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Precise Test of SU(2) Chiral Breaking. A Coleman-Glashow Formula for Pseudoscalar Mesons
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As a precise and model-independent test of SU(2) chiral breaking (e3u3), the analog
of the Coleman-Glashow formula for pseudoscalar mesons is derived, and it is found
to be satisfied within 1/o. The presence of the term e&u3 in the Hamiltonian density is
therefore strongly supported by the experimental data.

[6",rp;(x, t)]~ T = g, ,"y,(x, t),

Q = IIp+ E'OQ p+ E'SQ8 + 63Q3 ~ (2)

In contrast with SU(3) breaking, SU(3)8 SU(3)
breaking' does not preserve the structure of the
multiplets. The theoretical explanation of such a
difference is that the vacuum is approximately
SU(3) invariant, so that the physical states may
still be classified according to SU(3) multiplets
(at least to a first approximation), whereas the
vacuum is not even approximately invariant under
SU(3)SSU(3).a The nontrivial role of this symme-
try is that of (approximate) automorphisms of the
algebra of fields, with no simple transformation
properties of the vacuum and particle states
(spontaneously broken symmetry). This implies
that one cannot use the Wigner-Eckart theorem
to find relations between masses, coupling con-
stants etc. , as in the SU(2) or the SU(3) case,
and it is more difficult to find clear and model-in-
dependent tests of the chiral-symmetry scheme. '~

Remedies to this difficulty have been the use of
explicit Lagrangian models (like the o model),
perturbation expansions around the symmetry
limit, approximate SU(3) invariance, asymptotic
symmetry, questionable assumptions about the
transformation properties of the vacuum (in order
to be able to use the Wigner-Eckart theorem),
etc. As a result one does not have a clear test of
the group-theoretical structure alone of the SU(3)
SU(3) scheme namely: (i) the simple transforma-
tion properties of the fields, (ii) the (3,3*)6(3*,3)
linear breaking in the Hamiltonian density

The above Hamiltonian is a generalization of the
original Gell-Mann, Oakes, and Renner (GOR)'
Hamiltonian since it allows e, to be different
from zero. The possible appearance of an expli-
cit SU(2) breaking has been advocated several
times in the past. ' It has recently received much
attention in connection with the determination of
the Cabibbo angle. 4 However, apart from the
possibility of explaining the Cabibbo angle, there
does not seem to be strong and clear evidence in
favor of this term. The difficulties connected
with spontaneously broken symmetries, arising
from the inapplicability of the Wigner-Eckart
theorem, have been the main obstacle in fully
exploiting the consequences of the Hamiltonian
(2). The model-dependent discussions given in
the literature are often in disagreement with one
another and cannot be regarded as conclusive
about the experimental support of the theory.
The situation looks in fact rather open, and there
is not a complete agreement about the value of e3.

The main purpose of this note is to discuss mod-
el-independent evidence of SU(2) chiral breaking
(caus). Our emphasis will be on the derivation of
sum rules which follow only from the group-theo-
retical structure of the theory: In this way we
wi11 get the analog of the Coleman-Glashow formu-
la for mesons, in extremely good agreement with
the experimental data.

The striking success of the Coleman-Glashow
formula for the baryon electromagnetic mass dif-
ferences' does not have a counterpart in the 0
meson case because of two main difficulties:
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(a) In the baryon case the Coleman and Glashow
argument gives two relations involving MzA,
which may therefore be eliminated to yield the
Coleman-Glashow formula. In the 0 meson case
one has only one relation,

Z+ X-'+ ~' ~-' = GYM„.,

where M„, is the q-m matrix element of the Hamil-
tonian and Ko, go, etc. denote the squares of the
particle masses. Since SU(3) alone does not pro-
vide a model-independent calculation of I„,
(apart from the above equation), Eq. (3) cannot
be tested.

(b) Independent information on M„„can be ob-
tained by using the SU(3)8 SU(3) symmetry. In
this case, however, if one puts &3=0, one is
faced with the Dashen paradox: E+ -Ko = g+ —m .

This indicates that the meson electromagnetic
mass differences cannot be explained by the stan-
dard electmmagnetic IIami/tonian, and that in
any case the strict analog of the Coleman Gla-
show formula does not work in this case.

The natural way out of the above difficulties is
the introduction of the esses term in the Hamil-
tonian. In this way one may compute M„„:

v 3N„, =v 2e, /E, = -7.9x10 ' (GeV/c')'. {4)

The agreement with Eq. (3) is, however, not good:
K' —K'+ v' —m' = —5.2 x 10 ' (GeV/c')', with a
discrepancy of more than 30'%%ug.

' The reason is
that for pseudoscalar mesons the noninvariance
of the vacuum plays a very important role in the
breaking of SU(3)IISU(3), and one cannot use the
Wigner-Eckart theorem, on which both Eqs. (3)
and (4) are based. As a matter of fact the SU(3)
breaking due to the vacuum noninvari. ance is not
negligible with respect to the explicit SU(3) break-
ing in the Hamiltonian'. (x,/X, )/(e, /s, )= 20/0

(X, =—(0[u;[0)). This shows that SU(3) results
based on the naive application of the Wigner-Eck-
art theorem might get reasonable corrections as
in the case of the Gell-Mann-Okubo formula.
The noninvariance of the vacuum was in fact cru-
cial for the q-g mixing and the identification of
the g' particle. ' A similar effect is therefore ex-
pected in the case of SU(2) chiral breaking since
one has (again! ) (X3/A. o)/(es/eo) = 18-20%%uo. Re-
sults which are of order e,/eo may therefore get
corrections of the order 18-&0/0 from &he &U(&)
noninvariance of the @ac~urn. It is just in these
cases that the Wigner-Eckart theorem is no long-
er useful, as discussed in the introduction, and
one needs a different method. The Ward identity
technique 0 la Glashow and Weinberg yields the
right result. s

One gets in fact the following sum rules'.

E»Q+ ~0) +E ( 0 +) 2 ~W ~3M
1 4E» 1

~2~3 (2)1/2 2(1 E» I( W2Ag

W2x,+ E M~q+(m -Msa)
K

&2m, W2x, AY&, &2m, . W2e'(M88+v& M08) = '- 'Iq+V3 (q-q') sinecos(8+8)j +0 10 '

(-.)' 'M = '- '[q'+(-,')'"(q-q') sine sin(8+ e)]+O 10-'

v2 A.~ 1 &2'~ E»~0 +) E~( 0
)

(7)

(8)

where M;,. is the mass matrix of the pseudoscalar mesons, (K+ -Z ), and (m' —w'), denote the contri-
butions to the mass difference due to the term esu„Z„=K~- 2(K+-K ), . It is not difficult to recog-
nize in Eqs. (5) and (6) the analog of Eqs. (3) and (4) with the corrections arising from SU(3) noninvari-
ance of the vacuum (E» tE, ) and the SU(2) noninvariance of the vacuum (A W 0). In the limit of E» =E~,
g =0, Eqs. (5) and (6) reduce in fact to Eqs. {3)and (4).

By using a generalization of the Dashen theorem which takes into account the SU(3) noninvariance of
the vacuum, 'o one may obtain an equation equivalent to Eq. (5), but involving only the observed mass
differences &E, 4m.

»(K'-Z'0)+ "(wo-»')+ 'fC„= right-hand side of Eq. (5).
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The agreement with the experimental data is extremely good. ' In (GeV/c ) u&its,

—7.77 x 10-' for E,/E. =1.22,
right-hand side of Eq. (9)=

-8.09xl0 s for Ez/E, =1.28,

—7.88x10 s for Ez/E, =1.22,
left-hand side of Eq. (9)=

—8.15x10 s for Ez/E~ =1.28.

Within a very good approximation the above formula can also be written in the simpler form

(h.' -Z') " (~' ')+ Z =Ms][4 (10)

The agreement is still very good. It is worthwhile to remark that a precision of I/c in formula (10) is
the best one can hope for since at this level of precision weak interactions or higher-order electromag-
netic effects may play a non-negligible role.
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"1- " =--»» (Z0-Z+)+—(x'-x+)F„&~ F~ Fg
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1/w, = lim»fe»«"(T [»»,(x)»», (0)]}d»
p 6

Identifying g with the mass square of the 6(962) meson leads to the value of e3 obtained previously (Hef. 8): ~2&3/
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