -p)+p [p -p(x p)])
where mcp„and y„are the initial beam momen-
tum and energy in the wave frame, P„=&up/Ippc,

and y =(1 —P ) '. Half of this energy loss can
be assumed to furnish the mean electric field
energy of the wave. The remainder is absorbed
by the oscillatory motion of the nonresonant plas-
ma electrons. Thus the mean energy density in
the wave at saturation is

W—= ~E(J /16vn, mc yp= ', Le/n, mc yp.
—

i,et b. s~ be the contribution from the y„-y(x,p)
term and b,e, from p„[p„-p(x,p)]; be, repre-
sents the spread in energy, and &e, is the change
in the mean drift energy. As a result of wave
growth the magnitudes of &e, and 4e, both in-
crease from their initial values; however, ~Kg
&0, while 4~2&0. For S«1, the energy spread
I«&I « I«, l, and one can regard the bulk of the
beam electrons to rotate rigidly' in x-p space so
that the beam which was initially described by
f(x,p)= 5(p -p„) is now, half a revolution later,
represented by f, (x,p) = 5(p +p„). With this dis-
tribution we observe that 4@~=0, and Ass= S/
(1+S), which gives

W= —,'S(1+S) s'a=2S for S «1, (4)

noting that y /yp=(1+S) ~'a. For SR1 the energy
spread I4e~I becomes important, and the rigidly
rotating-beam model is not valid. If indeed we
calculate 4e~ and 6 e2 by assuming that the wave
amplitude reaches its final value suddenly, the
energy loss Ae scales more like S(1+S) a com-

We present a qualitative picutre of the single-
wave, model under the restriction n, /n, «1 with
S ranging from 0 to, say, 5. (Our results may
indeed be valid for higher S, but further investi-
gation is needed. ) It is well known that the wave
saturates by trapping the beam electrons. During
the last couple of e-folds in wave amplitude, the
"instantaneous" trapping frequency of those beam
electrons, whose wave-frame kinetic energy is
small compared to wave potential energy, rises
rapidly. The energy exchange between these elec-
trons and the wave maximizes approximately
when they have completed about —,

' revolution in
phase space. If f,(x,p) is the beam momentum
distribution in the wave fsame at the time of
wave saturation, then the energy loss of the beam
electrons averaged nver a wavelength A, , as ob-
served in the lab frame, is given by

ae=npmc y f~,s(dx/X)f" dpf (x,p)

pared to S(1+S) ' for the rigid-rotor model, and
we obtain

W= S(1+S) '". (5)

Initially a beam electron has energy mc~yo, where
y, = y„y„(1+P„P ) (expressed in terms of wave-
frame quantities). After half a trapping oscilla-
tion in phase space its energy is reduced to mc y&

with y~=y y„(1-P„P ). The energy loss is mc'(y,
—y&) =2mcay y„P„P =mc ypS(1+S) . Now all the
beam electrons in fact do not lose this energy
since some gain energy through being accelerat-
ed by the wave. If we denote by n,« the effective
number of electrons losing mc (yp —y&), i.e., b, s
=n frnlc (yo yz), then

n.rf /n p
= (r./r. )' (6)

TABLE I. Summary of a series of one-dimensional
computer simulations. Columns 2 and 3 give the basic
parameters for each run. In column 4 the strength pa-
rameter S—=pp2rp(n&/2n) p corresponding to each run
is given. W—= lEpl /16pnpypmc is given in column 5.
The fraction of initial-beam kinetic energy gained by
the plasma electrons after the second stage is denoted
by X. R& and R6 were not run long enough to complete
the second stage. The initial plasma electron tempera-
ture is j,'. In all the runs, except R5, which had a
mass of 500, the ratio was 2000. There were a total of
40000 particles: 20000 ions, 18000 electrons, and
2000 beam electrons.

Idun yp "p /" 8

Rs
R4

Re
R7
R8
RB
Rgp

Rgg

0.050
0.110
0.001
0.001
0.010
0.010
0.050
0.010
0.050

0.435
0.555
0.296
0.296
0.617
0.617
1.150
1.310
2.320

0.0685
0.0615
0.0460
0.0485
0.09lfl
0.0845
0.0650
0.0720
0.0515

0.25
0.26

0.26
0.29
0.26
0.31
0.27

1.5 keV
0.1 eV
0.1 eV
0.1 eV
0.1 eV
1.5 keV
1.5 keV
1.5 keV
1.5 keV

Thus because of the increased energy spread
caused by strong relativistic beams, only n, (y /
yp)s electrons can be considered to coherently ro-
tate in the phase space and pump the wave.

As noted above, some beam electrons gain ener-
gy through being accelerated by the wave. In the
high-energy regime an estimate of the maximum
energy an electron can have is obtained as fol-
lows. The space-averaged momentum distribu-
tion may be assumed to be constant from p = 0 to
some p =p,„at the time of wave saturation. In
view of (5) the energy loss to the waves can be
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FIG. &. Maximum energy obtained by an electron
through being accelerated by the wave plotted as a func-
tion of initial energy po. Solid line, Eq. (7); R„refers
to simulation runs given in Table I.
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neglected to a first approximation, and from con-
servation of energy we find that

FIG. 2. Electric field energy in the wave spectrum
at saturation given as a function of S. Dashed line,
quasilinear result; solid line, Eq. (5); R„refers to sim-
ulation runs given in Table I.

y „„=2y, -ln(4y, )/2y, . (7)

A short summary of a series of one-dimension-
al computer simulations is presented in Table I.
We observe three stages in the evolution of the
beam-plasma system. In the first stage the wave
amplitudes grow exponentially a.t a rate given by
linear theory, and after a. short interval of time
the amplitude of the wave with the fastest growth
rate is such that it dominates the plasma dynam-
ics. Thus 7'„T; increase adiabatically at the
sa,me rate as the wave energy. This state comes
to an end when the wave amplitude saturates
abruptly. The maximum energy of electrons ac-
celerated by the wave is plotted as a function of
initial beam energy in Fig. T. The results are in
good agreement with (7). The electric field ener-
gy W at the time of wave saturation' is plotted as
a function of S is Fig. 2. For S&0.6 the numeri-
cal results are in agreement with the quasilinear
theory of Fainberg, Shapiro, and Shevchenko. '
For S &0.6 the single-wave model is not strictly
valid since 75% of the electric field energy is in
the dominant wave compared to 90% for S &0.6.
Although Eq. (5) does not fit the data closely for
S & 0.6, it describes the overall data quite well. ,
including the maximum nea, r S=0.66.

In the second stage, after saturation, the wave
amplitude is seen to fluctuate at the trapping fre-
quency of the particles at the bottom of the poten-
tial well. After at most two wave energy oscilla-
tion periods, the wave spectrum begins to decay
(see Fig. 3). At this point, the large-amplitude
wave acts as a pump wave to drive the oscillating

two-stream instability. Note the sudden rise of
ion fluctuations in Fig. 3. The observed growth
rates of the unstable waves are in fair agreement
with the theoretically predicted growth rates ex-
cept at high wave numbers when Landau damping
becomes strong. These unstable waves have low
phase velocities since their frequency is -~„
and their wavelength is determined by the ion
fluctuations to be about AA.„-0.2. There is an
efficient transfer of energy through this instabili-
ty to the electrons in the tail of the distribution.
Thus during this stage, the energy in the large
wave eventually ends up in the plasma by the
physical process described above, and the total
amount of energy transferred to the plasma, until
the end of the second stage should be twice the
maximum wave energy density 2m~~ @05'. In the
simulation experiments the energy transferred to
the plasma (see Table I, column 6) appears to be
in excess of this value. This can be explained in
the following terms. The hydrodynamic pha, se of
the two-stream instability ends when the large
amplitude wave saturates, and the beam simul-
taneously acquires a large momentum spread.
At this point the two-stream instability enters
the kinetic phase. New waves grow in that region
of momentum space where df/dp for the beam is
positive, i.e., at the lower end of the beam mo-
mentum distribution. These waves with phase
velocities much below the primary spectrum a.iso
extract energy from the beam which subsequently
ends up in the tail of the plasma electron distri-
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FIG. 9. Total wave electrostatic energy ll' (denoted by dots) and ion density fluctuations Q~ln~l2/Inl ~ given as a
function of time in units of , for R8. Different stages in the interaction are indicated. The rise in ion density
fluctuations is coincident with the beginning of the wave spectrum decay.

bution.
In fact from Table I, column 6, we observe

that roughly 25-3(Y/p of the initial beam kinetic
energy is transferred to the plasma electrons in
times of the order of a few hundred e, ~.

In conclusion, we wish to reiterate that our cal-
culations are based on a relatively simple model
and do not include such effects as density gradi-
ents along the beam axis.
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