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Test of Hadronic Scaling at Cosmic-Ray Energies
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The use of data from cosmic-ray interactions with dense targets is discussed from the
point of view of extracting information on scaling at high energies. We present a result
which relates single-parbcle distributions on nuclear targets to single-particle distribu-
tions on nucleons. Contrary to the conclusion first drawn from these data, we find no
serious conflict between present data and a flat pionization region.

Inclusive reactions such as v+p-n+ anything
continue to be of great interest. Their Feynman
scaling' properties have by now been explored at
accelerator energies, but this aspect of their be-
havior at still higher energies requires further
work. Because much of this behavior reveals it-
self only on a logarithmic energy scale, energies
which are presently attained only in cosmic rays
are important. Since the flux of primary cosmic
rays falls rapidly with increasing energy, dense
materials (such as nuclear emulsions) are very
attractive as experimental targets. The question
which we study here concerns the possibility of
extracting information on (for example) the reac-
tion v+p-g+ anything (which we shall call I be-
low) when we have data on the reaction n+A-
p+ anything, where A is a nucleus (we shall refer
to this reaction as II below).

The statement of Feynman scaling for the Re-
action I is that in the limit of high energies

do = d'qdxx 'f(x, q), (1)

where x = 2p i,
'""/s'l' and q is the transverse mo-

mentum of the detected pion. Equation (1) con-
tains the (experimental) observation that q is
limited in magnitude with a scale of -200 MeV.

Experimental questions of interest are these:
(i) Does Feynman scaling as expressed by (1) or
its equivalent in terms of the rapidity r fr-In(s)'l'
&&x/rn] hold true? (ii) If so, then what is the
shape of the scaling function f for (1)? In gener-
al, it has been hypothesized that f is split into
three regions, according to whether ~ is near the
projectile or target rapidity (projectile or target
fragmentation region), or in a large region in
between whose width in ~ space grows like lns
(pionization region).

It has further been hypothesized that f will be
flat in the pionization region. ' A recent analysis
of cosmic-ray interactions in emulsions has been
advanced as evidence that the scaling function at
1 TeV is markedly different from this form in

the pionization region. '4 For future reference,
we note that the behavior of f in the pionization
region is related to the multiplicity of a reaction
of type I, since

1 do
(n)= — —,drdq',

i lie&

so that a flat pionization region implies (n) =n, lns.
It should be clear from the above discussion

that if we wish to test scaling with nuclear emul-
sion data, we must be able to calculate the effect
of the nucleus on measured inclusive cross sec-
tions. This is not a simple procedure, since it
is possible that an intranuclear cascade (see
Fig. 1) can develop. We shall devote the remain-
der of this note to showing (a) how single-particle
distributions for Reaction I are related to the
distribution for Reaction II, (b) that the nuclear
effects are most important in the pionization
region, and least important at high rapidities,
and (c) that when cascading is taken into account,
current data are consistent with a flat pioniza-
tion region.

We begin by assuming a scaling function fo(r;,
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FIG. 1. A typical intranuclear cascade.
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, 'q) foI' I wlllcll 18 of R basic multlperipheral mod-
el (MPM) shape. ' fo(r„x, q) is strongly peaked
for small q {tbe results are essentially indepen-
dent of tbe precise manner), and is a constant
(= 1) in r from 0 to r, (we always work in tbe
laboratory frame) and zero otherwise. We as-
sume a simple factorized form, fo(xo, 1', q, )
=g(x„l')Ih(q)I', where Ih(q)l'= (or'/16m') exp(-aq'),
A, pure imaginary. ~, is simply equal to the multi-
plicity q, we ignore that spread in the multiplicity
distribution Rnd assume asymptotically constant
cross sections. This choice of shape evidently
allows us to concentrate on the important pioniza-
't1011 1'egloll. We Rssu11le tllRt tllls f descl lbes
every reaction in the cascade, and ignore the pos-
sibility that energy degradation in the cascade
may cause some of the downstream reactions to
deviate from sealing simply because they axe not
kinematically in the scaling region.

In order to fold in the nuclear physics, we make
use of the Glauber theory, "which is well known

to describe the interactions of particles and nu-

clei at high energies. %6 are dealing with a pro-
cess in which an arbitrary number, N, of inelas-
tic collisions occurs on a nucleus, and in which
the final state of the nucleus is not measured.
The theoretical expression for the cross Section
for this process has been worked out, ' and will
be described in detail in a subsequent publication.
The description of an anfractuous process of the

type in Fig. 1, while straightforward, is some-
what cumbersome to write down in detail, and we

shall restrict ourselves to a description of the
calculati. on here.

Since the main coQtl ibutloQs to multlpartlcle
produeti. on come from incoherent events, we

apply closure over final nuclear states, and inte-
grate over the momentum transfer to the nucleus
to get px'oduction cross sections. We ean then
proceed as follows; %6 write the Glauber multi-
ple-scattering series for the incident paxtiele to
scatter elastically any number (including zero)
of times on nucleons to the left of z, . This intro-
duces a factor

.g. (I& -1'(B-8,)I[& - 1'*(&- 8,)1)

into the cross section, where the profile function
I' is the Fourier transform of the elastic scatter-
ing amplitude, 8 is the impact parameter, and

s, is the px'ojection of the coordinate of the jth
nucleon on the impact-parameter plane. At z„
the incident particle scatters inelastically, pro-
ducing secondaries (in Fig. 1, n, =6). This is
described by a term I'»*(8 —s,)I'»(8 —s,), where

I ~2 ls the Fourler tx'RQsforID of the lQ61Rstlc
scattering amplitude. We then write the multiple-
scattering series for the n, particles (we call
these the "first generation" particles) to scatter
elastically any number of times on the nucleons
between z, and z„which introduces a factor

II (I & —1'(& —,)ll:& —&'(& —,)])" .
g &z &z

At z„another inelastic collision occurs, which
we handle as above, and then another elastic
series, this time for n, particles to go from z,
to z, (n, =8 in Fig. 1). This introduces a factor

i[& —1'(fl -s.)ll. & —1 *{~—s.)H" .
g (g &g

We ean break these n, particles up into those
produced at z, (which we call second generation)
and those produced at z, which move past z,
(which are still first generation). We can ob-
viously go on in this way to build up any chain of
cascades in the nucleus that we desire.

In general, the expressions which result from
such a procedure are too complicated to handle

simply. %6 therefore make a number of approx-
1DlRtlOQS:

(a) Tbe fact that inelastic collisons occur at
different depths z, within the nucleus makes the
handling of the elastic scattering series vexy dif-
ficult. Therefore we make the "rim" approxima-
tion, in which we assume that RB of the elastic
seatterings of produced particles start at the
midpoint of the nucleus, z=O, while the inelastic
collisions can occur anywhere. ' Since this ap-
proximation errs in opposite directions for in-
61Rstlc colllslons to the left and right of 8 =

Oq

we expect the final 1esult to be lnsensltlve to the
approximation. Numer lcRl lnvestlgRtlon lndleRtes
that this is so.

(b) An exact treatment of our MPM input would
require that the multiplicity of a collision depend
on the energy of the projectile and the energy of
a cascading px'ojectile depends on its position in
the previous MPM chain. Labeling the "genera, —

tion" of R particle as the number of inelastic col-
lisions by which it is removed from the primaxy
projectile, as described above, we make the
simplifying assumption that the average multi-
plicity produced in the inelastic collision of an
nth generation secondary with a nucleon is y/n.
Thus, the multiplicity of an inelastic collision of
a first generation particle within the nucleus is

This underestimates the output of a first
generation particle produced from the top of the
chain, but overestimates the output of one from
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the bottom of the chain, Since we take the produc-
tion cross section to be independent of energy,
it is easy to show that the error involved in this
approximation is of order 1/y.

(c) We ignore the conservation of energy in the
production of particles on the MPM chain. At
very high energies this is an unimportant effect,
but this is not the case where rest masses cannot
be ignored. We shall discuss the consequences
of this error below.

Once the inclusive cross section for a given
sequence of collisions has been written down, we
have only to add up all of the cascades. The fol-
lowing general features come out of the deriva-
tions:

(1) The problem of counting the number of
ways a given final state can be made by different
chains is straightforward and does not depend on
the Qlauber theory. It will be discussed else-
where. ' Since the probability of an inelastic col-
lision is proportional to o;„„,we expect a par-
ticular sequence to vanish as (o,.„,&/gr)" as N, the
number of inelastic collisions, becomes large.
In practice, we found that contributions from
N& 5 could be neglected.

(2) Although our original MPM distribution is
flat as a function of x, we find that the distribu-
tion expected from a nucleus is skewed toward
small r. The reason for this is quite simple,
and has to do with the fact that a particle cannot
produce secondaries whose energies exceed its
own. Thus, particles to the right in the chain in
Fig. 1 will produce lower rapidity secondaries,
and only the leading particle can produce the
highest rapidity.

(3) For any given sequence, there are n final
particles which must propagate out of the nucleus
by any number of elastic collisions from x=0 to
z =+ ~. The factor [(1 —I')(1 —I *)]"discussed
above expresses this. We find that this factor
gives a strong nonclassical effect for large n,
such that these terms are damped far less than
expected. In the ordinary Glauber theory, where
n=1, this effect, due in detail to cross terms in
I', is 20%, whereas in the results we report be-
low we find this effect decreases the damping
terms by factors of 10 or more. "

In Fig. 2, we show the particle distributions for
a typical emulsion nucleus, taking @

= 10 (which
is appropriate in the TeV range), and taking vr
= 26 mb and cr, „=22 mb. These cross sections
are appropriate for pions, which constitute most
of the produced particles, but if we used numbers
corresponding to incident protons, the results
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FIG. 2. The solid line in this figure illustrates the
theoretical single-particle inclusive buildup at lower
rapidities due to intranuclear cascading, with the data
of Ref. 3 superimposed. The nucleus is Br, and the
incident proton's rapidity was taken as q =10, cor-
responding to - 20 TeV. The step-function distribution
assumed for g+ H p+X is shown as a dashed line.
The disagreement of theory and experiment at low z
is discussed in the text.

would be indistinguishable from those shown in
the figure. As expected, the distribution is quite
different from that for an individual nucleon,
and shows a marked buildup at small rapidities.

Before comparing these results with actual
emulsion data, one important point should be
noted. Although the nucleon and nuclear distribu-
tions differ markedly at small ~, at large ~ they
are quite similar. Therefore, one way of using
these results might be to look only at high-rapid-
ity particles in emulsions. For example, if we
wish to work in a region where the effects of the
nucleus are less than 1(Pj~, we should confine
ourselves to the upper 2(P/g of the rapidity plot
(note that because of the definition of rapidity,
this corresponds to the upper 86%%ug of the longitu-
dinal momentum range). Future experiments
could be analyzed in this way, which has the vir-
tue of being largely independent of the nuclear
physics.

If, on the other hand, an experimentalist wished
to use the entire available x interval, then he
must use the entire results of the calculation we
are reporting here. Such an experiment, the re-
sult of an analysis of nuclear emulsion data at
E=10' QeV, was recently reported' and is also
shown in Fig. 2. The results were used to argue
against a flat pionization region, It is clear from
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FIG. 3. The solid lines represent pion multiplicities
on H, C, Rnd pb Rs a function of incident pion
rapMlty, usiQg the single-paztlcle distribution dis-
cussed in the text. The experiInental points for ~H Rnd

C are from Ref, 10, normalized to match the theory
at the 200-GeV (lowest) hydrogen point,

Fig. 2 that the experimental results are Rctually
compatlM8 with R flRt pionization region 1f propex"
care is takeo in handling the nuclear physics. It
should be noted that the difference between theory
Rnd exper1ment Rt small rRpldltles cRn be Rtfrht-
ed to the facts that (i) in Ref. 3, . low-rapidity
events were excluded by hand, so that the experi-
Dlental numbers undel estiDlate the tlue distribu-
tioll IIl tile I"egloIls, and (il) 'tile asslllllptl011s tllat
scaling hoMs to low energies and that energy
conservat1on can be neglected lead to a t eoret-
ical overestixnate of small-rapidity events.

In order to check our method, we have explicit-
ly calculated multiplicities for particle-. nucleus
interactions and compared the results with experi-
ment. " In Fig. 3 we show the expected multi-
plicities from various nuclei, as a function of rp,

together with the experimental points of Ref. 10
scaled up by a factor of 2 to take rough account of

the production of neutrals and then suitably nor-
mali. zed to the hydrogen data. We see that the
agreement is quite good, a check which gives
confidence that other features of intranuclear
cascades wiO be correctly explained by our re-
sults. It is also interesting that, according to
Fig. 3, if the input multiplicity increases Rs in@
then the multlpllclty on a nucleRr tRrget 1ncreas-
es faster than ins. (The larger the nuclear target,
the faster the multiplicity increase, although the
A dependence is relatively weak. )

In summary, inclusive cross-section experi-
ments on nuclei can provide useful information
on the corresponding quantiti, es with nucleon tar-
gets. This offex'8 R decided RdvRntRge to the ex-
perimentalist who wishes to use cosmic x'ays f.o
study very high energies.

A more detailed version of this report will
appear elsewhere. '
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