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cept at very short times where the bounds and
series are practically indistinguishable.

Since the bounds and the truncated Taylor ser-
ies are based on exactly the same information, it
may appear surprising that they disagree over
most of the time range. The error must lie in
the Taylor series result, since the bounds are
rigorous. In truncating the Taylor series, one
sets the higher (unknown) terms to zero. This
implies that all the higher moments of I(&u) van-
ish, which is clearly inconsistent with I(e) hav-

ing strictly positive lower even moments. This
inconsistency of the truncation procedure results
in the truncated Taylor series values lying out-
side our bounds.

We conclude that our bounding technique for
time correlation functions represents a major
advance, in both accuracy and reliability, over
the Taylor series representation based on the
same initial time derivatives. Since we have al-
so proven that our bounds are the best possible
on the basis of this inforxnation, any further in-
creases in accuracy must make use of some new
information or other constraints on the correla-
tion function.
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New wave-particle processes determining the evolution of large-amplitude, low-fre-
quency ion waves have been observed in numerical and laboratory experiments.

Previous studies of finite-amplitude ion waves
have been concerned with hydrodynamic process-
es, which lead to steepening and soliton forma-
tion, ' or else with wave-particle interactions, '
notably "trapping. " We describe here a new
class of wave-particle processes which occur on
time scales intermediate between those of hydro-
dynamic and "trapping" processes. These pro-
cesses can become dominant, leading to final
states which are turbulent. ' Besides their funda-
mental interest, the processes may have techni-
cal importance in recently proposed schemes4
for wave heating of plasmas.

It is well known' that finite-amplitude, low-
frequency waves will distort and form a soliton
pulse in the breakdown time tb, =1/&u wehere ~
is the angular frequency of the launched wave and
e = 5n/n is the initial ion density perturbation.
Wave-particle interactions, however, become
important as the number of resonant ions increas-
es; these are the ions which satisfy the inequality
lv —cl & (2ey/m;)'", where v is the ion velocity
and y is the wave potential. This number increas-
es with (y)'~', and also as T,/T, -1, since then
the wave pha, se velocity, c =v,„(T,/T, +3)'", a—p-
proaches the ion thermal velocity, (T,/m, )' '=v, b.
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The resonant ions are usually assumed' to end up
in "trapped" orbits oscillating at the bounce fre-
quency ~~=~a' '. We note, first, that at least
half the bounce period, t„=sr/'~e'", must elapse
between the instant a wave is launched and the
time when "trapping" is established. We next
point out that t„&tb,for c ~0.1. In this regime,
where hydrodynamic distortion can occur prior
to trapping, we find that at low T,/T» and large
Acp, waves evolve through two distinct phases:
(1) a laminar phase characterized by steepening
and soliton formation (here called a Korteweg-
de Vries process, ' or KdV), together with ion re-
flection (RI process) characterized by formation
of ion beams withi~ the wave potential troughs,
followed by (2) a turbulent transition (TT) pha. se
characterized by instability of the ion beam, and
transition of the wave-particle system into in-
tense turbulence.

First, we discuss computer simulations which
illustrate ion trajectories during these process-
es. A hybrid particle-in-cell code' was used
which treats ions as finite-size particles, and
electrons as an isothermal fluid [i.e., n, —exp(ey/
T,)]. In Fig. 1(a) a typical set of ion pha, se-space
plots are given in the wave frame for ~ =0.058~~„
AXD, =0.049, and a=0.3, T,/T;=10. Atm =&u~t=0
the Maxwellian ion distribution, truncated at 4v, &,
is given a density, velocity, and temperature
perturbation to launch a single sinusoidal wave
with wave number k. This gives the spatially av-
eraged distribution E in Fig. 1(b) a distorted
shape.

By a breakdown time v. =46.9 the KdV process
is nearly complete, as evidenced by the severe
distortion of the waveform, while the RI process
begins to become important as the wave breaks
in phase space. At v =108 the mean distribution
shows the formation of a dense, narrow beam
moving at vs/c =1.56. As the beam rides up the
potential ramp of the wave, its velocity is re-
duced enough to interact with the plasma via a
local ion-beam-plasma instability before trap-
ping diffuses the beam. This is clear in Fig. 1(a)
at r = 250 when the beam-plasma system decays
into a turbulent state as the characteristic phase-
space vortices of beaming instabilities are formed.
At the tail of the beam we see the slower ions
"turned around" before local instability sets in.
Therefore, in this experiment the start of trap-
ping and instability occur simultaneously.

In Fig. 2 we plot for the same numerical exper-
iment the field energy, E = (BvT, ) 'lk'y'dx, ver-
sus time for selected spectral components of the
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FIG. l. Ion phase-space plots. (a) Particle position

and velocity plotted with the self-consistent phase space
separatrix between resonant and nonresonant ions. Ini-
tially 5' of the ions are resonant. (b) Mean ion distri-
bution averaged over the 64 cells. V is the velocity
(v/vzi), X the space coordinate (128xizD8), and E the
mean ion distribution.

distorted wave. Wave-wave coupling during the
KdV process causes a rapid growth of the har-
monics at the expense of the fundamental. The
growth of the lower harmonics is slowed by the
ion reflection process, since a pure KdV state
would have the energy in wave 2k grow an order
of magnitude larger relative to the fundamental. '
The short-wavelength harmonic at 9k saturates
at 7 =80 and then begins to grow again during the
TT phase. This additional growth can be attribut-
ed to the instability: If we solve the linear dis-
persion relation' for the beam-plasma system,
where a 10% beam is moving at us/c =1.23 (at 7
= 200), one obtains a growth rate y» ——0.036zv~, '
which agrees well with the experiment.

Parallel experiments were performed in the
laboratory with a double plasma device 30 cm in



VOLUME 30, NUMBER 7 PHYSICAL RKVIKW LETTKRS 12 FEBRU~RV 19'73

IO 2

/
I

(IO-5—
9

lo 6-

lo 8-

IO-'
0 80 l60

T
240 520

FIG. 2. Potential-energy curves. Logarithmic plot of
field energy & versus time, for the duration of the run,
for the fundamental, second, and a higher harmonic
corresponding to the fastest-growing beam-plasma in-
stability mode.

FIG. 3 Potential profiles of breaking waves. Hori-
zontal: time, 10 peec/div. Vertical: Langmuir probe
output, (a)-(d) 0.2 V/div. , (e)-(h) 0.05 V/div. ; probe
dc output corresponding to n = 1.0 V. Probe position
relative to launching plane: (a) 4.86 cm, (b) 6.72 cm,
(c) 8.58 cm, (d) 10.44 cm, (e) 12.80 cm, (f) 15.02 cm,
(g) 19.74 cm, and (h) 15.95 cm (increased excitation).

diameter and length, operated at n, -2 &&10' cm '
(m~;/2v -1.4 MHz), T, -1.6 eV and T; -0.3 eV,
with neutral pressures -2 &10 ' Torr of argon.
Collision lengths were of the order of the ma-
chine dimensions. Excitation and dc bias condi-
tions were chosen to avoid the production of ac-
celerated free-streaming ions, as verified through

energy analysis of the ions.
The evolution of a wave at 25 kHz (~ =0.015~~;)

with c =0.2 is shown in Fig. 3. Close to the launch-

ing plane the wave potential is sinusoidal with a
slightly steepened leading edge, as in Fig. 3(a).
The leading soliton in Fig. 3(b) emerges about 20
psec (-0.6th, ) after launch, as expected. The
beginning of the RI process is evident from the
emergence of a bump in front of the soliton, seen
in Fig. 3(c). Sampled energy analysis reveals
this to be a distinct beam, as in the numerical ex-
periment, moving at -1.5c and spreading as
shown in Figs. 3(d) and 3(e).

Following the Kdv and RI processes, it is seen
in Figs. 3(f) and 3(g) that the density in the beam
region acquires a random, high-frequency behav-
ior, without affecting the structure of the laminar
wave front. The instability is localized in the
beam. In the case e =0.2, a laminar wave front
is eventually re-established, although at much
reduced amplitude. However, at larger excita-

tion, e.g. , a=0.3, the laminar wave eventually
loses its substructure, and a hybrid structure
consisting of a laminar carrier and supposed
turbulence propagates, as shown in Fig. 3(h).

Figure 4 shows the spectra resulting from
these processes. At low excitation levels only a
harmonic line spectrum appears, as in Fig. 4(a).
With increasing excitation, a broad underlying
continuum develops. Eventually the spectrum
separates into a low-frequency regime dominated
by a harmonic line structure, and an intense high-
frequency continuum peaked near 0.4+~, with a
half-width of about 0.2~~;, as shown in Fig. 4(c).
The absence of low-frequency turbulence is con-
sistent with the fact that, here, the energy cas-
cade originates with segmented beams whose
length is much shorter than the fundamental
wavelength. This contrasts with ion sound tur-
bulence driven by continuous beams, ' which has
no line components, but appreciable low-frequen-
cy continuum. As a measure of turbulent intensi-
ty, we find (5n/n)'-6x10 ' for e =0.4; this com-
pares well with intensities (1-3)x10 ' achieved'
with beams whose density amounts to 10% of the
plasma.

The spatial evolution of the turbulent compo-
nent at 500 kHz is shown in Figs. 4(d)-4(f). It
grows steeply, peaks at 15 cm and maintains a
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mas could also become unstable. We can now
check whether the processes described here
could have been operative. We find that the re l-
evant parameters for the wave trains were ~/&u~;
= g(10 '), T,/TED&10, and & =0.18, which are in
the right regime.

In summary, we have pointed out the physical
parameters of a regime in which hydrodynamic
and wave-particle interactions occur on differing
time scales, and presented theoretically and ex-
perimentally examples demonstrating that new
processes can intervene and dominate the stabil-
ity of ion waves.

We gratefully acknowledge discussions with
N. Marcuvitz, R. J. Mason, B. Rosen, G. Schmidt,
and F. Tappert.
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FIG. 4. Turbulent spectra of hybrid waves (a)-(c) at
18 cm from grid (presented with vertical offset). Ini-
tial excitations: (a) & =0.06 (0.15 V), (b) &=0.14 (0.35
V), and (c) e =0.28 (0.7 V). (d)-(f) Evolution of 500-
kHz component. (d) & =0.14 (0.35 V), (e) & =0.2 (0.5 V),
and (f) e =0.4 (1.0 V). Vertical scales in arbitrary

units�

.

large intensity throughout the plasma. In con-
trast, beam-excited turbulence peaks near the
point of entrance (e.g. , 4 cm under simila. r con-
ditions'), because the driving beam thermalizes
rapidly. This suggests that, by adjusting the
breaking length I.b,

——c/ms, the wave-generated
turbulence can penetrate the plasma in a con-
trolled manner, optimizing energy transfer from
waves to particles. ' This is confirmed by sam-
pling the ion energy distribution in the turbulent
region. Over a broad range of energies near the
fundamental-wave phase velocity, the number of
"hot" ions was observed to increase appreciably.

In a recent experiment' on the stability of shock
fronts against externally imposed modifications
of the plasma ahead of the front, it was noted
that sinusoidal wave trains in unmodified plas-
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