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which, although not the best cooling, is the best
recorded. The time taken to reduce the field to
zero was about 2 h. As is clear from Fig. 1 at
the lower fields, the hexagonal nuclei act as a
considerable thermal load on the cooling and thus
H/T is not constant. The solid line in Fig. 3 re-
presents the ideal isoentropic cooling curve cal-
culated from the heat-capacity data. The experi-
mental points follow this line reasonably well ex-
cept at the lowest temperatures where flux jumps
in the magnet, and too fast a demagnetization
rate caused considerable heating. The inset
shows the entropy of the system for 0 and 18.6
kOe. With starting conditions of 65 koe and 20
mK it should be possible to reach 1 mK. After
such a demagnetization the warmup times will be
extremely long as the heat capacity at 1 mK is
—2 Z/mole K, and by virtue of the ordered hexa-
gonal sites does not fall below 1 J/mole K for
more than two decades in temperature.
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We show the equivalence of the side-jump model of the ferromagnetic Hall effect re-
cently proposed by Berger and the anomalous velocity contribution obtained by Luttinger
and others. Specifically, starting from the cited anomalous velocity expression, we
give a derivation (to the lowest Born order) of the (vector) side jump which an electron
undergoes during a collision with an impurity for a system of ferromagnetically polar-
ized free electrons, each interacting with the impurity centers, together with the con-
comitant spin-orbit interaction. The side jump obtained is independent of the strength
and form of the impurity potential and agrees with the result of Berger,

There have been two main approaches to the
anomalous Hall effect of ferromagnetic metals
and alloys, namely, an itinerant electron model
of Smit' and t.uttinger, ' and a localized electron
model of Kondo' and Maranzana. ' In this paper
we confine ourselves to the former model; we
assume that the conduction electrons are ferro-
magnetically polarized. In particular, we will
consider the scattering by impurity centers only.

There are two important contributions to the
anomalous Hall effect; one is the skew scatter-
ing" contribution which can be explained accord-

ing to the Boltzmann equation by extending the
collision kernel to higher Born orders. The oth-
er is the nonclassical anomalous velocity'4 con-
tribution which has no classical interpretation in
terms of the Boltzmann equation. In either case,
the transverse Hall current is caused by the spin-
orbit interaction. The anomalous velocity con-
tribution was first obtained by Luttinger' (his Eq.
3.26) using rigorous quantum transport theory. '
However, there has been no simple intuitive pic-
ture of the underlying physical mechanism for
this contribution. Recently, Berger' proposed a
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side-jump mechanism for this, whereby an elec-
tron undergoes a small side jump due (according
to him) to the anisotropic time delay caused by
the spin-orbit interaction during each collision.
As a demonstration, he ealeulated the side jump
of an electron for a system of ferromagnetically
polarized free electrons, each interacting with
impurity centers, and spin-orbit interactions as-
sociated with the gradients of the potential of
said centers. He assumed a Gaussian wave pac-
ket for the incoming electron and a three-dimen-
sional square-weil potential for the impurity po-
tential. The purpose of this Letter is to give a
rigorous theoretical justification to this signifi-
cant step taken by Berger, by showing the equiv-
alence between the anomalous velocity and the
side-jump contribution for the case explicitly
treated by Berger.

The appropriate form of the anomalous velocity
(P component) for this case is given by'

Zg'6(sa sa') ™[+»'DB&a'a ] ~

D s= B/Bk () +—B/Bk 8',

where N and e~ are, respectively, the total num-

ber of impurities and the energy of a free elec-
tron with a momentum Sk, and

O' = V(r) + (5 /4m c )o' V V(r) && p.

The first term represents the potential of a sin-
gle impurity and the second term the spin-orbit
coupling; o is the Pauli matrix.

Physically, the anomalous velocity (()~ is the ex-
pectation value of the spin-dependent part of the
velocity operator which results from the goggoyyg-
mutagigjty of the coordinate operator with the
spin-orbit interaction. In order to obtain a non-
vanishing expectation value of the commutator,
it is necessary to take into aeeount the perturba-
tion of the basic plane-wave states by the scatter-
ing potential. This perturbation 18 conveniently
expressed by the introduction of "steady-flow"
states Ik& defined by the I ippmann-Sehwinger
equation,

where Ho is a free-electron Hamiltonian and &'
for simplicity, is a single-impurity scattering
potential given by (2). The above-mentioned ex-
pectation value is then given (to the lowest order
in H') by

k ', k =-—g P [&k'!H'Ik&D&k le'! k'&+c.c.][r, a']
N

+its(e, —., )[{ale la)D(~ ie I»-~. )), (

where P stands for the principal part, The first terms in the square brackets turn out to be purely
imaginary (to the first order in spin-orbit interaction; higher-order terms will be neglected hereaf-
ter); therefore the first square brackets can be dropped, and one is left with

=Tf+6(&a- sa ) im[ff»"Dff) )']iS

which is identical to (1) for the case of N impurity centers. It is to be emphasized that only the spin-
orbit part of H' which does not commute with the coordinate operator contributes to (5).

One can immediately evaluate (1) using DSV,.„=O:

(6)

Assuming, for convenience, cr to be in the g direction, one obtains

For the special case under consideration, where IV» I'5(e„- e~ ) depends only on 8»., the angle be-
tween k and k' (as well as the magnitude k and k ) well-known spherical trigonometric analysis per-
mits us to rewrite (V) as

~22& & 0 4 2&2 Ttr tr
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One can put (8) in vector form:

(8g
= A r I,/7 t q~ b r~ = 4 (I/tFE C) k X 0'. (10)

Noting that 1/7„ is a transport collision rate, one

can interpret hr, as a side jump of the electron
(occurring during each collision) in the direction
perpendicular to both the spin and momentum
vectors. The side jump b, r~ of (10) agrees with
thRt given by Berger assuming Born Rnd short-
range approximations, except that our result is
1R1gel by R fRctol of g. It ls to be noted thRt the
final form of the side jump hr~ does not depend
on either the magnitude or the form of the impur-
ity potential. This is in agreement with Ber-
ger's result which is independent of the depth and
radius of the scattering potential well.

The magnitude of the side jump can be estimat-
ed by assuming k = 10' cm ' at the Fermi level:

ib,r, i=4x10 "cm
which is too small to explain the data. "Howev-
er, as pointed out by Smit' and discussed by Ber-
ger,"the small effect of the spin-orbit interac-
tion (H„")associated with the impurity poten-
tial should be replaced by the spin-orbit interac-
tion (Hu") associated with the periodic lattice

where the "transport" relaxation time 7 „is giv-
en by

1 2n'N
+5{sg—sp ) ~Vp g( {1—cosHp p).I

potential. The effect of HU" is to (electrically)
polarize the electrons. e The combined effect of
the dipole moment and impurity potential is to
produce Rn effective spin-orbit interaction, 'o

which is enhanced by a factor of 10~ compared to
H„' ', thereby enhancing the magnitude of the
side jurnp by the same factor. A more detailed
treatment of this enhancement effect will be post-
poned for forthcoming work.
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Coherent scattering regions of approximately 10-25 ~ in size have been observed in a
variety of amorphous solids. It has been suggested that these observations provide evi-
dence for the microcrystalline model. In this note we show that the observations of co-
herently scattering regions are not incompatible with a random-network model,

High-resolution dark-field electron microscopy
of amorphous Si, Ge, Ge-Te alloys, and Si02 has
revealed the presence of coherently scattering re-
gions of approximately 10-25 A in diameter. ' '
In the case of amorphous silicon and germanium
the coherently scattering regions (CSR's) cannot
be related to the diamond cubic crystallites as
the calculated interference functions do not agree
with the experimental values. ' ' It has been sug-

gested, . however, that the CSR correspond to the
wurtzite-structure crystallites, and a better
match with the calculated and experimental val-
ues of the interference function can then be ob-
tained. ' An alternative approach which generates
radial distribution functions that match the exper-
imentally determined ones is to consider some
form of a random-network model. ~" In this, no
structural order of the type present in the micro-


