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Equilibrium transport coefficients are calculated for a three-dimensional magnetized
plasma. It is shown that the transverse spatial diffusion and conductivity coefficients
are related via a generalized Einstein relation. These coefficients have both a 1/B (vol-
ume dependent) term (with B a uniform magnetic field) as well as a 1/B% (volume inde-
pendent) term for a finite plasma. For an infinite plasma, the coefficients have a “clas-

sical” 1/B? dependence,

Recently there has been considerable interest
in the two-dimensional (2D) guiding-center plas-
ma.!™ In this model the particles are charged
rods, aligned parallel to a constant uniform mag-
netic field B=B5 in the z direction, and interact-
ing electrostatically through the logarithmic Cou-
lomb potential. The guiding-center approxima-
tion implies that the velocity of each rod is given
by cExB/B2 where E is the electric field due to
all the other particles. Anomalous (1/B) equilib-
rium transport coefficients have been derived for
this 2D plasma, in particular the spatial diffu-
sion coefficient' and the conductivity coefficient,*
both of which exhibited a volume-dependence di-
vergence. In this Letter we calculate equilibrium
transport (diffusion and conductivity) coefficients
for a 3D plasma in which the particles move with
the ExB drift across the field lines but whose
motion along the field lines is given by Newton’s I

laws of motion (i.e., we have generalized a 3D
model used previously® in calculating the diffu-
sion coefficient; in this model® the particles free
streamed along the field lines, but here we are
taking into account the effect of the fluctuating
electric field on the particle motion along the
field lines).

Consider a plasma of N electrons and N ions
in a volume V with a uniform magnetic field B
=Bb in the z direction. The fluctuating electric
field is given by

v.E t)=417),¢,6(% - R, (1)), (1)

where ﬁ,(t) is the position of the jth particle of
mass m ; and e, at time ¢, and the 2, is a sum
over all particles (electrons and ions).

The transverse spatial diffusion of a group of
“test” ions, present in the electric field of Eq.
(1), is given by

Du=[ @.(0)Tut)dt=(c?/BY) [ (E(0) Et))dt. 2)

In calculating D, it is convenient to consider the electric-field autocorrelation tensor (E(0)E(f)), which
on taking the Fourier transform of Eq. (1), is

E(O)E®)) = E(0, 0EF(), t)) = 216”*6 z <exp{zk [F¢) +R,(0) - R,1)1D, (3)

where angular brackets represent averages taken with respect to the Gibbs canonical ensemble, since
the plasma is in equilibrium.

—_ - i T - A - - ~
R,()=R,(0) + (e,/m ) [ dr [ atE(&)-6b+c['arE,(r)xB/B?+V tb (4)
=R,(0) + AR ()b + AR, (8), (5)
say, where E,(7) =E(R,(t),t). The position of the test ion, initially at the origin, is given by
- t T ~n - - R
T(t) =(e/m‘)f0 d’rfo dEE(£)-bb +cf0td7E(T)xB/Bz+v"tb (6)
= A”n(t)a +AT,(t), (7

where m; is the mass of the test ion of charge +e. V, and v, are the initial velocities along E, and are
distributed according to the Maxwell-Boltzmann distribution.
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The ensemble average in Eq. (3) is too difficult to evaluate, and to proceed further assumptions have
to be made, We first factorize the exponential of the initial locations from the perpendicular and paral-
lel motion. The delocalization of the remaining term occurs through two processes: (1) guiding-cen-
ter drift across the field lines and (2) the motion, due to the fluctuating electric fields, along the field
lines. For large _I§, ky2Ay, 2> (k.- AT,)? on the average, for k, #0; and similarly for the jth particle.
Thus we decouple the perpendicular and parallel motions. Hence!*5:®

(explik- [(t) + R,(0) - Ry(t) 1)) = (explik- [R(0) - R,(0)]})
X (exp(iky Ary)) (exp(ik AR ) (exp(ik, AT ,)) (k. - AE;;))- (8)
The first factor in Eq. (8) can be immediately evaluated since the ﬁ,.(O) are statistically distributed ac-
cording to the Gibbs ensemble. Since the electric field is assumed to be jointly normal (i.e., itis a
Gaussian distribution for successive time instants), then, with the employment of the cumulant expan-

sion”'® on the remaining factors of Eq. (8), it can be shown® that on summing the diagonal components
of Eq. (3) we have

c? d’R,(t) € expl-2k.%R,(t)] € -
?Ql(t)s'%:—‘?_’ E pg Tk é/\ ;( )]+—V-- 2 f(k, t), (9)
k,ky=0 + 4D k, &, #0
Qu(t) = 3(E (0)- E.(t)), (10)
and R,(¢), with R,(0)=dR,(0)/dt=0, gives the mean dispersion of the test ions. Note that
dR () /dt :%D.Ly (11)
- 1k,2 K
Sk, t)=§;;—kT_FI;{_DzeXP(—knzVionztz‘knants); (12)

since m ;>m,. Here, Ap®=(Debye length)’ =K 2=kyT/8n,e? with n,=N/V, and € =161%ne%c?/B?K 2.
Vion is the ion thermal speed (kgT/m,)*’2. The velocity diffusion coefficient D= (e?/m ) ,7dtE (0)E \(¢t))
can be calculated using the superposition of dressed free-streaming test particles, and we find that

Dy= 5732w, A pP€  In€ 7Y, (13)

where €,;=1/rp® is the plasma parameter, w,;*=4mne®/m;, and Q;=eB/mc. One now sees that for
ky>Kp€p Ine, ™ the free-streaming part of Eq. (12) will dominate the velocity diffusion part and vice
versa for ky<Kpe€p Ine p . Except for a short initial time,* R, =4D, t, and one can easily set up an
iterative scheme to correct this lowest-order approximation.® Hence, on integrating Eq. (9), using
Eq. (11), the transverse spatial diffusion coefficient D, is given by [on going from discrete to continu-
ous £ and allowing a cutoff %, (min) =27 /L]

D, =a+(a%+28)'2, (14)
where
_ leBT 3-1/2<x_D_ __{“_._)1/2]2
3-[2 AL amgpot) () [ (15)
1 kT oy [( _1_>2 1ol L}
O =3or@ ep @, <n| 3\Ing;) +2Ing +2ng Inlng |, (16)

We thus see that D, contains two terms, one being proportional to 1/B and dependent on the volume of

the plasma (i.e., the B!/2 term), and the other being proportional to 1/B? and independent of the plasma
volume (i.e., the @ term). Note that for an infinite plasma 8 -0, so that

_ 1 ChpT Wy [ 1Y 1 1 _L]
D*V_m—lﬁnz(Zn)”z B @ 3 1n€p1 +21In p]+21n€p]1n1n€p1 , 1m

which exhibits the classical 1/B? dependence. In the limit of very large magnetic fields, D |, «
=(28)*2, and the magnetic fields needed for this Bohm term to dominate the classical term are not un-
attainable in currently proposed thermonuclear plasmas.

94



VOLUME 29, NUMBER 2 PHYSICAL REVIEW LETTERS 10 Jury 1972

The transverse equilibrium conductivity coefficient can be calculated using the Kubo!’ formalism
once we have written down the Liouville equation for our 3D plasma model [see Eq. g_l8)_’with the right-
hand side equal to zero]. We now apply an external spatially uniform electric field E = E, exp(-iwt) to
the thermal equilibrium plasma at £ =0. Liouville’s equation becomes

(8/8t +H)D=—e ***H D, (18)
where
E'XB 9 5 e )
= fund SRAL =S, —_— =i
Ho ?(C B? axi'””‘az, m,-E“av,i>’ (19)

H1=E<0M’_‘?—+QE2 9 ) (20)

Here a prime denotes a 2D vector (the x,y components)

We now carry out a perturbation expansion!® in powers of E (or H,) in Eq. (18) and consider only the
first term (linear response). To lowest order we see that D(°) is just the Gibbs distribution for an
equilibrium plasma. To first order we find that [with D(*)=0 at ¢ =0]

- t -
DW=—¢ “"‘fo dret“te ™og DO, (21)
The ensemble average of the current density ), e;V;/L® can now easily be calculated using D(® and DV);
e\ _ -iwe f iwr iwi
<Zl) L3> e Z) VkT@(O V1) EjeteTdr=(3) etV (22)
where we are now dealing with 3D vectors. Thus the conductivity tensor is given by
v [ twrsy €4€5
T (w) _/; dre EVk T Vi(0)V,(7)). (23)

For the transverse components of G, the contributions from i =j terms dominate®* those with i #j so
that G is diagonal with

o) =2 & [T dret 1.0, (24)

The dc conductivity (w =0) is then given, on using Eq. (2), by
Tide™ (noe 2/kBT)DJ.a (25)

where D, is the diffusion coefficient given by Eq. (14). Equation (25) is a “generalized Einstein rela-
tion.” The ac conductivity requires a numerical solution of Eq. (24), which hopefully will be done in
the near future.

The author is deeply grateful to David Montgomery for many helpful suggestions concerning the ef-
fect of free streaming of f(k t).
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