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Equation of State from a Phenomenological Model for the Kondo System Cu:Fef
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Susceptibility measurements are used to fit the toro parameters of a phenomenological
model based upon a nearly Lorentzian density of states. The model is then employed to
calculate the single-impurity contribution to the specific heat of Cu:Fe as a function of
temperature and magnetic field. The model is also briefly applied to Au:V.

The original work'2 on the Kondo px'oblem is
valid only for T & TK. Recently, sealing tech-
niques have been applied to develop a theory' '
which is valid also for T «TK. Qualitatively,
this theory can be interpreted in terms of a Lo-
rentzian density of states with a width 4 of order
7.'K. At low temperatures in the special case of
the resonant-level model (RL) (U=O, ED=0 in
the Anderson model) yR1,

' &A. +~'T'/3& while at
high temperatures yR1, '=4(T+ a/1. 85). Despite
this progress, there are not firm quantitative
theoretical predictions even for the case 8= —,

' for
the low-temperature susceptibility and specific
heat. Essentially, no theoretical work has been
done for other values of S. Hence there is some
merit in a model which can be used to treat real
systems even if this model must, necessarily,
be largely heuristic. Such a phenomenological
model" has been employed previously to fit the
susceptiblity g(T, II) of the Kondo system La:Ce.
This model was based upon a density of states

where E is measured fxom the Fermi level EF.
The susceptibility was calculated by assuming
that the magnetic field has only the effect of shift-
ing the up and down spi. n densities of states by an
amount gpS,H. For La:Ce, the best fi.t was ob-
tained with P=~ and 4/0&0. 1 K. For P=1, one
has a Lorentzian distribution and the form of
y(T, O) is identical to yRq.

The purpose of this Letter is to apply Eq. (1) to
calculate the single-impurity contribution to the
specific heat C of Cu:Fe as a function of tempera-
ture and magnetic field. We will use P = 1 so that
we have an approximately Lorentzian distribution
for N(E). This is the distribution theorists be-
lieve may be correct. All the parameters in the
model except P will be determined either from
susceptibility measurements or from a natural
a p2"20t21101'Illalizatlol'l colldltioll. Afte1' t11is ls
done, the model will be used to predict the spe-
cific heat. This is not trivial since there is no

relation that allows one to pxedict the speci.fic
heat directly from the susceptibility. The fact
that the predictions of the model agree with ex-
periment lends important support to the notion of
a Lorentzian-like singularity of width TK at the
Fermi surface.

The character of the high-temperature suscep-
tibility depends upon whether P& —,

' or not. For
P & —,'„one can normalize N(E). In this case at
high temperatures, Xo-1/T, whereas for p& —,',
X~1/T' . Thus if we require that the model be
qualitatively correct at high temperatures, sus-
ceptibility data' for Cu: Fe require that P &-,'. For
P& —,', if we require (1) that the peak occur at
E p,
""and (2) that there be one entity of spin 8

per impurity atom, then normalization requires
that

where B is the beta function and A is Avogadro's
number. It should be noted that in order to have
the correct number of states under the distribu-
tion fox' 8& p~ one must have mol e states at high
energy than are given by Eq. (2). Because the
model is phenomenological, thexe is no valid c»-
terion for choosing between possible alternative
methods of doing the normali. zation. Because it
is a natural a ps'2or2 choice, is simple, and

agrees with experiment, we shall use the normal-
ization given by Eq. (2).

The low-temperature form of the susceptibility
predicted by the model is

where 8, is summed from —8 to +S. We use 8
= ~ and g=1.76 to obtain the Tholence-Touxnier'
value of p, =3.4p, z. Taking these values and using
Eqs. (2) and (3), we can determine N, and b, for
different values of P from the experimental val-
ue' for the low-temperature susceptibility y(0)
=4.98X10 ' emu/mole. For example if p=1, we
find N, = 2,46 x10' states erg/mole and 6 = 18.6 K.
In this case the model predicts g=4.98x10 '(1
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—0.0095T') emu/mole while the experimental re-
sult" is y=4.98X10 '(1-AT'), where A &0.018.
Further, the model predicts, in agreement with
experiment, that g is independent of H for gpB
c& 4.

%e can calculate the specific heat in zero mag-
netic field from

C = (2S+ 1)(6/8T) j" Zy(E/AT)N(Z) dz, (4)

where f is the Fermi function. In writing this ex-
pression, we have assumed that the different mul-
tiplets are degenerate in zero magnetic field.
The low-temperature form of the specific heat
given by Eq. (4) is (28+ 1)II'O'TN, /3a's. The re-
sult of a numerical calculation of C/T using the
above parameters for P =1 is shown in Fig. 1(b)
and is compared with the measurements of Trip-
lett and Phillips. " From the low-temperature
form of C and Eq. (3) we see that

(5)

Since the model has been fitted to y(0), one sees
from Fig. 1(b) that the ratio of C/Ty predicted
for Cu: Fe holds to within 6%. The calculated re-
sults at low temperatures only depend weakly on
the value of P employed. This is demonstrated in

Fig. 1(a) where the values P= 3, b = 7.8 K, and

N, =3.95 X10"states/erg'~' mole have been em-
ployed. We have chosen P=-,' to emphasize the
insensitivity to P at low temperatures. In this
case since N(E) is not normalizable, the upper
bound of the quadratic term in X was used to
determine the parameters uniquely. At higher
temperatures P=-,' gives a very poor fit. It is
appropriate to note that work based upon trying
to guess the correct ground state gives low-tem-
perature specific-heat curves which vary as (T/
TI, ) ln(T/T, ),"or as T/T, ~"

A comparison between the experimental specif-
ic heat" and the prediction of the model at higher
temperatures for different values of P is shown in
Fig. 2. Since C o-T' ' for T»L and p& —„one
expects the weak temperature dependence of C
for P=0.6. In all cases the normalization given
by Eq. (2) has been used along with g(0) to de-
termine Xo and 4. Also shown in Fig. 2 is the
prediction of the theory of Bloomfield and Ha-
mann" (BH). The BH curve has been adjusted to
agree with the data at the peak. Notice that on ad-
justing P by 20% to 0.8 the model correctly agrees
with the data at low temperatur es and BH at high
temperatures. This is interesting since BH
should be correct at high temperatures. For P
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FIG. 1 Comparison of ths pT'sdfotsd valuss of C/T
based upon the model with experimental values in the
dilute limit. For {a)P=3, &=7.8 K, +0=8.95&10"
states/erg' mole, andg=1. 76; for (b} p=1.0, b.
=18.75 IC, N 2.406&&10 states erg/mole, and g =1.76.
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FIG. 2. Comparison of the predicted values of C
based upon the model with experimental values in the
dilute limit. The dashed curve based upon the theory
of Bloomfield-Hamann {Ref. 18) has been adjusted to
fit at the peak. The values of 4 and No used with the
various values of P are as follows: for P=1.2, A=23.27
K, A'0=6. 160xlOI; for p=1.0, 6=18.57 K, No —-2.457
x10', for P=0.8, A=12.80 K, N, =9.401x10"; and for
P=0.6, 4=5.148 K, NO=2. 485&&10 . Given P these
values follow uniquely from Eqs. {2) and {8).
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=0.8 the coefficient in the quadratic term in the
susceptibility is 0.016 which is less than the ex-
perimental upper bound. The fact that P=0.8

provides a better fit than P =1.0 probably is not
significant since in principle ~ may be tempera-
ture and/or energy dependent.

The model can also be used to calculate the
specific heat in the presence of an applied mag-
netic field. The specific heat in a magnetic field
H is given by

8
C(T, H) =C(T, 0)+T, f Nf(T, H') da',

~= f" g gI s,f(E/I T)N(E+gps, a) dE. (7)
~F

z

Note that in Eq. (7) we have assumed" that the
only effect of a magnetic field is to rigidly shift
the bands. Using the values of the parameters
quoted above in connection with Fig. 1, we have
calculated the magnetic field dependence of C/T
and in Fig. 1 compared these results with experi-
ment. " One sees that the model automatically
incorporates the correct magnetic field depen-
dence for pH &b.. A magnetic field reduces C at
low temperatures while the model predicts that
above 5 K the specific heat will be increased in a
magnetic field.

It is appropriate at this point to consider wheth-
er Eq. (1) can be used to interpret the high-con-
centration data as well. The susceptibility of
Cu: Fe measured by Hirschkoff et al. ,

"has a com-
ponent which is given by A,c'/T'~', where A, = (92
+ 5) x10 "K"'/ppm'. This is believed to be the
contribution of isolated pairs of impurities which

are in close proximity to one another. For T» 4
and P& a, the model predicts

)(= 2g'p, '(QS, ')N, (1 —2'" )

x I'(I —2P) f(- 2P)/(&T)', (8)

where f is the Riemann f function. Comparing
Eq. (8) with experiment gives p= ~s and 6 &0.01 K.
The model would predict that these spins contrib-
ute a term to the specific heat proportional to
T' '. There are uncertainties connected with try-
ing to separate the two contributions to the spe-
cific heat, "but the additional contribution ap-
pears to be different from this. Apparently this
is one of a number ' ' of cases in which inter-
action effects manifest themselves differently in
different measurements. For example, in mea-
surements on La:Ce the incremental resistivity"'
departs from being proportional to concentration
at a much lower concentration than the suscep-

tibility. "
The model is also useful in making predictions

for other systems. For Au:V using g=1.86 and
S= 2 in Eq. (5), one finds C/Tg= 1.68 X 10' erg/
emu K' while the experimental ratio"' is 1.5
x10' erg/emu K', i.e. , the ratio C/Tg is correct-
ly predicted by the model and is similar to that
of Cu: Fe even though the individual values are
more than an order of magnitude different.

If p= 1 permits a good fit for the single-impuri-
ty contribution in Cu: Fe, what is the significance
of the P = —, fit for the pair contribution to the sus-
ceptibility and of the P = —,

' fit for Ce-La? These
fits may be just numerical, and a more complete
theory of N(E) treating nonisolated impurities
and/or crystalline-field effects" may establish
some other form such as a sum of Lorentzians of
different widths. In these cases if N(E) were a
sum of Lorentzians, the original idea of singular-
itieS at EF WOuld remain.

In summary, the values of the parameters in
the model were determined either as a Priori
choices or from high- and low-temperature sus-
ceptibility measurements. The model then cor-
rectly predicts y(T, H) for kT and gpB«h. The
model was then used to calculate the specific heat
as a function of temperature and magnetic field.
The model also correctly predicts the low-tem-
perature value for C/Ty of Au:V. The model is
being applied to other systems and other proper-
ties.
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Anticentrifugal Stretching in 2 Ne
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A variation-after-projection Hartree-Fock calculation shows that the rms radius of
Ne decreases with increasing spin in the ground-state band. This decrease is consis-

tent with the significant reduction in & width between the 6 and the 8 states. It also
leads to the theoretical B(E2) values reproducing the measured values exceedingly well.

The atomic nucleus "Ne has provided one of
the classic manifestations of collective rotation-
al motion in light nuclei. ' The low-lying mem-
bers of its ground-state band have energy spac-
ings proportional to J(J+1) and have the strong
intraband E2 transitions characteristic of the
rigid rotor. However, higher-lying members of
the band, especially the recently observed 8'
state at 11.95 MeV,"have properties which are
markedly different from those of the simple rota-
tional model. Thus in the rigid rotor the 8 state
is predicted to be at a considerably higher ener-
gy than 12 MeV, and the ratio of the E2 y-decay
strengths, (R=B(E2; 6+ -4')/B(E2; 8'-6'), which
is predicted to be 0.96, is measured' to be 2.7',",.
Qn the other hand both the j-j coupled' and the
SU(3) ' shell-model calculations predict 6(= 1.6
and level spacings close to those observed. In
these models an (additional) effective charge of-0.5e per nucleon is needed to reproduce the ab-
solute B(E2) values.

The n decay of excited states is another inter-
esting facet of the structure of "Ne. Among

members of the ground band the 6' and 8' states
are n-particle unbound, and the n widths of
these states have recently been measured, ' the
result being I,+ =110+25 eV and I',+"=35+10
eV. As usual one analyzes the experimental
width I', in terms of the product of a spectro-
scopic factor S, and a single-particle width I', '~',
or I', '"~ =S,I', 'P . Here the "single particle"
has reduced mass number '-,', and its motion is
the relative motion of the departing e particle
and the residual "0. Arima and Yoshida' calcu-
lated I', 'I' using the Coulomb potential plus a
real %oods-Saxon potential of appropriate depth,
radius R, and diffusivity a; these parameters
are chosen in such a way that the wave function
has maximum overlap with the wave function ob-
tained in the cluster model' and that the reso-
nance energy coincides with the observed energy.
The following results' were then obtained: (a) As-
suming R,+ = R,+, then one must have $,+ = 2$,+

=0.24 in order to reproduce the experimental n
widths; (b) if one demands that S,+ =S,+ =0.24
then R,+ —R,+ —=0.25 F. Neither (a) nor (b) is
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