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It is an outstanding puzzle of particle physics
that muons do not decay electromagnetically into
electrons without the emission of neutrino pairs,
even though all quantum numbers of muon and
electron are the same.! Processes of this sort
which could have been observed include p -e +y
decay,? u —e via absorption of virtual photons in
a mesonic atom,® u —3e via internal conversion,*
muonium decay into photons,® etc. The absence
of such transformations does not constitute a
paradox, there being no compelling reason why
muons should transform into electrons, but it
seems a mystery that processes which are allowed
energetically and in every other known respect do
not occur. In this note we shall indicate how for
a certain class of interactions which might be ex-
pected to induce p -e transformations, the sim-
ilarity of the p and e actually forbids the trans-
formations.

Let us first consider why u —e transformations
do not take place as strong and electromagnetic
interactions; for example, why is y -e +v decay
not about as fast as Z°~ A°+y decay? Let us
suppose that the muon and electron are described
by a local Lagrangian £ involving only the fields
Voo ¥ ,A" where 3, and zp‘l can be chosen to have
the same parity. Now, the simplest mechanisms

that might yield fast y - e transformations are
contact terms in £,

£ = 'P-I;e‘l)u -H.e; £,=- E@ew-Dd)u -H.c.,, (1)

where the derivative 8, and the photon field A,
enter in the gauge-invariant combination, D,
=9, -ieA,. These two interactions exhaust all
possible parity-conserving, renormalizable,
gauge- and Lorentz-invariant interactions among
photons, muons, and electrons that can be added
to the usual Dirac Lagrangian in order to gen-
erate u —e transformations. Furthermore, be-
cause the y and e appear to differ only in their
rest mass, it seems not unreasonable to regard
them as “different states of the same particle.”
In this case, since the bare Lagrangian is known
to contain 3 Yy and Py, terms of the type 1,
one might afso expect “off-diagonal” Yude terms.
However, since quantum electrodynamics has
been successful without the introduction of non-
minimal electromagnetic interactions or other
nonrenormalizable interactions, one is also in-
clined to exclude “off-diagonal” terms of this
kind, at least from the fundamental Lagrangian.
Suppose we now attempt to calculate, as an
example, the lowest order p -e -y vertex. There
are five diagrams that add to give a nonvanishing

527



VoLuME 3, NUMBER 11

PHYSICAL REVIEW LETTERS

DECEMBER 1, 1959

function of the lepton momenta,

A Y Y
r,, =eely S(p,sm,)+S(b,m 2]

+e£['y)\ +yAS(pu, me)z’pp. y

vip v, m W1, (@)

where S(p, m) =(éy+p - m)/(p? + m?). However,
when we put the lepton momenta on their mass
shells (i.e., setpy-y=im, pg-y=ime), We
find a striking cancellation; the sum of the first
two, and of the last three terms becomes zero.
We shall now show that the cancellation of the
matrix element for y —e transformations takes
place to all orders in p, £ and e provided that
1£1<1, and with any number of real or virtual
photons emitted or absorbed. Thus it is impos-
sible to induce p —e¢ transformations without
introducing either new fields, or more compli-
cated (and nonrenormalizable) interactions such
as
— AT]
Zpe oknlqu
Our proof is based on the fact that there exists
a new set of fields, i/, by’ which are linear
combinations of y, and ¥, such that the total
Lagrangian when written in terms of the ¢’ be-
comes just the sum of two uncoupled Dirac
Lagrangians for )’ and ;' separately. To see
this let us introduce a matrix notation, writing

Y= v |
e
Then the Lagrangian obtained by adding £, +£,
to the usual Dirac Lagrangian may be written

where £, = -iFM]F)W, and

1" m, o
= (B: - 4
@ (g 1 ), ( o m ) (4)
e
We shall only make use of the Hermiticity of @
and ®, and the positivity of @ (for |£1<1); our
proof will work for any number of fields. The
condition that @ is positive is required to make
the canonical anticommutation relations consis-

tent and so is not really a new assumption. If
we introduce the fields ¥’ by writing

»=Sy’, (DetS=+0) (5)
then clearly £ may be rewritten as

e=-Py-DSTasy -i'sToasw'hem. (6)

It is well known® that even though @ and ® may

not commute, we can always choose S such that
stas=1and sTes is diagonal. When we choose
S in this fashion, £ becomes

£=-$e,(7-D+m %,

el

-au',(y-D+m“,)¢p,+£ (7

m’
where m,, and m, + are given by the eigenvalues
of ST®S. The field equations and commutation
rules for ¥’ are the usual equations for uncoupled
leptons, whether deduced from (7) or from (3)
and (5).

By inspection we see that the theory described
by (7) possesses two stable leptons, which of
course we call electron and muon, and is invar-
iant under separate gauge transformations on
Yer and Y+, which means that transitions be-
tween e’ and u’ are forbidden. However, it may
not be clear why we obtain a cancellation when’
[as in (2)] we compute the Feynman diagrams
for p —e transformations from (3), rather than

e=-9y-DayY-I®P+o 3) thg p'—-e’ transformati'on‘s. When we_: compute
m using (3), what we obtain is the Fourier trans-
form of a quantity
) UERD W L - — A .. A R
T, (09,2, 02 ) =(T{, 0T 0), A7 e) ) - Az W, (6T =n,e), (8)

whereas using (7) we obtain a quantity L,y defined correspondingly in terms of ¥;" and y;’. Using

(5) we have

r=srst, (9)
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and since rep '=0,
*

S T +
en ee pe ee

* ’

s s 'r ',
ep pp pp (10)

and, as in (3), this is not zero. But when we compute matrix elements from (10), what we calculate is’

- R R
jd‘xd‘yue(x)[(y--:;+me )Feux‘ )‘”(x,y,zl,--~zn)(7-%+mu >]u“(y),

where meR, m B are renormalized masses.
Substitution of (10) into (11) gives zero for both
terms, since I'y,’ has no singularity on the muon
mass shell, so that we can integrate by parts and
use

(7-:—3,+muR>u“(y) =0, (12)
and similarly I', ' has no singularity on the
electron mass shell. Actually it may be seen
from a very general theorem?® on the particle in-
terpretation of field theory that the matrix ele-
ment (e |T{AM1-.-AM}|p) is given correctly in
general (except for field renormalization con-
stants) by applying the reduction formula (11) to
either I'y, ;" or Ty, or even to the diagonal ele-
ments of I'" or T'.

If the p and ¢ had'anomalous magnetic moments
of nonelectromagnetic origin, the theorem would
not in general hold, and the existence of the
terms (1) would then lead to u -e transitions.

If the original Lagrangian contained weak inter -
actions, given for example (symbolically) by

JSB =- zbqupizpnOzppBi -H.c.,

£§v - ZpJOz/)izl)uod)ung"

(13)
(14)

then £3 and £3, can also be written in the same
way, in terms of y’,B8’,n’, where

B’ =8S, n’'=STns. (15)

If the p and e had other weak Fermi-type inter-
actions such as E“zp Yo, the transformation
to the new fields p’, e’ would induce terms which
give u’—e’ transitions. These would be com-
parable in strength to ordinary weak interactions.
The above discussion indicates that we may be
able to define “fundamental” lepton fields ¢ such
that (a) the free fields and electromagnetic inter -
actions are invariant under the interchange of
Yo and ¥,,; (b) the weak interactions break this
symmetry by involving only one (say zpp) of these

(11)

two fields; (c) there are no off-diagonal derivative-
type interactions. This is accomplished by set-
ting

£=0, preal, m,=m

8=(1,0), 17((1) 8)

It then follows that the matrix S is independent
of p and m, and given by

11 1
S=ﬁ(1 -1)’

so that the experimentally observable parameters

become
,oL (1)1
B~ L1), n ‘(1 1)2'

Thus this hypothesis is in agreement with the
experimental fact that 8 decay and u absorption
have about the same unrenormalized coupling
constants. (We can also obtain m,’ <m ' by
assuming p~m.) It is in any case possible to
define ¥, and Y, so that the asymmetry between
them is induced by weak interactions and not by
the free field, rather than vice versa, provided
that the original Lagrangian is of the form (4)
+(13) +(14).

We may also apply these considerations to the
case of weak contact terms, diagonal or off-
diagonal. Here we may not assume invariance
under space inversion, and hence must also in-
troduce terms of form

=m,

(16)

(17)

(18)

£3~$75:D¢+aD'7’7’5@¢’- (19)
The total Lagrangian is then
£=-Y[D-y@+ B+D-yy,C -iyss)]zp+£m, (20)

where @, ®, C, D are Hermitian and differ from
their values in (3) by terms of first order in the
weak interactions. It can be shown that, defin-
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ing ¥’ by
V=(S+Ty;)p’, [Det(S+Tys)#0], (21)

we can choose S and T such that £ is given by
(7), to first order in the weak interactions.®
This is of some “practical” importance, since
if there is any structure in y decay,'® it may
lead to effective interactions such as those dis-
cussed above through diagrams in which v and
v annihilate virtually. But the terms of form (1)
and (20) cannot themselves lead to any electro-
magnetic y —-e transitions.™
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