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Si single crystal cleaved in air immediately be-
fore mounting. The result is shown in Fig. 3 and
is compared with the absorption measurements
performed by Brown and Rustgi' on a polyerys-
talline sample. Small differences couM be main-

ly attributed to a lower resolution in our case.
The main features, however, are present in both
spectra. The rise of the yield at the high-energy
end of the spectrum is due to the first peak in the
spectrum" of SiO, at 106 eV since our sample
was not completely free from oxide. (This was
even more pronounced when using a polished
single crystal. } When measurements under ultra-
high-vacuum conditions become possible, the in-
vestigation of single crystals by yield spectros-
copy will certainly be of primary interest.

We would like to thank M. Skibowski for his
critical reading of the manuscript.
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We present dispersion curves and field amplitudes for a plasma layer in a magnetic
field. Various effects such as the nonreciprocal character of the dispersion, the pileup
of bulk states at &, and the existence of surface states above ~ should be observable
in optical experiments.

The recent measurements of the surface plas-
ma dispersion relation in InSb by Marschall,
Fischer, and Queisser, ' are in good agreement
with predictions derived by treating the semicon-
ductor as a dielectric half-space. ' However, the
dispersion relation in this case is a single, struc-
tureless curve asymptotic at small frequency to
the light-line (&c =kc) and at large cu to the sur-
face plasma frequency v, =v~[z/v+1)]'", z being

the high-frequency dielectric constant of the lat-
tice. A more exacting test of the dielectric mod-
el can be made if the system is perturbed by the
introduction of a magnetic field permeating the
sample, and a finite thickness is considered for
the dielectric.

The effect of a magnetic field on the optical con-
stants deduced from bulk properties has been dis-
cussed by Palik and Wright. ' The modes dis-
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cussed in this paper, usually referxed to as Qon-

radiative solutions, ' do not couple to R plane-
wave field iQcident on an infinite film. However,
in real samples anomalies in the optical and elec-
tron spectra have been identified with the 6xeita-
tion of these modes. Much theoretical and experi-
mental work has recently been carried out eluci-
dating the coupling mechanism, which has its ori-
gin in surface roughness. '

This Letter reports the xesults of a calculation
of the plasma-wave dispersion xelation for the
simplest ax'rangement of applied field and propa-
gation vector relative to the surface normal,
namely, a de magnetic field lying in the plane of
the surface and a propagation vector parallel to
the surface but perpendiculax' to the applied field.
The case of infinite thickness has recently been
discussed by Brion, %allis, and Burstein, ' while
the dispel'sloll I'elRtloII fol' R plasma lRyer (K = 1)
was dex'ived by Kondratyev' in &964. Because we
are eoneex'ned with the magnetoplasma effects on
semiconductors (K of order 10), the case K=1
will not be treated.

In this paper we treat the fxee eax'riex's in a
semiconductor as a plasma of negative charges

—O'E+ V(V E) —(w/c)'6. E = 0

inside the medium, together with the usual re-
quixements that tangential E and H be continuous
across the vacuum boundaxy. The effect of a dc
magnetic field (taken to lie in the z direction) on
the free-chRx'ge CRx'1 lex's ln Rn lsotl ople material
is to alter the dieleetrie tensor & from a multiple
of the identity to a tensor of the form

/' ~xx ~xx

e„„0
0 0

(2)

where for free eaxriers having plasma frequency
v~ and cyclotron frequency e„ the components of
this tensor are

moving together in a unifox'm background of com-
pensating positive chaxge. %6 also take the effec-
tive mass m* to be isotxopic. The bulk proper-
ties of this model are discussed in Ref. 3.

Using Maxwell's equations and the equation of
motion of R pax'tlcle sub]ected to extex'QRl electx'lc
and magnetic fields, one obtains for the electric
field E an equation of the form

(dg, (d ~4tPg, ~ Z) g~2 1/2
6'„„=K 1+ 2 2 ~ &~y= —SK, 2 ~ ~ 6gg=K I —

2 ~ QPp= ~ ) Gd~=epoa Pl
(d ~ —(d (d (9)~

—CO (d j PI *60K

For a plasma layer with boundaries at x =0 and x =t, whose dielectric tensor has the form (2), there
exist solutions of (1) which decay exponentially outside the layer with distance from the boundaries.
These nonradiative or "bound" solutions, for the special case of propagation in the y direction (depen-
dence exp[i(&ot —k,y)]J, have nonvanishing values only for E„, E„and H, . A direct application of (1)
to a wave of this form, togethex with the boundary conditions on E„and H„gives the equation

—2k'q'[(k „'—q') (k,' —k')]'"
)+q ~~, -~) ~~.,/~, )

(4)

where 0' = ~'/c' and q' =)I'(e„„'+6„,')/~„„. The dis-
persion relation' determined by (4) is illustrated
in Fig. 2 for the dielectric function (3) with K = 20
and ~,/&v~=0. 8. Figure 1 shows the dispersion
relation in the absence of a magnetic field, while
Pig. 3 illustrates the behaviox of the electxic
fields inside the sample for these two cases. In
these figures k„ is plotted in units of k~ =&a~/c; x~
dellote6 (d/QP&.

In the absence of a magnetic field, the effect of
introducing a finite thickness fox' the dielectric is
to split the surface-wave dispex'sion relation into
two bxanches which merge at the light-line and at
infinity, corresponding to solutions for E„which
are odd ox even with respect to reflection about
the plane & =(/2." Also, bulk solutions, which
for infinite thickness fill the region ~ & [~ '+ 0I,&)'/

K], Rl'8 1estl'lcted to begiII Ritlle lig'lit-lllle witll
an integral number of balf-wavelengths across
the layer [(k,' —q')"' = inII/t].

In Figs. 1 and 2 the lines starting at the left-
hand side of the light-line demark regions where
(~x q ) =~„ ln tile medium ls I'6Rl 01' iIIIRgl-
nary, leading to surface or bulk solutions, re-
spectively. In the left-hand side of Fig. 3 we
have schematically dx awn the behavior of the
fields lnsld6 the medium fox' speclfle points de-
noted by numbered dots on the dispersion curves
ln Flg. j.. The eveQ Rnd odd properties of the so-
lut10n about x =f/2, the VRl'IR'tlolls of tile fields
along the bulk branches, Rnd the derivative and
phase relationship of E„ to 8, are some of the im-
portant properties illustxated in Fig. 3.
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FIG. 1. Dispersion curves for a dielectric layer with
e =K{1-&u& /to } and K =20. Light dashed curve, infinite
thickness. Heavy solid curves, surface-wave branches
for k&t =1. Dot-dash curve, boundary between surface
and bulk solutions. Heavy dashed curves, first two
bulk solutions for k&t =1. Note that all solutions begin
at the light-line k~ =~/c, {light solid line}.
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FIG. 2. Dispersion curves for a dielectric layer in
a magnetic field with ~~/&u& ——0.8 and K = 20. Symbolism
is the same as for Fig. 1. The three dot-dashed curves
are the boundaries between bulk and surface solutions,
with the middle curve being the straight line & =~

{~ 2 +~ 2)i/2

Applying a magnetic fieM perpendicular to the
propagation direction and parallel to the surface
introduces a great deal of structure in the dis-
persion curves, primarily because q', the square
of the bulk propagation vector, now has a singu-
larity at v' = u', '+ a~'=—co„'. For a vanishingly
small applied field, one observable effect is a
difference in the asymptotic values co„of the two
surface wave branches of the dispersion relation

(d„& ——((dz +(a)z /4) + (d&/2. (5)

In addition, the singularity of q' becomes an ac-
cumulation point for bulk solutions for frequen-
cies less than ~, and no solutions exist in the
region between ~ and the higher frequency at
which q' = k'.

Vfhen the applied field becomes sufficiently
strong that ~~, & ~, a condition which is not at-
tainable for ~ = i, the various branches of the dis-
persion relation take on the appearance illustrat-
ed in Fig. 2. Two new surface branches appear'

in the region above ~, one beginning at the point

k&
——KN~(d /C(K (0~ —(d ), CO =CO (6)

and having asymptote v„at large k„and the oth-
er beginning at the light-line, where m = [u„'
+(u~'(K —1) ']' '. This latter branch crosses into
the region where q &k, becoming a bulk solution.
This pattern is repeated by the original surface
branches at frequencies below ~: The lower
branch tends asymptotically to ~, , while the up-
per branch makes the transition to bulk. For
large k, these bulk solutions tend toward the line
~ =&a„ for ~ &ur and toward the line k„=v K &u/c

for m &m

The electric fields associated with these sur-
face branches, as illustrated on the right-hand
side of Fig. 3, exhibit several interesting fea-
tures. First, the lack of symmetry between prop-
agation in the +y directions for the semi-infinite
medium' shows up here as a localization of the
fields on the surface x =0 for the lowest and high-
est surface branches [points (1) and (5)], and a
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of the fields, as can be seen by comparing E„at
points (2) and (3). For all surface modes, E„and
&„differ in phase by m/2, and there is, of course,
an arbitrary normalization. At point (3) this nor-
malization has been chosen to reflect the plotted
values of E, about zero relative to ~„ to remove
the two lines from near coincidence; a similar
choice was made at point (5).

The primary effect of finite thickness for the di-
electric layer is the substitution of discrete
branches for the bulk continuum. The "band edge"
at co = ~, where an infinite number of bulk solu-
tions pile up, should be easily observable in the
reflectance spectrum of such a layer. A further
point is that by applying a magnetic field, the dis-
persion curve observed by Marschall, Fishcher,
and Queisser, ' should split into the two states de-
scribed in this Letter. The manner in which the
surface branch is continuous across the various
regions of 0„ is clearly illustrated in this calcu-
lation.

0.4
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FIG. 3. Electric-field eigenvectors for various fre-
quencies from Figs. 1 and 2 for the case kP =1. Left-
hand plots show symmetric and antisymmetric behav-
ior of the fields about x =t/2, corresponding to the
points on the dispersion curves of Fig. 1 labeled by the
numbered dots. Right-hand plots show localization of
fields near x= 0 and x=t for the corresponding points
on Fig, 2,

localization on the surface x =t for the two middle
surface branches [points (2) and (4)]. [As the
thickness tends toward infinity, this localization
becomes complete, so that a wave propagating in
the +y direction, which is localized on the back
surface (x =f) can, by translation and rotation of
the coordinate system, be regarded as a wave
propagating in the -y direction on the front sur-
face. ] The transition between surface and bulk
modes has little effect on the position dependence
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