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sudden decrease in intensity interpreted as the
intersection of the spin-wave and Stoner modes
is temperature independent, although measure-
ments at the higher temperatures are difficult
since the spin-wave intensity is reduced at all
energies. It is surprising that the intersection
point does not decrease with temperature since
one would expect the Stoner continuum to drop in
energy as the band splitting decreases. We be-
lieve that our interpretation of the sudden de-
crease of spin-wave intensity as being due to
Stoner modes is reasonable especially in view of
the band calculations of Cooke" and Mook ef, al .
Certainly the falloff is intensity is not an artifact
of the spectrometer since many measurements
have been made to energies much higher than 90
meV in other materials, and in the [100]direc-
tion in nickel spin waves are easily measured
past 100 meV. It is to be noted that even though
the spin-wave dispersion curves are isotropic
the Stoner continuum may be quite anisotropic.
The band calculations clearly show this effect
and in fact predict that the spin-wave intensity
should fall off more rapidly in the [111]direction
than in the [100] direction. ' The existence of
spin waves at high temperatures is perhaps rea-
sonable if long-range spin correlations persist
at elevated temperatures. It is not clear if the
spin-wave Stoner band intersection can also be

explained in these terms.
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The critical behavior for T &T and ~ =0 of ferromagnets with both isotropic exchange
coupling and dipolar interactions is studied by exact renor malization-group techniques in
d =4-q dimensions (q &0) with {n =d)-component spins. A crossover from short-range
isotropic (Heisenberg) to characteristic dipolar behavior occurs. The asymptotic spin-
spin correlation function develops a factor &ce —q"qs/q2 which suppresses longitudinal
fluctuations. Experiments on EuO and EuS are considered.

Magnetic dipole-dipole interactions exist in
all magnetic materials but in most ferromagnets
the ordering is caused by exchange coupling,
which, in materials with T, &300'K, strongly
dominates the dipolar terms. We suppose the
magnetic Hamiltonian can be written in the local-
ized spin form

X,=--,' g P(R-R )S-,~ S-,,
R,7v

+(~.u')'Z &"(R-R')&-."s-''I

with, in d dimensions, the dipolar coupling

ei,"'(R) = d(R "R')/It"" —& IZ"

while J(R) is a short-range coupling of strength

i=+-,J(R).

Note that in (1) we take the number of spin com-
ponents, n, equal to the dimensionality d, since
the dipole-dipole interaction involves scalar
products like Sa. (R —R') which couple spin and
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lattice spaces. The relative magnitude of the di-
polar terms can (for 8= 3) then be measured by

g= 4','p, ,'/3v. t = aTd; /T„
in which v, is the cell volume of the (cubic) lat-
tice. This par'ameter corresponds simply to the
fractional increase in the overall mean field
critical temperature T, = T,(l+g), relative to the
exchange-only value T, = —,'S(S+1)J= T, /0 where,
for the nearest-neighbor fcc Heisenberg lattice
with S=,'- to ~ one has' 9 = T, /T, = 0.88 to 0.80.
If„as customary, one puts P =g,ff = [S(S+1)]''g„
one obtains the second part of (4) with ATd;& =0.87
&&[p'6/v, (A')]'K. For Ni, EuO, and EuS, with T,
=627, 69.3, and 16.3'K, respectively, one finds"
ETd;p =0.02, 1.2, and 0.8'K. These figures con-
firm the opening remarks, and indicate that for
Ni the experimentally observed critical behavior
should be characteristic of short-range coupling
only. ' On the other hand, in view of the long-
range and singular character of the dipolar in-
teractions, it is reasonable to expect some new,

characteristically dipolar behavior to appear for
f =(T —T,)/T, - f "=g'~~, where @is some (as yet
unknown) crossover exponent, ~ In particular,
new values of the critical exponents o., P, y, v,

q, etc. ' should become evident. If, as we will
show, /=1. 3, one obtains t" =4X10 ' and 9X10 '
for EuO and EuS, respectively. These estimates
for the (reduced) crossover temperature are
well within the ranges studied in recent magnet-
ic, ' neutron-scattering, ' and specific-heat mea-
surements. '

With the aid of %11son s renormallzatlon-gr' oup
approach, ' and the & = 4 —d perturbation tech-
nique, ""a serious attack on this problem is, for
the first time, possible. In this note we report
the results of calculations to leading order in e
using continuous-spin Dlodel with 'fI, = d compo-
nents, sR", for each spin sR, and Is j'+ lsRI'
weighting factors. ' "

The main computation, to order e, uses the
exact renormalization-group equations"'" for
a reduced Hamiltonian of the form

R= —2f QlE2 (q)sq 8 q
—Q(M+v5~a)J f J sq sq, sg, 8 qq qp qa

where J means (2~) ~ d'q, with the effective pair potential

u, "'(q) =[r+q'+f(q )']5„8+gq"q jq'-hq q'.
As usual' "r is proportional to T —T„while the
coefficient of q is fixed at unity by a spin re-
scaling. The coefficients g, h, and f arise di-
rectly from the Fourier transform of the dipolar
interaction (2) and are all proportional to g. The
latter two terms are commonly neglected in dis-
cussions of dipolar interactions. " The f term,
although initially very small, has only the cubic
symmetry of the underlying lattice, and via the
renormalization procedure, generates the terms
with coefficient v in (5), Ultimately, i.e. , very
close to T„ these terms may play an important
role (which ha.s not been fully elucidated); de-
tailed estimation, however, indicates that their
effects are unlikely to be seen with present ex-
perimental techniques. " Accordingly we may
set f = v =0 in discussing the main effects of the
dipolar interactions.

The Gaussian propagator for the graphical ex-
pansion then has the form

Ga 8(q ~a a
y+q' x+g+(1 —h)q

'

For g, h «r, or equivalently, t»g, this reduces
to the standard propagator for the short-range,

r

(4 —e)-component, classical, isotropic (Heisen-
berg) spin model. We find the usual nontrivial
fixed point with exponents" 'o

I/p 1 —@Eq 'fj 3E /12
q Q~

and g=h. =0. This fixed point is strongly unstable
with respect to the dipolar term gq"qa/q'; the
corresponding crossover exponent' "is found to
be

1/q =1 ——,'e+O(e'), (9)
confirming the value p =1.3 quoted above for d
=3 (e =1).

Under iteration of the renorrnalization equations
for g & 0, one finds g = ~ leading to a new, dipo-
lar, fixed point [with h = O(1)]. The correspond-
ing characteristic dipolar exponents are

I/y = 1 ——,', e, q = 20&'/3 X1"t',

Q = —Es 34

The value of q quoted here follows" from a sep-
arate second-order Feynman-graph calculation, "
which a.iso confirms (11) to (13) below. The spe-
cific-heat exponent n, is derived from the scal-
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1 ne(q na q' q
n 8/

(13)

with q given by (10). These results show that one
could identify the "critical mode" with the trans-
verse I q I

—0 fluctuations,
Finally for t «g @ the magnetostatic suscepti-

bility g takes the form expected from macro-
seopie theory, namely,

+g~OT Of 8 g g X]y gs PB
2X = n8 +

where C and y have the same values as in (11),
while the "demagnetization factor" B is, for
d=3, given by

D =-,'v+v, +AD[1-3cos'8 (R)]/R', (15)

where 0"(R) denotes the angle between R and the
n axis, whi, le for the elliptical sample shape as-
sumed, the lattice sum is independent of the ori-
gin site. " Note that (14) is not a simple l q l-0
limit of (11).

From R theol etlcRl vlewpolnt lt 18 lnteI'estlng
that the value of q is increased by the addition
of dipolar interactions; by truncating (9) and (10)
the change is estimated to be from about 0.021 to
0.023 for d=3. This is not in the direction (to-
ward q = 0) that might have been guessed from
the "long-range" character of the bipolar inter-
actions. Similarly, the value of y is increased,
from about 1.33 to 1.36 for d = 3 (by truncating
likewise), which is also away from the mean
field result y= 1. This contrasts with the effects
of long-range exchange interactions of the form
1/R~' with 0&o'&2."Experimentally, one finds
for nickel'" y=1.34+0.02 (and similarly for
iron). For EuO and EuS, neutron-scattering ex-
periments' indicate y= 1.39+0.05 which, despite

ing relation' 2 —a, =dv = ~dy but has not otherwise
been checked.

In the dipolar region f&g' ~, the true spin-spin
col I'elRtlon function hRS the fol m

tx 8/
„a(~ b„~,—q q /q

i+t q'

provided 0& $'q'«1, where the correlation length
VRI'les Rs

~(T)=V ', ~=y/(2-n),

and (10) applies. The factor 6 a —q q /q' in (11),
which is absent in the short-range region I;&g'
represents the suppression of longitudinal (8„- il q),
low-momentum, spin fluctuations. It remains at
the critical point itself where we have

the fairly large uncertainties, is clearly larger,
as predicted. Qn the other hand, static measure-
ments' on EuQ suggest y= 1„29+0.03. According
to Rll cuI'I'ent theoretical ldeR8 the two techniques
should yield the same exponent. However, it is
quite possible that, in one or both experiments,
the pure power-law region had not been reached;
the apparent increase in y*(T) in Fig. 3 of Ref. 5

for one acceptable choice of T„ is suggestive
from this viewpoint. In any case experiments
with t &10 ' are clearly desirable to resolve this
important discrepancy and, hopefully, to provide
a test of the present theory. "'" It would also be
interesting to observe the predicted angular de-
pendence of the spin fluctuations by an appropri-
ate technique. "

Comparison of (8) and (10) indicates that the
dipolar specific-heat exponent should, in general,
differ from that for short-range interactions.
For three dimensions, evaluation of the leading
terms alone would give n, = —0.03 and —0.13,
respectively; however, neglect of the (unknown)
second-order terms in (10) is obviously unjust-
ified in view of their relatively large magnitude
in (8). Even so, the difference might correspond
with the "nonuniversal" specific-heat exponents
observed recently' for the ferromagnet EuQ,
namely o., = —0.04+0.06, and for the (Heisenberg-
like) antiferromagnet RbMnF„namely n, = —0.14
+0.04, since, as might be anticipated, isotropic
dipolar interactions do not affect the asymptotic
behavior of antiferromagnets (to order e), '6

which shouM, accordingly, display the short-
range exponents. However, the close agreement
with the truncated estimates is likely to be coin-
cidental and, indeed, the significant rounding
of the EuQ data for I; & 10 ' casts some doubt on
the experimental interpretation. In any event
the present theoretical analyses make it clear
that the eritieal behavior of ferromagnets with
low transi. tion points, such as the europium chal-
cogenides, should no longer be expected to match
that of otherwise comparable antiferromagnets.
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Model three-body calculations have been performed with two-channel separable inter-
actions to test the predictions for angular distributions and spectroscopic factors by But-
ler, Hewitt, McKellar, and May, and distorted-wave-approximation theories of deuteron
stripping. There are indications that both theories are inadequate.

One of the important parameters in nuclear-
structure theory is the so-called "spectroscopic
tactor (8)"—the probability that an (A+ 1)-parti-
cle nucleus is simply an extra particle added to
the ground state of an A-particle nucleus. It has
long been recognized that this parameter can be
determined from an analysis of stripping and
pickup reactions, ' but as one has no a Priori
knowledge of 8, the value extracted from the re-

action analysis is somewhat controversial. 2 We
present. the results of a model calculation in
which 8 is known and one can test the ability of
the reaction theory to extract the correct value.
We test both the distorted-wave Born-approxima-
tion (DWBA) and the Butler-Hewitt-McKellar-
May (BHMM) theories.

Our model is an extension of the three-body
separable potential model which has been applied


