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and / are in the FR.

By taking a derivative® of the expression (8a)
for Reln(A,/A,), we obtain (for u <7/2) the ener-
gy difference AFE between the first excited states
and ground state as a function of ¢, and «@,. Bax-
ter? has shown that the transfer matrix T(a,=2)
is equal to 2" times the cyclic shift operator that
moves all spins one site to the left. Therefore,
from Im1n(A,/A,), calculated at a,=x, one can
extract the momentum difference AP between the
excited states and the ground state in terms of
a, and a,. We define two new variables ¢, and

q, by
K_o./m
¢;= " " dn(g, m)dg.
m
Then

AP=q,+q, = (w, + w))7 =, (11a)

AE = -J,sn(2¢, DK (K,') ™
x[(1 =m?cos?q,) 2 +(1 —m? cos?q,)2], (11b)

where m is determined from K ,'/K,=x/n. The
range of the g; is 0 <g; <7. For a given value of
q, and ¢,, there are eight states, and the statis-
tics of the excitations is believed to be of the
Fermi-Dirac type.
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Quadrupole Moment of the Deuteron*

R. V. Reid, Jr., and M. L. Vaida
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(Received 5 July 1972)

The electric field gradient in the HD and D, molecules has been calculated from 87-
term wave functions of the James and Coolidge type. With the use of experimental values
of the quadrupole interaction constant, the electric quadrupole moment of the deuteron
is found to be 0.2875 F? which is 2% larger than the most recent values. The estimated

error is 0.002 FZ,

The quadrupole moment of the deuteron, @,

has long served as a touchstone for models of the
nucleon-nucleon interaction because of its con-
nection with the tensor force, without which
would vanish. At the present time @ cannot be
directly determined experimentally; it can be
extracted from the electric quadrupole interac-
tion constant eq®/% with the aid of a theoretically
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calculated field gradient g. However, quantitative
calculation of the field gradient'"® for such sim-
ple molecules has proved difficult. Code and
Ramsey® cast doubt on the most recent calcula-
tion® by showing that the results were not consis-
tent with their D,(J=1) and the earlier” HD(J=1)
interaction constants. Signell and Parker® have
noted the extent and aspects of the seriousness
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of the disagreement among reported values of
the quadrupole moment. OQOur results, obtained
from molecular wave functions fully optimized at
each internuclear distance and expanded in a
basis set 8 times larger than in previous work,
appear to have converged and are consistent with
the set of three measured interaction constants.5’
The field gradient along the molecular axis
evaluated at one of the nuclei is

q=2e{q'(R)) ;,

with the average being taken over the molecular
zero-point vibration in the Jth rotational state
and

q'(R)=R°= [d% d%,03(F,, Tp, R) V/(F,, T), (1)

where V" (¥, F,) = P,(6,)r, 3+ P,(6,)r,"3, 7, is the
distance of the ith electron from the nucleus un-
der consideration, 6, is the angle between T, and
the molecular axis, R is the internuclear dis-
tance, and ¥ is the molecular electronic wave
function.

Using the prolate spheroidal coordinates of each
electron, £=(r, +7,)/R and n=(r,-v,)/R, where
7, and 7, are distances from nuclei @ and b, we
take the molecular electronic wave function to be

=27 Conprsy (1"M,° E7 05+ E,7m,° £,7m,")p

mprsi
Xexp[- a(¢, +£)], (2)

where p=27,,/R, The parameters C,,, ., and &
are, for each R, determined variationally by
minimizing the Rayleigh quotient. From the

work of Kolos and Wolniewicz® we chose six
terms, (m,p,r,s, n)=(0,0,3,0,0), (0,0,0,4,0),
(0,1,1,3,0), (1,0,4,0,0), (1,0,0,4,0), and
(3,0,0,2,0), which seemed particularly impor-
tant in lowering the energy. We were able, in ad-
dition, to allow (m,p,7,s, 1) to take on the 81
possible combinations of 0, 1,2, consistent with
the symmetry of the 'Z," state. By this means
we attempted to avoid omitting components of ¥
relatively more important for ¢ than the Hamil-
tonian.

To average over nuclear motion, g’(F) was cal-
culated at 12 values of R between 0.95 and 2.1
a.u. The averaging was performed using vibra-
tional wave functions obtained by numerical in-
tegration using the adiabatic potential of Kolos
and Wolniewicz.%!® With 87 terms, for HD(J=1),
D,(J=1), D,(J=2), respectively, we found {(q’(R))
to be 0.166 20, 0.166 60, and 0.16538 a.u. yield-
ing®'" @=0.28749, 0.287 45, and 0.287 43 F2. The
weighted average is 0.2875(20) F2. The error is
one half the maximum possible change in @,
which can be constructed within our 87-term ba-
sis, consistent with a change in the energy of 2.9
x107¢ a,u. (see Table I). It is an estimate, to be
discussed elsewhere, of the effect of our trunca-
tion of the basis. Other errors are more than 1
order of magnitude smaller. The comparison in
Table I includes @ values calculated with 34 and
66 terms in the basis to verify convergence.

Using our values for (¢’(R)) and the experimen-
tal eqQ/h for D,(J=1), “equivalent”® eq@/h for
HD(J=1) and D,(J=2) are 224.504(30) and 223.396
(30) kHz, respectively; corresponding experi-
mental ones are 224.540(60)7 and 223.380(180).°

TABLE I. Values of the quadrupole moment obtained from field-gradient cal-

culations.
D, Q
Source Parameters (a.u.) (F)?

Ref. 1 2 0.149 0.2714+0.0054
Ref. 2 7 0.157 0.2777+0.0056
Ref. 3 6 0.168 0.2738+0.0016
Ref. 5 11 0.17301 0.2800 +0.0005
Ref. 4 10 0.17376 0.282 +0.,001
This work 34 0,174 32 0.2898
This work 66 0.1744712 0.2874
This work 87 0.1744721 0.2875+0.0020
Ref. 10 see 0.1744750 b

3The first three values of @ were altered to conform with more recent experi-
mental results. All errors are estimates by the corresponding authors.
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We conclude that the R dependence of our field
gradient is in good agreement with experiment.
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Magnetic Moments of the 7 and 57 (mho/, vge/,) States in 2!°Bi
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The g factors of the 433-keV 7" state and the 439-keV 5~ state in ?Bj which are pre-
dominantly (7hg,,,vgy/,) have been measured as g(77)=0.302+ 0,007 and g(57) =0.306
+0,009 by a time-differential method using the reaction 28Pb( Li,n)*!"Bi, From these
experimental results, a magnetic moment for the gq/, neutron of p=—(1,33+0.06)uy
Lg(vgg/,) =—0.296=0,014] has been deduced. This gy/,~neutron magnetic moment is in
agreement with the Schmidt value corrected for core polarization,

The large anomaly that exists in the magnetic
moment of the %, ,, proton single-particle state
outside of 2°°Pb has represented for some time
an important difficulty for nuclear theory. Ex-
pected corrections to the magnetic moment for
core polarization do not give a satisfactory ex-
planation.™2? The high purity of the single-parti-
cle states relative to the doubly closed shell of
208ph makes the understanding of their magnetic
moments essential for the interpretation of nu-
clear magnetic properties in general. Despite
this importance and the %, , proton anomaly,
there is as yet no experimental information on
the magnetic moments of neutron single-particle
states outside of 2°®*Pb, In this context, a mea-
surement of the g factor of the g,,, neutron state,
which is the lowest neutron single-particle state
outside of *®*Pb, is of considerable interest to
the basic understanding of this anomalous mag-
netism. Recently, Nagamiya and Yamazaki® have
concluded that magnetic moments measured for
several proton particle states including the %,
state and neutron hole states of the 2°®Pb core
show evidence for anomalous orbital g factors.
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They suggest an increase in the orbital g factor
for the proton of Ag;=0.10 which in turn gives an
explanation for the anomalous 4,,, magnetic mo-
ment. Their analysis and other more recent work
for neutron hole states® suggest with less evi-
dence a Ag;~ - 0.05 for the neutron. The knowl-
edge of the g,,, single-neutron g factor would also
give an additional check of any Ag; for the neu-
tron. A theoretical basis for the Ag, has been
discussed in terms of meson exchange currents,®®
The low lying levels in ?'°Bi have been interpret-
ed” as the (nhgy,,, vg,,,) negative-parity multiplet
with angular momentum J from 0 to 9 (see Fig.
1). Since the g factor of the &,,, proton is known,
a measurement of the magnetic moment of a pure
member of this multiplet in ?’°Bi can yield the
8,2 Neutron g factor. The known g factor of the
1~ state in 2'°Bi fails to give this value, since
this specific state has admixtures which make
significant contributions to its magnetic moment.
The 7~ and 5~ members of this multiplet in 2'°Bi
are, however, quite pure with negligible magnet-
ic-moment contributions from admixtures. The
lifetimes® of both of these states are also conve-



