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We present a simple form for the vector and axial-vector charges, transformed so that
their matrix elements between (constituent) quark-model states correspond to measur-
able transitions between physical states. A comparison with experiment of predictions

for pionic transitions is made.

The algebra of vector and axial-vector currents
proposed by Gell-Mann' has, for some time now,
been one of the accepted “truths” of hadron phys-
ics. Given the correctness of the algebra, one is
immediately led to consider how the observed
particle and resonance states transform under
this algebra. From the Adler-Weisberger rela-
tion? itself, it is already clear that the observed
hadron states at infinite momentum?® do not fall
into irreducible representations of the chiral
SU(2) ® SU(2) algebra of charges. The axial-vec-
tor charge connects the nucleon to many higher-
mass N* states which contribute to the sum rule
and must then share the same irreducible repre-
sentation of SU(2) & SU(2) with the nucleon. Cor-
respondingly, the nucleon must have components
in several irreducible representations of the
algebra.

Although some progress and understanding
have been achieved,* the problem of a complete
classification of hadron states under the SU(2)
®SU(2) charge algebra is unsolved. Furthermore,
up to this point, much of the work on classifying
the states has been on a case-by-case basis.

For a systematic approach, one wants a trans-
formation from the irreducible representations
characteristic of the quark model to the reducible
representations of the physical states.® In this
paper, we assume such a transformation exists
and choose to act with it on the charges rather
than the states. Although the details of the trans-
formation are unknown, we suggest that the trans-
formed charges have a simple algebraic struc-
ture, allowing us to systematically relate many
hadronic matrix elements.

We start by defining the chiral SU(2) ® SU(2)
algebra of charges at equal times,®

[QF, @]=ie"*Q%, [Q;, @]=ic'* Q.*,
[Q:F, @,7]=ie'* @,
where i, j, k run from 1 to 3 and @ and @, are

the space integrals of the time component of the
vector and axial-vector currents, respectively.
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The operators @'+ @,’ and @ - @, then form two
commuting SU(2) algebras. Irreducible repre-
sentations of hadrons moving at infinite momen-
tum in the z direction are labeled as {(I;, I,)s,, L.},
where I, and I, are the “isospin” under @'+ @,°
and Q' - Q.°, respectively; S, is the eigenvalue

of Q.° the singlet axial charge which corresponds
to the intrinsic quark spin in a quark model of
hadrons. The quantity L, is defined then as L,
=J,-S,, J, being the z component of the total
angular momentum of the state. The isospin
content of (I, I,) ranges from |/, — Il to I, + L,

Now consider the transformation V which takes
one from the set of irreducible representations
characteristic of quark constituents (¢q for me-
sons, gqq for baryons) to the physical states
which form complicated reducible representa-
tions of SU(2) ® SU(2):

|[physical) = V|constituents).

The operator V, which contains the dynamics of
the world, may be roughly thought of as, among
other things, adding infinite numbers of ¢q pairs
to the constituent ¢g or gqq state to form the
physical meson or baryon. Then, assuming V is
a unitary operator, the measurable matrix ele-
ments we wish to study are, for example,

(physical’|@;|physical),

which may be rewritten as
(physical’|Q,[physical)
=(constituents’|V '@,V |constituents). (2)

The operator V and its properties have been
studied in some detail in the free quark model by
Melosh.” Most interestingly, he finds that while
V, acting on a single irreducible representation,
lconstituents), generates a complicated infinite
sequence of representations with increasing
angular momentum and quark spin, the quantity
V°'Q,V is quite simple.® It transforms as a sum
of the {(1, 0),, 0} -{(0, 1),, O} (like Q) and {(3, 3),,
-1}-{(3, )., 1} representations of SU(2) ® SU(2),
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respectively. We shall assume that the remark-
able property of V'@,V in the free quark model
in terminating in only two terms is generally true.
Furthermore, in order to have a very simple

and elegant form, we will assume, in addition,
that the {(1, 0),, 0} - {(0, 1),, 0} operator is to be
identified entively with a multiple of @,, some-~
thing which is not true in the free quark model.
We thus write

V—lQiV = Qi,

V1Q,'V=cosa @' +sinaK’,

(3a)
(3b)

where « is a constant and K transforms as {(3, 3),,
-1}-{(3, %).,, 1} under SU(2) ® SU(2). Equations
(1) and (3) then imply a second SU(2) ® SU(2) al-
gebra:

(@, @']=ic'*Q",

(K%, K']=ic'* Q.
Furthermore, the transformation properties [as
(3, 3)] of K* imply that

[KP, Q;7]=i6%s, (5)

(5%, @’]=ie' " K",
(4)

where S is an isoscalar, so that
s, @']=0. (6)
By the Jacobi identity,

(@}, S]=iK® and [K’, S]= -iQ,}, (7

closing the algebra of @, @.,%, K*, and S on that
of Sp(4) or O(5). The operator V is then e~**%,
[In the case of SU(3) ® SU(3) the algebra is larger
and instead of O(5) we obtain an SU(6) as will be
discussed elsewhere. ]

Equation (3), even if only an approximation to
a more complicated form, may be of great use
phenomenologically as it correlates many other-
wise unrelated quantities. The power of Eq. (3)
in making many predictions results because
(a) @, as a generator of SU(2) ® SU(2), has known
matrix elements and in particular can only con-
nect a given irreducible representation with it-
self; (b) K can only connect different representa-
tions with different values of L, and S,.

We now proceed to explore these predictions,
considering first the results which follow from
matrix elements where K cannot contribute, and
which, therefore, depend on @, and its property
of being a generator. For example, since the
nucleon and N*(1236) with J,= 3 lie in the repre-
sentation {(1, %)1/2, 0} of quark constituents, their
constituent states can only be connected by the
first term in (3b). Using (2), we immediately

obtain from taking the one-nucleon matrix ele-
ment of @, that

ga=3cosa, (8)

which gives cosa=0.745+0.005.° This value
fixes the relative scale of @, and K for all pro-
cesses. All matrix elements due to @, will now
be reduced by the factor cos « from their “quark
constituent” values.

To proceed further with experimental com-
parisons, we must use partial conservation of
axial-vector currents (PCAC)' to relate matrix

elements of @ to those of the pion.'! For exam-
ple, from (NIQ,IN*(1236)) we obtain'?
g*=%cosa=0.98, (9)

which is in satisfactory agreement® with experi-
ment if we use PCAC to relate g* to the N*(1236)
-~ N7 amplitude, Extended to the 3* octet, we ob-
tain the standard value of F/D=2

Since Eq. (3) is an operator statement, we can
also take its matrix elements between meson
states. For the ¢q states with L =0, the J,=0,
p and 7 are in (1, 0),+ (0, 1), and connected by .
Equation (3) plus PCAC immediately gives

o=V 2(m,/f,) cosa, (10)

and therefore I'(p—~7 )= 150 MeV, in excellent
agreement with experiment.® Similarly, for J -
=1 the p and w are in {(3, 3),, 0}, and Eq. (3) plus
PCAC gives

Zpwr= (V8 /f,) cos a.

Within the large uncertainties in extracting g,
from w-7% using vector dominance, Eq. (1 1) 1s
also in very adequate agreement with experiment,!t

Encouraged by these results for matrix ele-
ments of the @, cosa term in Eq. (3), we consid-
er the L =1 meson states of the quark model., We
label the I=1 states with JF¢=1*" 2** 1** and
0**as B, A, A,, and b, respectively, while
their I=0 counterparts composed of nonstvange
quarks are labeled H, f, D, and 0. Besides un-
testable relations involving pionic transitions be-
tween L =1 states, we arrive at a number of re-
lations for transitions of L =1 to L =0 mesonic
states which proceed only through K (Q, being a
generator does not contribute)!:

(1) For J,=0, g,,=0 since both B and w have
L,=0and K has L,=+1. Similarly, g,,=0 for
J,=0,

(2) ForJ,=1, g5,/ " =V2. Using experi-
mental values® for I'(4, -pn) and masses yields
T'(B—~ wn)= 75 MeV with a purely transverse de-

(11)
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cay. The width agrees with experiment,® where
the decay also appears to be dominantly trans-
verse,'®

(3) In SU(B),, the pion transforms like @,
while no term like K is present. The J,=1 de-
cays of the B and H are then forbidden and the
J,=0 decays allowed'®; our scheme predicts the
opposite,

(4) For J,=1, g, ,/84,,=1, and for J,=0,

&a, o/8fn= /3, Assummg M, =1070 MeV and using
exper1menta1 data,® we obtaln T(A,~pm)=85MeV
and a dominantly longitudinal decay.!” This rel-
atively narrow resonance is presumably not to

be identified with the wide nonresonance observed'®
in 7p ~(3m)p.

(5) 854/8a,n= V2. Identifying the & with the
proposed state near 975 MeV, we calculate from
T'(4,~m) that T(6—m)= 35 MeV. This disagrees
with a very narrow state, but agrees with exper-
iments observing the m mode of the 6.

(6) go/8sx=V2. If we assign, somewhat arbitra-
ily, the nonstrange quark o meson to have m
=m,, then I'(f~ 77) yields I'(c~ 77)= 250 MeV.’
The width depends strongly on m .. A transition
through an operator transforming like @, as in
SU(6), results in an unacceptable T'(c—~ 77) of ~60
MeV.

In trying to extend the results to L =2 mesons,
we find many relations, but almost no presently
testable ones. One relation which is of interest

(I=1,J%°=1""1Q.|m)

is
=1,07°=3"[Q,lm (2>l/2'

Identifying the J¥¢=3"" state with the & meson®
and assuming a mass of 1500 MeV for the J©¢
=1"" state (p’) yields a sizable width (~150 MeV)
into two 7’s for the p’. However, if the p’ was a
radial excitation in the quark model, then its de-
cay into two 7’s is forbidden by Eq. (3b) and the
fact that @, is a generator. Thus if the p’ state
observed® at 1500-1600 MeV is a mixture of the
L =2 state with a dominant L =0 radial excitation,
its 27 decay is suppressed. In this case the pr7
decay mode of its isoscalar companion, w’, is
also suppressed.

We may use our results to investigate the con- |
tributions to the Adler-Weisberger sum rules for
meson targets. For each of the eleven sum rules
for I=1 meson targets with L=0 and 1, cos’w
(55%) of the total sum rule is fixed in a known
way as arising from the @, term in Eq. (3b),
while each nonexotic intermediate state contri-
butes positively to the remaining sin®« (45%) of
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the total sum. It is entirely nontrivial that the
sum of the remaining identifiable contributions to
each of the sum rules does not exceed the 45%
limit. For example, the 77 sum rule gives us an
upper bound for the contribution of the f meson,
yielding T'(f—mm) < 180 MeV.

For the L =1 baryons, it is difficult to find
simple testable predictions because several of
the physical states are presumably mixtures? of
constituent-quark spin doublet or quartet states,
each with its own matrix element for decay to
7N or mN*(1236). There still is one relation,
(S5 QI N) /(Dyyl @5IN)=V2, between the presum -
ably unmixed spin doublet /=3 states, S,, and
D,,. Present data on the elastic widths®* are on
the borderline of disagreement with this relation,
but the errors are fairly large and can accommo-
date it.**

A possibly more serious difficulty with the
simple form in Eq. (3) is that any classification
of the Roper resonance, P,,(1470), as a radial
excitation in the quark model, results in its 7N
and 7N*(1236) decay modes being forbidden,
These transitions are not large on the scale of
N*(1236)—~ N7 or p—mnn. Their presence indicates
either an unpleasant classification of the P, or
the presence of additional terms in the trans-
formed @, which were neglected in Eq. (3).

Note that our results for baryons are not a
special case of Ref. 4; contrary to what is as-
sumed there, we must mix the N*(1236), We
also differ in having relations between baryon
and meson decays and in our results for the de-
cay of higher states which do not require new
parameters or saturation assumptions.

Taken all together, our results are encourag-
ing, there being no great contradictions and
several predictions which are in good agreement
with experiment. The success of our predictions
indicates that Eq. (3) may be an excellent first
approximation to the actual case, with a rather
elegant form, simple properties, and easily de-
rivable consequences. We hope to report on the
details of the above results as well as on consid-
erations of mass formulas and the extension of
the scheme to current densities (e.g., magnetic
moments) elsewhere.
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ERRATUM

MASS FORMULA FOR KERR BLACK HOLES.
Larry Smarr [Phys. Rev. Lett. 30, 71 (1973)].

Dr. Robert V. Penney has pointed out an alge-
braic error in the transformation of parameters
from A, L, @ to 5, B, € (page 72) in the quantities
E, and E.,,. These two lines should be changed

to

Er=%”l[(1 _ﬁoz) 1z 1],

Eem=%n[(1 +€2)(1 _82)-1/2 - (1 —Boz)-l/zjy

where

B():B(A, L, Q=O)

Further, the line giving the second-order expan-

sion of E.,, should read

Eem=3°77%

The conclusion of the paper remains unaltered.
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