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Criteria for the Elimination of Discrete Ambiguities in Nuclear Optical Potentials*
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The elastic scattex'ing of composite projectiles by nuclei is considered in the semiclas-
sical limit. Criteria based on this description are obtained for the incident energy and
angular range of data necessary to eliminate discrete ambiguities in optical potentials
for such projectiles. We demonstrate the effectiveness of these criteria for elastic Q-
scattering data.

It has been known for a numbex' of years that
the interaction responsible for the elastic scat-
tering of nucleons and nucleon clusters by nuclei
can be represented by an optical potential. Al-
though the optical model has on the whole been
quite successful, persistent difficulties have ex-
isted in the determination of the strength of the
interaction for composite projectiles (nucleon
clusters) because of the well-known discrete am-
biguities in the values of the real well depth of
the optical potentials. ' Recent investigations' '
have indicated that these ambiguities can be elim-
inated by measuring differential cross sections
at "sufficiently" high energies and at "sufficient-
ly" large scattering angles. We have observed
that the elastic differential cx oss sections satis-
fying these sufficiency requirements, when plot-
ted as a ratio to the appropriate Rutherford cross
section, exhibit a characteristic monotonic, al-
most exponential falloff pattern at angles beyond
those characterized by diffraction oscillations.
A semiclassical description of the scattering is
able to reproduce this behavior; using this de-
sex'iption, we have been able to formulate quanti-
tative criteria for the bombarding energy and an-
gular range of data necessary for the elimination
of these discrete ambiguities.

The physical basis of our criteria can be sim-
ply illustrated by considering the classical de-
scription of the scattering of a particle by a cen-
tral force, In this limit the differential cross
section is given by the familiar relation'

cr(8) =(b/sin8) ~(d8/db) ~
',

where b is the impact parameter and 8 is the de-
flection Rngle which ls genel ally R function of
the strength of the interaction, the impact param-
etex, and particle energy. If the radial form of
the interaction is similar to an attractive Woods-
Saxon form, Rnd its central depth is large com-
pax'ed to the incident energy, "spiral scattering"
will occur; i.e., for some impact parameters the

deflection angle of the scattered particles will ex-
ceed 180 . If the 1nterRctlon potentlRl 1s Rpproxl-
mately energy independent, spiral scattering will
cease to occur if the energy is increased suffi-
ciently. The scattering will then be character-
ized by a maximum deflection angle 8, which
will decxease with increasing bombarding energy.
No particles will be observed beyond this angle,
and a measurement of this angle can be utilized
to determine the strength of the interaction. '

In the semiclassical description of scattering
one can similarly define a deflection angle. ' If
the maximum deflection angle 0™is less than 180,
the differential cross section exhibits an almost
exponential falloff' which commences at angles
somewhat less than O. We will show that elastic
differential-cross-section data satisfying the fol-
lowing criteria enable one to eliminate discrete
ambiguities: (l) The measurements must be per-
formed at a bombarding energy high enough that
the falloff appears, i.e., that 6 is less than 180';
(2) the mea. surements must be extended to angles
beyond e. Conversely, if a set of potentials con-
stituting a discrete ambiguity is known, one can
use the above criteria to specify the bombarding
energy and angular range of data required to de-
termine whether a given potential in that set can
be eithex unambiguously defined or else eliminat-
ed.

In the semiclassical limit nuclear scattering
can be formulated in the Jeffreys-Wenzel-Kra-
mers-Brillouin (J%VKB) approximation. ' The lth
partial wave is identified with a particle trajec-
tory having an impact parameter b =(l+s)/k. The
particle deflection for this impact parameter is
related to wave-mechanical quantities via the re-
lation

8( = 2d(bg +8))/dl,

where 0, is the deflection angle of the paxticle,
is the real part of the nuclear phase shift,

and 0, is the Coulomb phase shift of the /th par-
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FIG. 1. Comparison of semiclassical (JWKB) and conventional (Jtss) optical-model calculations with 189-Mev
a-scattering data. (a) Ratio of differential cross section to Rutherford cross section. (h) Heal nuclear phase shifts.
The optical-model parameters used in both calculations are V =116.7 MeV, ro =1.246 fm, & = 0.798 fm, S' =21.15
Me V, ro' = 1.590 fm, and ' = 0.569 fm.

tial wave. The maximum 9, for all / is then e.'
The ability to define the angle 8 for a given set

of elastic scattering data is based on the adequa-
cy of the semiclassical description. We now

demonstrate this adequacy for data exhibiting the
falloff pattern described above. (In the present
paper we consider only a single set of such data;
similar results for a number of other cases will
be presented in a more detailed report. ") We
have performed JWKB and exact optical-model
calculations for the scattering of 139-MeV e par-
ticles by "Ni using an optical potential having the
conventional six-parameter Woods-Saxon form. "
The parameters used in the calculations were ob-
tained by fitting the data" using a modified ver-
sion of the code" JIBE. The semiclassical cross
section was obtained by summing the individual
partial-wave amplitudes calculated using JWKB
phase shifts. "

The data and calculated cross sections are
shown in Fig. 1(a). The zeroth-order JWKB cal-
culation reproduces the shape of the cross sec-
tion, including the large-angle falloff, fairly well.
As can be seen from Fig. 1(b), the real phase
shifts obtained from the two calculations are in
good agreement. The discrepancy in magnitude
at large angles is primarily due to discrepancies
in the imaginary phase shifts. This has been sub-
stantiated by model calculations with 5'= 0. In
this case, the imaginary phase shifts vanish iden-

tically and the two calculations produce essential-
ly identical cross sections. We note that these
cross sections still retain the characteristic fall-
off pattern at large angles, indicating that the
falloff is not caused by strong absorption, but is
indeed associated wiN the real part of the poten-
tial.

In obtaining an optical potential to fit the entire
range of the above data, there was no evidence
of a discrete ambiguity (i.e., only a single pa-
rameter "family" was found). This illustrates
our earlier statement that if the cross sections
exhibit the falloff pattern, one can eliminate the
ambiguities. For the above Woods-Saxon poten-
tial the maximum deflection angle 0, as calculat-
ed using Eq. (2), was 63, somewhat beyond the
point at which the falloff in the cross section be-
gins.

To determine the angular range of data required
to eliminate ambiguities, we performed a series
of g' searches using code JIBE for various trun-
cated sets of the data. shown in Fig. 1(a). For
each set we performed a series of grid searches
in which V was held fixed at various values and
the remaining parameters were varied to mini-
mize )('jN, where N is the number of degrees of
freedom. The first grid scarc)i was performed
using 29 data points extending to 41'; succeeding
searches included data to 61 (just below 8), 65
(just beyond 0), and 80'. This represented in-
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FIG. 2. (a) Minimum )( /N values obtained from grid searches on V based on four subsets of the data truncated at
differing &m~. (b) Minimum X /N for the potential "families" in the neighborhood of V=115 MeV and V =180 MeV
as a function of 0~ (includes results from additional data subsets).

creases of 12, 2, and 6 data points, respectively.
For each grid, X'/N was plotted as a function of
V. The results are shown in Fig. 2(a). For the
41' searches, two minima of comparable X' were
obtained at 7=115 MeV and V=180 MeV. When
data to 61 are included, )('/N at each of these
minima roughly doubles, but they remain essen-
tially equal to each other. However, as one in-
cludes data to 65' (only two additional data points),
the )('/N minimum at V = 180 MeV increa, ses by
a.pproximately 50'%%up, whereas the one at V =115
MeV remains essentially unchanged. Including
data to 80' eliminates any trace of a minimum in
)('/N in the neighborhood of V =180 MeV.

An alternate illustration of the necessity for ex-
tending measurements beyond 8 is presented in
Fig. 2(b). For the parameter "families" charac-
terized by V =115 MeV and V =180 MeV, the mini-
mum )(2/N is plotted as a function of 8,„, the da-
ta truncation limit. As can be seen, the values
of X2/N for the two families increase slightly with

8», but still remain within about 20% of each
other until 0 „reaches e. Beyond 0, however,
)('/N for the higher family increases to over 10
times its va.lue at 8,„=0, whereas )('/N for the
lower family increases by less than 80%.

The incident energy required to observe the fall-
off pattern for a specific nucleus depends on its
size. For fixed bombarding energies, 0 increas-
es with increasing A, possibly even exceeding
180' (i.e., cea,sing to exist for large A)." Thus,

energies sufficiently high to eliminate ambiguities
in lower-A nuclei may not suffice to eliminate
them in nuclei of higher A. This effect has been
noted previously' when it was observed that a
large number of potential "families" were found
which satisfactorily described the scattering of
n's by "'Pb at 139 MeV, an energy sufficiently
high to eliminate the ambiguities for "Ni. Pn the
other hand, if one is able to eliminate the ambigu-
ities in the prescribed way for a target nucleus
of a given A, then one should be able to eliminate
the ambiguities for all lower-A nuclei at the same
incident energy. Recent results" for the scatter-
ing of 139-MeV a particles by "C bear this out.
The A dependence of the falloff, and thus of 0, is
also evident in a number of intermediate-energy
elastic scattering investigations. '

Although we have primarily been discussing in-
termediate-energy elastic a scattering, the pre-
scription we have outlined here for eliminating
discrete ambiguities is suitable for other compo-
site projectiles, such as d and 'He. Data satisfy-
ing the outlined criteria will thus permit compari-
son of the relative interaction strengths of differ-
ent projectiles, both macroscopically through op-
tical potentials, and microscopically, through
density- dependent calculations. We believe that
such comparisons will be extremely useful in
furthering our understanding of the nuclear elas-
tic scattering interaction.
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