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Stabilization of Explosive Instabilities by Nonlinear Frequency Shifts
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It is found that nonlinear frequency shifts proportional to the square of the amplitudes
of the waves may lead to a soliton-type solution in time for stabilized explosive instabili-
ties.

In the field of nonlinear wave problems the phenomenon of explosive instability is of great interest. ' "
Instabilities of this type are due to nonlinear interaction between waves having negative and positive
wave energies. ' " They may lead to unlimited field amplitudes in a finite time. Beam-plasma sys-
tems, "some magnetized plasmas, "as well as plasmas where the neutrals or ions have levels of in-
verse population, ' may exhibit such phenomena. Several interesting efforts have been made" '0 to
study the problem of stabilization of explosive instabilities. In particular Fukai, Krishan, and Harris"
considered the influence of nonlinear frequency shifts in a coherent phase description and gave an up-
per limit for the amplitude reached during "explosion. " However, we think that this problem needs
further investigation and, in particular, an analytic solution which also covers the time interval beyond
the "explosion. "

The equations of motion for the field amplitudes, including terms to third order in amplitudes of the
expansion, and assuming coherent wave interaction, are'

i(BA«/Bt) exp(-i~«t) =+V«««-A«A«-exp[-i(~«+~«-)t]+QW««««iA« i'A«exp(-i~«t)

+Q W„«, «, , «A«A«A& exp[- (cu«, ++&+su«)t j.
As a consequence of the oscillatory nature of the
last sum in Eq. (1), it may be neglected as com-
pared to the other terms of third order. The co-
efficients V„~. ~- and W„~, & ~ are real quanti-
ties in the absence of dissipation.

For resonant three-wave interactions, satisfy-
ing decay conditions for the frequencies and wave
numbers (&u, =v, +&u„h, =h, +h,), and assuming
the form A, =u; exp(i4, ) for the complex ampli-
tudes, we have three equations for the amplitudes,

Bu, /Bt = Vu, u, cosc',

Bu, /Bt = Vuou, cosc,

Bu,/Bt = Vuou, cos4';

and for the combination 4 =4, —4, —4, +-,'7T of the
phases, we have

no —n, =M, ) no —n2 =M2,

where we have introduced the notation n& =u&'.

For simplicity we choose M, =M, =O here. We
then obtain from Eqs. (2)—(4) (n; =n)

Bn/Bt = 2Vn'" cosi,

where

5e =PP;u (i =0, 1, 2)

is the frequency shift" and V is the coupling coef-
ficient. In the expression (3a) for the frequency
shift, the quantities P; = n;0 —n, ' —n, ' (i =0, 1, 2)
and n, = W„;;„(i,h = 0, 1, 2). Equations (2)
have the following invariants:

8@ QM, Q Q R Q+5~= —V ' '+ ' '+ ' ' sin4,
~t u, u, u, By /Bt = —Pl p cos@'~ (6)
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FIG. 2. Qualitative plot of n (t).

where

y =n"'s).n4,

From Eqs. (5) and (6) we find that

(6a.)

FIG. 1. (a) The

functions�

(n). (b) The phase plane.

n(t) = [q + v'(t, —t)'] ',

where

(12)

We notice that Eq. (11) corresponds to the ener-
gy-conservation relation for the motion of mate-
rial particles in a potential. The potential func-
tion (11a) has the form indicated in Fig. 1. The
phase-plane description in Fig. 1(b) corresponds
to a soliton solution'" in time. The solution to
Eq. (10) has the form

with the solution

(6)
t V

- z [n (0) ]
- x /v[1 re (0)] z i2

and

(13)

y = —y/4vn +I', n, „=n(t,) = q-' =16V'/)", (14)

Sn/St =+ 2V( —qn'+n')'",

where

t) =y'/16V'.

Equation (10) can be written in the form

2 (sn/st)'+ m(n) = 0,

where

v(n) -=2V'[t)n'- n'].

(10)

(11a)

where E' is a constant determined by the initial
conditions. For simplicity we also choose I' = 0,
in which case we have, from Eqs. (5), (7), and

(9),

which value for n, „agrees with the limit for the
amplitudes obtained by previous authors. " For
t) = 0 we have the explosion time t, = t = V '[n(0)] '~'.
The time evolution of the quantity n(t) is depicted
in Fig. 2. In fact, n stays finite for ge0 indepen-
dent of how the constants of motion are chosen.
Therefore the amplitudes are generally limited
for physically realistic situations and the singu-
lar solution corresponds to a limiting case where
g tends to zero.

The case we have investigated is the simplest
possible one with regard to constants of integra-
tion. It elucidates the stabilization effect and
carries the solution beyond the time of explosion.
The solutions for more general constants of inte-
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gration can be found in terms of elliptic func-
tions, which naturally include the possibilities of
periodic solutions in time.

If dissipative effects are included, an oscillat-
ing structure of the solution for n(t) will be ex-
pected to appear instead of the described solu-
tion. Besides, dissipation will affect the time
scale of the problem so as to delay"" the phe-
nomenon and contribute to the saturation.
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The cross section for producing ~ C from carbon irradiated by 270-MeV/nucleon ~4N

has been found to be 90.0+4.6 mb. The measurement was made using internal counting
in plastic scintillators of three different thicknesses; the nitrogen beam was monitored
by nuclear emulsions.

The recent successful acceleration of nitrogen
ions to several hundred MeV/nucleon at both the
Princeton Particle Accelerator (PPA)' and the
Berkeley Bevatron' has ushered in a new era of
research using these high-energy heavy ions. In
this paper, we report an absolute determination
of the cross section for producing "C from car-
bon irradiated by 270-MeV/nucleon '4N ions. The
process under study is an interesting one not only
because it illustrates the collision between two

typical medium nuclei but also because it will
very likely be used as a convenient primary mon-
itor for the intensity of nitrogen beams.

The experimental technique is similar to that
used by Cumming and co-workers, ' Poskanzer
et al. ,

' and Radin. ' Briefly, a packet consisting
of a plastic scintillator and a pellicle of nuclear
emulsion was exposed to the PPA nitrogen beam,
with the beam axis perpendicular to the emulsion
surface. The pellicle monitored the nitrogen


