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Approach to Factorization and Scaling in Inclusive Reactions*t
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We present a compilation of existing data on inclusive reactions which provide evidence
for the factorization hypothesis in the “central” region of pion production but only at in-
finite beam momentum. The approach to limiting behavior in the central region is con-
sistent with that expected on the basis of the Mueller-Regge formalism.

Several groups have recently examined the

question of the validity of the hypothesis of limit-

ing fragmentation, scaling behavior, and the fac-
torization hypothesis in inclusive pion-production
reactions.’ In general, the conclusion which has
been reached is that these principles appear to
hold to good accuracy in the fragmentation region
of momentum space; these principles, however,
do not appear to be valid for small values of
emitted-pion momentum in the center-of-mass
system (i.e., small ¥ =p,*/p, i cigens™). In fact,
several groups have pointed out that, particularly
for reactions such as

p +p —~ 7" +anything, (1)
7*+p = 7" +anything (2)

scaling near x =0 is badly violated.

We wish to make here several comments and
observations concerning inclusive pion-produc-
tion reactions at accelerator energies, and point
out that a great simplification results when the
invariant cross section for these reactions is ex-
trapolated to infinite momentum. The results of
this extrapolation strongly suggest that, to better
than 10% accuracy, factorization of inclusive re-
actions obtains at x =0, and consequently at all
values of x.

Figure 1 presents a plot of the normalized in-
variant single-particle production cross sections
(integrated over p,) at x =0 as a function of p ~*/*
(p is the bombarding momentum in the laboratory
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system). We define the ordinate in the graph,
the parameter ¢, as follows:
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FIG. 1. Normalized invariant single-particle inclu-
sive cross section at x =0 as a function of beam mo-~
mentum. In the normalization we use the following
asymptotic values of o7: for pp, 89.8 mb; 7*p, 23.4
mb; K*p, 17.4 mb; and vp, 99 pb.
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the transverse momentum, p,* is the longitudinal
momentum, and 0, is the total cross section for
the incident channel at asymptotic energies. We
have converted to this form? all the available data
for Reactions (1), (2), and the following:

y+p = 1" +anything, (3)
K*+p =7~ +anything, (4)
7t +p —~n* +anything. (5)

We note that all the experimental points from
each reaction appear to fall on a straight line;
furthermore, all straight lines appear to extrap-
olate back to a single point in the limit of p =,
The straight lines drawn in Fig. 1 are not best
fits to the data, but are just to guide the eye.

The error bars provide estimates of uncertainty
in each data point (some data were obtained di-
rectly from published graphs, others were ob-
tained by extrapolation—error bars reflect all un-
certainties).

We also note that for Reactions (1) and (2),
where at least five measurements are available,
the extrapolation through the data points to small
p intercepts the estimated values of ¢ near thresh-
old. [No inclusive measurements are available
for p <2 GeV/c; we have therefore estimated the
values of ¢ at low beam momenta by taking the
known total 7~ production cross section o(r”) (not
the “invariant” type) and multiplying this number
by the ratio of co1/0(n”) for the lowest-energy
experiment available, The latter ratio is some-
what energy dependent and the error bars on the
“threshold” estimated data points reflect this
source of uncertainty.] Because there is only one
momentum point available for Reaction (4) we
have consequently used the threshold value of ¢
as a crutch point in drawing the straight line.

Our reason for using a p "/ form in the extrap-
olation is based on Mueller’s ideas concerning
the “central” region of particle production, It is
expected that at high energy the remnant depen-
dence near x ~0 would be of the form p Y4 if a
three-particle elastic-scattering Mueller graph
is relevant for the description of the central re-
gion (see Fig. 2). Itis, of course, somewhat
astounding that the p “*/* dependence appears to
be valid down to almost threshold momenta.
(Mueller-Regge graphs which contain two three-
particle vertices, rather than at least one Pom-
eranchukon-particle-particle vertex, must there-
fore not contribute significantly in these reac-
tions.)

The inescapable conclusion one can draw from

t=0| Pomeranchukon
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FIG. 2. Slowest energy-dependent Mueller-Regge
graph appropriate for the central region.

these results is that the Mueller-Regge formal-
ism for inclusive reactions is valid for the entire
domain of ¥ momentum space. Furthermore, it
appears that when the scaling limit is reached
(far above the intersecting-storage-rings range
of energies!), inclusive cross sections factorize
for all values of x (the limit having already pre-
viously been reached at lower energies for the
fragmentation regime of large x values).3

It is hoped that this note will serve to stimulate
experimenters to re-examine their data in more
detail so as to quantify more fully the present
partially qualitative findings. It is also hoped
that an explanation can be found for the prema-
ture onset of the p "/ behavior, the significance
of the numerical value of the parameter ¢, and
the slopes observed in Fig. 1. Our results also
imply certain simple statements concerning, for
example, multiplicity growth and mean multiplic-
ities at large momenta (if # ~c Inp, then multi-
plicity is independent of incident channel). Also,
tests of the Pomeranchuk theorem will be possi-
ble when substantial data on similar reactions in
the K™p, pp, and 717p channels become available.

As a final word of warning we note that what we
have indicated is a consistency of the presently
available data with a rather simple p~ /4 behav-
ior. We have not excluded other forms of ap-
proach to limiting behavior. This can only be
done if experiments publish their values of ¢ (us-
ing our definitions for x as a convenience), with
appropriate errors, so that fits can be performed
to the data in order to extract the exact form of
the energy dependence.

I wish to thank the National Accelerator Labor-
atory and Argonne National Laboratory for the
hospitality extended to me during my stay at
these laboratories. I also thank Ed Berger for
many pleasant discussions. Finally, I thank my
colleague Paul Slattery for reading this note and
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for making helpful suggestions.

*This note is based on a more extensive review paper
presented at the International Colloquium on Multiparti-
cle Reactions at Zakopane (June 1972).

TWork supported in part by the U. S. Atomic Energy
Commission.
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ISee Proceedings of the Conference on Inclusive Reae-
tions at Davis, California, February 1972 (unpublished);
and papers in Proceedings of the Fourth International
Conference on High-Energy Collisions, Oxford, Eng-
land, April 1972 (unpublished).

’The data used in Fig. 1 are derived from the follow-
ing sources: pp data from A. Bertin et al., Phys. Lett.
38B, 260 (1972); British-Scandinavian Intersecting
Storage Rings Collaboration, in Proceedings of the
Fourth International Conference on High-Energy Colli-
sions, Oxford, England, April 1972 (unpublished);

J. Hanlon et al., Nucl. Phys. B41, 317 (1972); H. J.
Muck et al., DESY Report No. F1-72/1, 1972 (un-

published); Scandinavian Bubble Chamber Collabora-
tion, to be published; E. Gellert, Lawrence Berkeley
Laboratory Report No. LBL-784, 1972 (unpublished).
vp data from K. C. Moffeit et al., SLAC Report No.
SLAC-PUB-1004, 1971 (unpublished). 7*p data from
D. J. Crennell et al., Phys. Rev. Lett. 28, 643 (1972);
W. D. Shephard, to be published; R. Stroynowski
(ABBCCHLVW Collaboration), CERN Report No. CERN/
D.Ph.II/PHYS 72-18, 1972 (unpublished); S. Stone et di.,
Phys. Rev. D 5, 1621 (1972); M. Alston-Garnjost et dl .,
Phys. Lett. 39B, 402 (1972). Also CERN-HERA reports
and UCRL-20000 series for “threshold” estimates.
This statement is strictly true only for “produced”
as opposed to “leading” particles. In particular, Reac-
tion (5) contains the elastic and pseudoelastic channels
near x ® 1 which are not present in the other four reac-
tions. It is therefore somewhat surprising that Reac-
tion (5) behaves similarly to the other reactions. This
may be accidental, and it may, in fact, turn out that
the cross section for Reaction (5) will start falling to-
wards Reaction (2) and eventually reach to the same
limiting value of ¢ (as expected on the basis of the re-
sults from the intersecting storage rings).
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We present a simple means of separating a partial-wave amplitude into a resonant
term plus an inelastic background. The separation is exact if only one inelastic channel
is present, but it should be a good approximation in the presence of more than one in-
elastic channel. Inequalities are obtained relating the elastic and inelastic widths to the
background inelasticity. Comments are made regarding the application of the formalism.

Masses and widths of resonances can be ob-
tained only from phase-shift analyses of partial-
wave amplitudes. Although there are now sever-
al independent phase-shift analyses of 7N scatter-
ing,! there are still no reliable values for the
masses and widths of resonances in the 7N sys-
tem.? One problem is that the errors in the
phase shifts are large. Another problem arises
in separating the resonance from the background.
The latter problem has been discussed by Dalitz®
and Michael.? They have shown that in principle
the background can.be separated from the reso-
nance by using unitarity. Their formalism is dif-
ficult to apply in practice and has generally been
ignored in determining resonance parameters.

The purpose of this paper is to suggest an al-
ternative formalism for determining resonance
parameters which is easy to use. The shortcom-
ing of the formalism presented here is that it is
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strictly applicable only if there are two open (two-
body) channels. In the present phase-shift analy-
ses of TN scattering, the phase shift and inelas-
ticity for the elastic channel only are obtained.
Until more information is available about the in-
elastic channels, a more sophisticated approach
cannot be profitably applied. We believe that an
application of the formalism presented here can
give the most reliable determination of the reso-
nance parameters available from the present
data.

We follow the usual procedure of writing the
scattering amplitude as a resonant term plus a
background term which is assumed to be unitary.®
If the background term also includes a resonance,
the separation may be repeated. We write

Lip. T )i/2
T,-jB+exp(2ia‘-J.)7—VTz—(F—‘L)———— (1)

T
-W=izI

ij=



