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Second-Sound Velocity and Superfluid Density Near the Tricritical Point in He3-He" Mixtures

Quenter Ahlers and Dennis S. Greywall
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(Received 7 August 1972)

Second-sound velocity measurements were made in He II near the tricritical point (Z„
x,). The corresponding superfluid density along the coexistence curve can be described
by p, /p=2. 08m, (e~—= I-T/T~). This agrees with recent theories. At constant concentra-
tion x and near the superQuid transition temperature &y, the results are consistent with
p~/p kyey 3 (ay=—& —I"/Tg which is expected on the basis of universality arguments.
The amplitude ky becomes small for small x&-x, but does not appear to vanish at x&.

The behavior of a system near a tricritical
point may be described in terms of two order
parameters and their conjugate fields. " In the
case of He'-He' mixtures, one convenient order
parameter is the departure 1-x/x, of the molar
He' concentration x from its value x, at the tri-
critical point. The other, describing the super-
fluid ordering, is related to the density I+ I' of
He' atoms in the zero-momentum state. Several
recent experiments' ' have yielded considerable
information about the singularities associated
with the concentration ordering. Although none
of these extend sufficiently close to the tricritical
point to yield the asymptotic behavior in the form
of exponents with high accuracy, all of the re-
sults are consistent with recent theories. ""
There have been essentially no measurements,
however, which yield information about the criti-
cal behavior associated with the superfluid order-
ing, and i4 I' is not even approximately known
from experiment. Although it has not been pos-
sible so far to devise an experimental method for
the direct measurements of I+I, a closely re-
lated' parameter is the superfluid density p, . We
wish to report results for p, /p which were de-
rived from measurements of the second-sound
velocity u, near the tricritical point. The mea-
surements were made in the superfluid phase
along the coexistence curve, and along three
lines of constant concentration between the phase-
separation temperature 7, and the superfluid
transition temperature T ~. Along the phase-
separation curve they are consistent with p, /p
=k,e„where e, ==1-T/T, (T, is the tricritical
temperature). This behavior agrees with recent
predictions by Riedel and Wegner. " Along lines
of constant x and near T~ we find, consistent
with the observed behavior of the pure system"
and the concept of universality, "that the data
permit p, /p

—e „'/' (e „=1 —T/T „). The amplitude
k~ of p, /p at T~ decreases rapidly as 1 —x/x,

becomes small, but k~ seems to remain finite at
Xgy

Much of the apparatus used in this work was
the same as that employed for measurements on
pure He'. " However, the large effect of the
gravitational field near the tricritical point, the
smaLl effective thermal conductivity of He'-He'
mixtures, "and the large concentration gradients
which result in the superfluid even from rather
small temperature gradients made it necessary
to redesign the sample cell and second-sound
cavity. A schematic diagram is shown in the in-
sert of Fig. 1. Most of the sample (about 2 cm'
of liquid) is contained in volume A, where the
liquid depth is about 0.1 cm. The fluid used for
the second-sound measurements, however, is
contained in the resonant cavity S. The top of
volume B is level with the bottom of volume A.
8 has a height of 0.3 cm and a diameter of 0.6
cm. When a mixture of average concentration
x, is employed, the He-II-He-I interface is in
volume A, and the resonant cavity B contains
only superfluid. The measured velocity, there-
fore, is that appropriate to the coexistence curve
(except for gravity effects). All solid walls ad-
jacent to the fluid were made of copper in order
to assure a uniform background sample tempera-
ture. The measurements were made at frequen-
cies between 8 and 20 kHz, and the quality factor
Q of the resonances was between 300 and 1000
over the range of the experiment.

When second sound was generated with the
superleak condenser transducers, "there was
power dissipation in the sample proportional to
the square of the voltage used to drive the trans-
ducer. Near the tricritical point, the smallest
possible voltage (0.5 V rms) which resulted in a
reasonable signal was used, and we estimate the
corresponding power dissipation to be 10 ' erg
sec '. All data were corrected to zero power
with the aid of the measured power dependence"
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FIG. 1. Second-sound velocity as a function of tem-
perature, and a schematic diagram of the sample cell
and resonance cavity.
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Here c and x are the mass and molar concentra-
tion of He', respectively. The entropy S, specific
heat C,~, and chemical potential difference 4 = p.,
—p. , are per mol. e of solution; and M, and M4 are
the molar masses of He' and He'. " In order to
compare the measurements with theory, it is
necessary to estimate the exponent which de-
scribes the asymptotic behavior of p, /p from the
results at nonzero e, or e~. Even in the pure
system, ' where an independent precise experi-
mental estimate of T ~ is available, and where
measurements have been made for e~ as small
as 10 ', this could not be done as accurately as
is desirable. The problem in that case was at-

of u, , Near T„ long relaxation times were en-
countered, "and required waiting several hours
after changing the temperature before making a
velocity measurement. During this time the sam-
ple temperature was kept constant to +10 ' K.
The final velocities are within 0.1% of the values
corresponding to the equilibrium system in the
gravitational field. The results for Tz0.8 K are
shown in Fig. 1.

In order to obtain the superfluid density from
the second-sound velocity, we combined thermo-
dynamic measurements' '"with our own data,
and used an exact relation between p, and u„
which is given by linear two-fluid hydrodynam-
ics,"and which may be written in the form

FIG. 2. Effective exponent of p~ obtained by fitting to
a pure power law all data with & - &~,„.

tributable to the existence of singular contribu-
tions to p, which are of higher order than the
asymptotic term. In the mixtures near the tri-
critical point we must also expect such contribu-
tions. Here the conclusions about the leading ex-
ponent are even less precise because in this case
2 z or T, cannot be determined independently and
must be treated as an adjustable parameter in a
least-squares fit to the data. In addition, the
amplitude of p, near T~ is so small that measure-
ments have not yet been possible for e ~ s 10 '.
Nonetheless, we fitted the results along the coex-
istence curve and along the line with x=0.6517 by
the pure power laws

p, /p =k,e, ~o, p, /p =k,e„'&,

using only data for which c, or e ~ were less than
some e,„. The resulting values of & are shown
in Fig. 2 as a function of e „.Where the statis-
tical errors are sufficiently large, they are
shown explicitly; but they are based upon the as-
sumption that the functional form Eq. (2) is valid.
Clearly Eq. (2) is not adequate, especially for
the results near T ~ at x=0.6517, since g~ de-
pends upon e „by more than the statistical er-
rors. We may conclude only that the results
along the coexistence curve are consistent with

g,= 1, and that at x= 0.6517 the value g ~= ~2 would
be in agreement with the data. However, con-
siderably different behavior for smaller e cannot
be excluded by the experiment. In particular, we
cannot make any statement about the absence or
presence of recently suggested" logarithmic cor-
rections to pure power-law behavior along the co-
existence curve. For the coexistence curve the
parameters

T, =0.86720 K, k,=2.034, g =1.000,

and Eq. (2) give a good representation of the data

850
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FIG. 3. Superfluid density as a function of c~ or e„
on logarithmic scales.

for cg 6 2& 10
In Fig. 3 we show p, /p as a function of e, or e „

on logarithmic scales. For e„we used the T,
given by Eq. (8); but for x =0.6517 we show the
data for two choices of Tz. One choice results in
pure power-law behavior over a wide range of e,
but yields an exponent &~=0.82. The other gives
g„= —',, but is consistent with power-law behavior
only for e&F2~10 '. The large deviations for
e ~ ~ 5 x10 ' from the line representing Eq. (2)
with &~= -', demonstrates that g„= -', is possible
only if there are additional higher-order contri-
butions which are much l'arger than of order ~.
This is similar to the behavior observed in pure
He' under pressure. " As in the pure system, we
have attempted to compare the data with the func-
tion

p /p = & x~ x "~1+&~ ~ ~i

but in the present case there was not enough ex-
perimental information to permit all the parame-
ters to be least-squares adjusted. Therefore we
fitted the data for x = 0.6517 and x = 0.6412 with
e „s3 x 10 ' by Eq. (4); but consistent with the re-
sults in the pure system and universality argu-
ments, we fixed the exponents at f ~= -', and y = —',.
We obtained a statistically satisfactory fit, indi-
cating that our choice of exponents was permitted
by the data. For x= 0.6718, data were available
only for 10 '6 e~64~10 ', and we were able to

'HeM constant.
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estimate k ~ and T ~ only by making an a prior
choice of A as well. We list all resulting param-
eters in Table I. For completeness, we also
give 7', for the three concentrations. "

It is apparent from Fig. 3 and TaMe I that the
amplitudes k ~ are 1—,

' orders of magnitude smaller
than i.n pure He'; and one might expect k~ to van-
ish at x&. However, the results at x= 0.6718 do
not appear consistent with a vanishing kz. For x
= 0.6718, the amplitude is only slightly smaller
than for x = 0.6517, although x, —x differs by
about a factor of 7"between the two concentra-
tions. The data seem to indicate that k~ saturates
at a nonzero value as x, —x decreases towaxds
zero, but it is not entirely clear at this time to
what extent this behavior might be attributable to.
the gxavitational inhomogeneity. Although our
sample height was kept to a minimum, we have
seeIl explicitly the effect of gravity upon this
system in the form of "rounding" of u, at the
junction between the phase-separation cuxve and
the lines of constant x. We can therefore esti-
Q1ate from experiment the importance of this ef-
fect. At x = 0.6517 and 0.6421 we know that our
conclusions pertain to the gravity-free system.
At x=0.6718 we do not believe gravity to be of
overwhelming importance either; but a more de-
tailed analysis should be carried out.
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Localized coupling structures, such as open-ended wave guides located close to the
plasma boundary, radiate a spectrum of electrostatic waves that are accessible to the
lower hybrid layer in an inhomogeneous plasma. The energy flow is confined within nar-
row channels, similar to the resonance cone effect discussed by Fisher and Gould„Radi-
cal changes in the energy-flow picture result if the constant-density contours are aligned
at a small angle ( {m,/m;)~~~] to the magnetic field.

The possibility of exploiting the lower hybrid
resonance for heating plasmas ha, s received con- .

siderable attention. ' ' Recently, interest has
been stimulated because of the potential applica-
tion to rf heating of tokamaks. One aspect that
has not received the attention it deserves is the
method of coupling the rf power into the plasma
in a manner that is conveniently extendable to fu-
sion-scale devices. In the plasma regime for
tokamaks (n ~ 10" cm ' and &u~,

' & ru„'), the lower
hybrid frequency 1s close to the ion plasma fre-
quency (u&~;) which bes in the lower end of the mi-
crowave band (1-5 6Hz). A particularly conve-
nient coupling structure is then an open-ended
rectangular wave guide flush mounted in the met-
al vacuum-chamber mall. The wave guide propa-
gates energy in the TE„mode and the short side
of the guide (electric field direction) is oriented
parallel to the toroidal magnetic fieM. It can be
shown that the incident polarization is appropri-
ate for accessibility' and that most of the spec-
tral energy can propagate to the resonance layer
if d «c/+ where d is the short-side dimension of

the guide. ' In the rest of this Letter we discuss
the mechanism by which energy is transported to
the hybrid resonance.

We consider the slab geometry illustrated in
Fig. I in which we assume no va.riation in the y
direction. At the plasma boundary x =0, the ex-
citing structure defines an imposed tangential
electric field (E,) or potential y(x =0, s) =y, (z).
We assume that the majority of the spectral ener-
gy of y, (s) is in the regime ih, 1» ru/c, so that an
electrostatic approximation E = —Vy is valid.
From cold-plasma theory, y is determined as
the solution to

where for the regime of interest x„'»+~,', K~
= 1 —u~;2/a&2, and %~~=1 —w~, 2/m'. By represent-
ing cp, by a Fourier integral, we can obtain the
solution of the transform of y by WEB methods.
In the region 0 ~x &x„, where If'~(x„) = 0, the solu-
tion is in the form of an outward-propagating


