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made definitely; (2) the broad bump in the region
from 16 to 27 MeV is contributed to by at least
E2 (or EOQ) excitation at ~22 MeV and E3 excita-
tion at ~19 MeV, the sum rule of which both are
nearly exhausted.

The authors are grateful to our friends in our
laboratory for machine operation as well as as-
sistance in data collection. We are appreciative
of a precise reading of this manuscript by Dr. Y.
M. Shin. The computer center Tohoku University
was used for the DWBA calculation.
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L. S. Kisslinger and W. L. Wang
Department of Physics, Carnegie-Mellon University, Pittsbuvgh, Pennsylvania 15213
(Received 12 March 1973)

Elastic pion-nucleus scattering is treated using a separation in Hilbert space via a pro-
jection-operator formalism. The basic assumption is that the elastic scattering and re-
actions due to the 7=N resonance proceed through doorway states consisting of a A(1236)
resonance in the nucleus. Nonresonant scattering and absorption processes are included
by background terms, which are approximately known. The formalism is applied to 7"-

12¢ scattering.

Although there are qualitatively successful cal-
culations of pion-nucleus elastic scattering near
the energies of the A(1236) 7m-nucleon resonance
(T,=150-250 MeV), !** there are many theoreti-
cal difficulties with the present theories and no
truly quantitative treatment. We propose a new
approach which offers a framework in which one
can conveniently study most of these difficulties
and express the results in terms of physical
quantities. This is the isobar-doorway model,
in which one treats the states of the 7-N reso-
nance (the isobar) in a nucleus as doorways for
entrance into all inelastic nuclear states, plus
a background of nonresonant scattering and ab-

sorption.

As we shall show, the modification of the bind-
ing energy when a nucleon is replaced by a reso-
nance appears in an unambiguous way in the pres-
ent theory. There has been considerable con-
fusion regarding this quantity, which is only re-
motely related to the shift in the maximum of the
m-nucleus cross section as compared to the 7-
nucleon cross section, plotted against energy.

As a starting point, the 7-nucleon states are
separated into the resonant J=3, T=3 state [the
A(1236)] and all other (nonresonant) states. This
leads to a separation of the states of the 7-nu-
cleus system into subspaces. We accomplish
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this via the projection-operator formalism, as
has been found quite useful in nuclear reaction
theory.® The three subspaces which we define
here are (1) the P space, where a pion is in a
scattering state and the nucleus is in its ground
state, (2) the D space of states of one isobar in
the nucleus (isobar compound states), and (3) the

remaining subspace @ of all other inelastic states.

The projection operators P, D, and  project on-
to these subspaces, respectively.

Following standard techniques, the Schrédinger
equation, (E —-H)Iy)=0, can be separated into
three coupled equations. By reduction, the
Schrdédinger equation for the elastic channel is

[E —ﬁPP—ﬁPD(E _ﬁDD)-lﬁDP]lP¢> = O’ (1)

with the effective Hamiltonian A =H +HQ(E -
H)'QH, and Hpp=PHAD, Hyq=QHQ, etc. Equa-
tion (1) is an exact consequence of the Schro-
dinger equation. This equation is considerably
simplified with the assumption that Hp¢=0, the
basic assumption of our theory. This is the door-
way hypothesis, which allows no inelastic pro-
cess to directly couple to the 7-nucleus elastic
channel through nonresonant interactions.

It is most useful to derive the optical potential
corresponding to this model, since the potential
provides us with the nonasymptotic part of the
pion wave function needed in calculations of in-
elastic reactions. It also allows one to include
Coulomb distortion, background scattering, and
absorption conveniently. The optical potential
corresponding to Eq. (1) is

V=VNE
@, IHPDI $p x‘PDalP"I’o)
+? E - Ep~@pl Hpo(E — Hog) Hopl ¢p)’ @

where V¥% ig the background potential contained
in Hpp, |®,) is the nuclear ground state. The iso-
bar compound states (the doorway states) lg;) and
their energy Ej are defined by (E,- Hpp) lg ) =0.
Note that the doorways are coupled through the
Q space, and that they are stable to 7 decay in
the absence of the Hpp and Hyj, interactions, V¥
is the potential without the 7-N resonance.

Using the closure approximation for (2), one
may write the optical-model potential as

V=V (BT (%, k; E)F,(k’, ), (3)
where

[E = Ep+ 4Ty (E)]
[E - Ep+ 2iTin(E)

o(E) =
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Fy(k’,K) the nuclear form factor, I'y,(E) and
T;,(E) the A(1236) decay and inelastic widths,
respectively, f,, the resonance amplitude eval-
uated in the medium, and ED an average doorway
state energy. The pion momentum in the 7-nu-
cleon (7-nucleus) center-of-mass system is in-
dicated by % (k). The numerical factor 9t is the
N+2Z/3(Z+N/3) for n~ (n*) scattering. In ob-
taining (3) we have assumed that the interaction
is unmodified in the medium, »ot the impulse ap-
proximation,

Note that interactions in the D space shift E,,
from the unperturbed energy E,=M(1236) - M(nu-
cleon) +the nuclear ground-state energy. The
total energy shift in the denominator of (2), which
we refer to as OE, equals E,—E, plus the addi-
tional energy shift from coupling to @ space.
This quantity OF is the difference between the A
and the nucleon effective binding. The resonance
energy is therefore at Ex=E,+ 0E. We take 7 to

be

I, (E)/2 -
=E"M(1236)}16E+i1",w(E)/2K k(4

This form assumes that the width is not directly
modified by multiple interactions; it is not a bas-
ic approximation and is not critical for the con-
clusions of the present work, With Eqgs. (3) and
(4) we obtain an optical-model potential of the
usual gradient form®:

V() = by(E) p(¥) = a(E)b(E) V- p(¥)V, (5)

where b, and b, are related to m-nucleon scatter-
ing amplitudes, with a modified 7,, as given by
Eq. (4), and p is the nuclear density.

The optical potential which we obtain is not a
first-order potential, but contains some multiple-
scattering corrections to all orders. However,
the simple form (5) follows from the closure ap-
proximation and from Eq. (4). Without closure,
the nuclear density p(#) in (5) will be replaced by
a nonlocal operator, A more detailed treatment,
using a better treatment of the off-shell behavior
and of the width and form factor,  will result in
further modification. Also, the transformation
to the 7-nucleus system will result in some mod-
ification in what we have called the nonresonant
potential,’ Note that with the form (5) numerical
calculations can be done with the standard opti-
cal-potential computer code, ABACUS-M.! Before
we present the results, let us turn to the 7-ma-
trix formalism. Within the same approximations
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as discussed above, the T matrix can be written

19T, J(E) R’ RE (K, K)

T(K’, K) = TVE(K’, &) +
where I, is the total elastic width, T*F is the
background scattering 7' matrix corresponding
to V®, In this preliminary study, the off-shell
distortions in the resonant term have been ne-
glected; this removes the question of the off-
shell behavior, such as the one assumed in Eq.
(4). The distortion is approximately incorporated
by including a factor exp(2i5,*®) (due to V™) for
each partial wave / in the resonant term, We
feel, however, that with the parameter I';,; = I'¢;
+I';, yet undetermined in Eq. (6), such a refine-
ment may not be informative.

In the following we discuss two calculations
which have been performed in this model. In the
optical-potential formalism, we assume a(E)=1
in Eq. (5) and study the modification due to 6E;
this investigation is meaningful since the impor-
tant feature of the parameter b, is not very sen-
sitive to the value of I';;(£). The result is best
demonstrated in Fig, 1, which shows the param-
eter bl(E) as obtained with and without an energy
shift 6E =11 MeV. It is interesting to see that
such an energy shift gives the modified values of
b,(E) quite close to the “best-fit” parameters.”
The differential cross sections using the optical
potentials are shown as solid and dash-dotted
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FIG. 1. Modification of the parameter b,(E) in the
optical potential, Eq. (4), due to the shift of resonance
energy, 0E. Solid line, obtained directly from the free
m-nucleon scattering amplitudes; dashed line, for the
m-nucleon scattering amplitudes in the nuclear medium,
as modified by an energy shift 6E =11 MeV. Squares,
best-fit parameters.

E = M(1236) - OF + 1[I, (E) + Ty, (E)]’

(6)

’ lines in Fig. 2. The optical potential correspond-
ing to 6E =11 MeV gives a marked improvement
at all energies.

It should be noted that 6FE =+11 MeV corre-
sponds to the A(1236) being approximately un-
bound. The lack of binding of the baryon reso-
nance could be explained by the absence of a di-
rect interaction and the presence of only an ex-
change interaction.® The interpretation is that
the direct interaction is diminished for particles
which are unstable under strong interactions.
The Pauli principle also tends to move the reso-
nance up,’ but for finite nuclei the effect is much
smaller than for uniform nuclear matter; and at
the energy of the resonance might even be negli-
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FIG. 2. Example of 7~ +12C differential cross section
at two energies near the (3, 3) resonance. The data are
from Ref. 10. Dash~dotted and solid lines, results of
the optical-model calculations using free b4(E) parame-
ters and the modified 6(E) parameters as shown in Fig.
1, respectively. Dashed line, result of the T-matrix
formulation of Eq. (6).
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gible (see Bethe, Ref. 3).

We next show the results of our 7-matrix cal-
culation. The energy shift is taken to be 11 MeV;
this quantity has only a small effect in the 7-
matrix calculation. One can choose the width I,
to reproduce the experimental total cross sec-
tions.'® With such a choice of I'y,, the T matrix
is completely defined. The resulting differential
cross sections are shown as the dashed lines in
Fig. 2. The agreement is generally quite good,
except that there is a discrepancy near the first
minimum where the interference between non-
resonant and resonant amplitudes is very impor-
tant. The distortion of the pion wave function, as
neglected in (6), may give some improvement.

For a detailed study of the differential cross
section, especially at the backward angles for
both the optical-potential and T-matrix calcula-
tions, one needs an improved treatment of the
off-shell ¢ matrix, the form factors, the trans-
formation to the 7-nucleus system, and so forth.
These can all conveniently be included within the
framework of the present theory.

It might be worthwhile to point out some fea-
tures related to the interpretation of the (3, 3)
resonance in the nucleus. The maximum in the
total cross section is at about 150 MeV. The
zero of the real part of our T matrix vanishes
at about 175 MeV, while the “resonance energy”
is 200 MeV. Thus our T-matrix formulation al-
lows us to extract this many-body energy, E,, in
the presence of an important background. For a
more accurate estimate of this energy, and for
consistency with the optical-potential calculation,
the distortion due to V* must be included in the
resonant part of the 7' matrix,

We would like briefly to compare the methods
used here to other work on m-nucleus scattering.
Other recent work makes use of optical poten-
tials,’ the Glauber approximation,? the concept
of the index of refraction,® or deals directly with
a multiple-scattering series.? Since the most
important new information one will learn will in-
volve corrections to the impulse approximation,
and will deal with large-angle scattering, the
methods of this paper should be considerably
superior to the Glauber approximation. Also, for
dealing with finite nuclei, the present method has
a much sounder theoretical basis than a theory
making use of an index of refraction for a uni-
form medium, Here one should note the strong
disagreement between our results for the dif-
ference between the A(1236) and nucleon binding,
OE, in comparison with the result of Barshay,
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Rostokin, and Vagradov.® One cannot directly
connect the energy at which the cross section is
maximum with the binding of the resonance. As
we have shown, these are only weakly related
(see Locher, Steinmann, and Straumann?). Even
the zero of Re(7) cannot be directly used to esti-
mate the A binding since this is strongly modi-
fied by the background contribution, The clear
separation of background from resonance is an
essential feature which enables us to extract in-
formation about the dynamics of the baryon reso-
nance in nuclei.

The present work will be most useful in pro-
viding an alternative optical potential, which in-
cludes dynamic effects difficult to include in the
optical models derived from a multiple-scatter-
ing approach. We would like to emphasize here
that the present theory is able to handle the con-
cept of binding even for a particle that is so un-
stable that it cannot propagate very far in nuclei.
Although it is difficult to calculate the binding
energy, modified form factor, and widths needed
for the potential derived here—so that a poten-
tial derived from a multiple-scattering series
might prove to be more accurate—it will be most
informative to fit the parameters of the present
theory to data, since they provide important new
insight on the nature of the strong interactions.
Moreover, a detailed microscopic calculation is
possible, and could result in a truly quantitative
treatment.
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Dr. G. Miller, and Dr, F. Tabakin for useful dis-
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Evidence for Recoil Effects in Heavy-lon Transfer Reactions*
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Data are presented for single-proton transfer reactions induced by 12C and 160 ions
on %P at high bombarding energies. Analysis using a no-recoil distorted-wave Born
approximation (DWBA) yields spectroscopic factors in marked disagreement with light-
ion results. Analysis using DWBA theory including first-order recoil corrections in-
dicates that the discrepancies are largely, if not entirely, the result of ignoring recoil

effects.

At present it is the uncertainties in reaction
theories for heavy ions which have, to a large
extent thus far, limited the spectroscopic infor-
mation obtainable from heavy-ion transfer reac-
tions.''> These uncertainties mainly concern the
question of the validity of some of the approxima-
tions used in the distorted-wave Born approxima-
tion (DWBA),®*"® in particular the “no-recoil” ap-
proximation. The DWBA transition amplitude
for a transfer reaction

(¢, +P) +cy~c, +(cy+D) (1)
can be written as (with a, for ¢, +p and a, for c,
+p)*

T= fdsrifd?"’f X *(k,, Tp)

X(@y0, Vlae, Xk, F), (2)
where the y are the distorted waves and the ma-
trix element is the form factor. Computation of
the six-dimensional integral is lengthy® and is

usually reduced to a simpler three-dimensional
integral using the no-recoil approximation, i.e.,*

Y‘i =T - (mp/Mal)?]_ zf’ (3)
Ty = (Mo, /M,)T + (my,/M,) T, = (M, /M,,)T, (4

where T is the vector between the cores c, and
¢, and T, and T, are the vectors connecting the
transferred particle p in @, and a, to the cores

¢, and c,, respectively. The validity of this ap-
proximation is questionable for many reactions.3'5
In particular it can be shown that, because they
are vectors, the inclusion of the recoil terms
[i.e., the neglected terms of order (m,/M,)¥,] has
the effect of introducing additional angular-mo-
mentum transfer which may significantly change
the calculated cross section.?*® In the present
study we show that the contributions arising from
the recoil terms are important and that their ef-
fects can be predicted by a simple first-order
treatment.

The reactions (*2C, *B) at 78 MeV and (10, !°N)
at 104 and 140 MeV on 2°°Pb were studied using
the magnetic spectrometer at the Lawrence
Berkeley Laboratory 88-in. cyclotron.” Sample
spectra for (%0, !°N) are shown in Fig. 1. The
proton single-particle states in 2°°Bi, which dom-
inate the spectra, are populated with different
relative intensities at the different 0 bombard-
ing energies. As noted previously,® the j=1+3%
(=j,) final states are populated more strongly
than the j=1 - % (=j) states in the single-proton
transfer reactions induced by either *2C or ®0.
In the 140-MeV %0 reaction this feature is much
less pronounced than at the lower bombarding en-
ergy.

The differential cross sections extracted were
analyzed with a no-recoil DWBA*'® using finite-
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